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0. In the theory of * - algebras of unbounded operators the
(essentially) selfadjoint algebras are of special interest, because,
for example, their commutants have very good properties.

Vassiliev and Borissov /6/ have shown, that the algebras
generated by the generalized free field or the Wick square of the
free field are selfadjoint.

In this paper we prove, that the Op* -algebras generated
by Wick powers (resp. Wick polynomials) of the free field and the
number operator are essentially selfadjoint.

, L Let T be a unitary space and X} its completion. By
(7 /3/ we denote the -algebra of all operators 4 with
A% ¢ § for which thereisa 41*¢c £%%) with <®,4¥>=<4 &, ¥> for

all @, ¥ ¢ T 4% is the restrictionof A*to § . 4 *-subalgebra
G- Gr<T) of & (T) containing the identity will be called
algebra

Definition 1 (/4.5/)
An Op* -algebra (= (ArT) will be called selfadjoint, if

Q i n
= = A *
essentially selfadjoint, if
§.-F = 0 Fi)
* Ae(

Now we prove a simple lemma about the egsential selfadjointness
of an Op*-algebra.



Lemmal

a .
Let @ = @(T) bean Op*-algebra.lf @ containsalinear
generating ,system I’ of essentially selfadjoint opera-
tors, then @ is essentially selfadjoint.

Proof:

For the proof we remark that

o _ N N4 Dy - N A*
D=y e, B Ao ( 4™

- because [ isa linear generating system. Therefore

S0

= 0;1.=m $A*=$
‘AGT"L( ) dcT (A4*) *

which means by definition the essential selfadjointness of ( .

2. Let ¥ (x)=: ¢E(x): be a Wick power of the free field
¢ (x) with the mass . For anytestfunction f¢ S(8 - Schwartz’
space) we have

. .
Yif) = 3 ()] a*(pl)--.a+(pk)a(q1)---a(q].)><
k4 j=1

X f(py+ - tpy=q, =~ q,)dQ dQ,

% %

where d-9p=dp1"'dpk""(”1)— --m(Pk)_

dQ, =dg, .. dq]. w(q,) /2... w(q, ) A

2 2 4 . :
and  o(k) = (k + u ) L Y(f) is a well-defined operator in the
Fock space § - ffn where § is the , -particle space
u=0 "
3 3 . '
¥, =L,(R") x ... x L,(R") (n factors) .



Let

be the algebraic direct sum of the » -particle spaces, i.e.,any state ’
¢ < T contains only a finite number of particles, ¢ = ¢,+ @ (p J+
+® (p ,-.., p, ) . 9 isinvariant with respectto ‘P(f) and ‘there-
foré’ lI‘(,") c £+(.L) . Furthermore ¢ is invariant with respect
to the number operator N , too. N is defined by '

(NG, J(p, b, ) = 0@ (p b, )
N = fat*(p)a(p)dp .

Thus, N € (9. ‘
By @ we denote the Op* -algebra generated by the f1e1d operators
y(f)and V. Any operator A< @ is of the form

A = ﬁ ai Bi
j = 1
where a; are complexlnumbers and
vy 4 1 v 2 Yy, ok kyy Ykl
B, =N ‘P(fl)...lP(fTI IN 2R ). N Wf1 Jeen X ‘P(ka)N (+)
v, » 7, Aare nonnegative integers. If vy;=0 orz =0 the corres-

pondlng part in the product above is equal to 1. Any operator of the
form (+) is a partial bounded operator, i.e.,sucha B is bounded as
an operator of ‘f into ¥

Bo
N LLII
CI)e f I
For n — o« we have the asymptotic behaviour
B/2
Sn (B) ~ n ’

1
- where [ is the number of factors (n +p}/z contained in the pro-
duct (+ ). From this we obtain the following lemma. For a detailed
proof of the statement cf. /1/.

Lemma 2
C -2/ 2 -q/2
For any operator of the form (+)B(N+1) =~ B(N+1) is
a bounded operator in ¥ ifonly p+9q > B,where B isa natural

number depending on B .
&



With the help of this lemma we prove

Lemma 3

For any o'perator B <@ holds the following estimation
ol = CcI(N+D)Y @],

where y depends on B.

Proof:

In consequence of B =X a, Bi and by Lemma 2 it holds
B, (N+1)7%/2 ) <C (1Y ]]

q./2 :
which means || B; ¢ |l = C,|(N+1) " @] (++) .
Therefore

BN < = fa, I8 &l <Slaic, Iimnen) 0 <
< Cl(N+1)V o],

where we can choose for example C = max(|a | C )

y = max(q'./2)

Now we need the following simple fact:

Lemma 4

The Op* -algebra (@ has a linear generating system
I’ of symmetric operators of the form

a(A)A*(N+1)Y (++4)

where 7y depends on. A in coincidence with Lemma 3
and a(4) ‘is a real number.

Proof:

In an arbitrary * -algebra each element x has the decomposition

X = x;+ ix where are symmetric, namely

2 1°%2

Xy = 1/2(x*+ x), x,= 1/2i(x*-x) .

6



Therefore in our case we can choose 4 = A" Then af 1) (N +1)Yis
symmetric, because, as is well known, (N 1) is essentially self-
adjoint-on T .

- q.e.d.
For the proof of our mainresult we remember the following Theore}m

about the perturbation of an essentially selfadjoint operator (cf. * ,
chap. V, Theorem 4.4).

Theorem

Let T be essentially selfadjoint. If 4 is symmetric
and 7T -bounded, i.e., ’

PAG] < al|@]] + b}|T ¢l forall ¢ ef(T)

~with 7 -bound smaller than 1 ( T-bound, that is the
greatest lower bound for the possible values of b), then
T + 1 is essentially selfad]omt andits closure (7 4 ) is
~equal to T -+ 4.
Now we are able to prove
Theorem 1
The Op* -algebra (' has a-generating system of essen-
tially selfadjoint operators and, consequently, a is
essentially selfadjoint.
Proof:
We choose (+++) as a linear generating system of ¢ and prove,
that each operator of (+++) is essentially selfadjoint.
In fact, by Lemma 3 it holds
AR < C(0) WNv1)Y O, y depends on .

Therefore in consequence with the Theorem above it holds

al 1)4 + (\ i II‘



is essentlally selfadjoint, where, for example, a(4) =1/2C(4). Now
Lemma 1 completes the proof. :

The considerations above show, that Theorem 1 holds also for

any Wick polynomial of the free field and a big class of generalized
free fields and their polynomials. .

[
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