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O npaBuilax CyMM AN CedeHHit paaumMonefictpus $OTOHOB
) ¢ nenroHamu

Pa6oTa mocBslleHa INOTYYEHHIO H NPOBEpKe IIo TeopHUH BO3MymeRHH
peNSTHBHCTCKOr'O NpaBmila CyMM Afa GIIOKTYauHHu OAMONLHOTO MOMEHTa CBO-
GonHOro NENTOHA W JIeNTOHA, HAXOASIIErocs B KYJOHOBCKOM mode. Paccmor=
peHO npHMeHeHne NpaBuila CYMM MId MarHHUTHLIX MOMEHTOB [Q/s OUEeHKH A BiIud-
HUA THIOTETHYECKHX ”TAXeNHX” JENTOHOB Ha MATHHTHBIE MOMEHTEH: 3nei\<rpoua
H MIOOHA. :

‘Coobmenne OGbeMHEHHOTO MHCTHTYTa auepﬁux uccaenoBasmit
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on Sum Rules for the Photon~Lepton
Interaction Cross-Sections

The relativistic dipole moment fluctuation sum
rules for a free lepton and for a lepton. bound in a
Coulomb field are derived-and checked in the lowest order

‘of perturbation theory. The dispersion sum rule for the

anomalous magnetic moment is applied to estimate the
influence of a possible existence of heavy "excited" lep-
tons on the electron and muon magnetic moments. )

¢
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- 1. Introduction

In the present work we examine somé'applicatiéns of sum rulésv(s.r.)‘ih’tﬁé framg-

“work of quantum electrodynamics of leptons.

S.r. connect the integrals of the total photon-lepton interaction cross sections and * -
static electromagnetic properties of leptons. ' ' - ‘

: As is known - / 1/ , {he"charge radius arid leptonic magnetic'mo'ments have been
calculated by perturbation theory and verified experimentally up’ to terms of the order of
a 2 and a’ . respectively (d = e?/4n7=1/137, W= = 1).

The electromagnetic properties of the simplest hydrbgén-like atoms are known too and

-testify to the exceptionally good agreement of quantum electrodynamics with experiment 1/,
The very.high degree of reliability and elaboration of the theory of |eptonic_kelectrdmagneﬁc o
" interactions permits us. to use the known results of the or‘d‘inaryi‘ approach for testing
‘results of other methods and approaches less characteristic for_‘jquan{um electrodynamics -

for example,.!’parton’’ ‘models_and techniques of **infinite’’ momentum 2/ or disper-
sion theory -methods /3/ . The aim of the present paper,_is.fﬁ‘rstly, to discuss the -~

. relativistic s.r. for:the “dipole moment _fluctuation‘of,a free lepton and of a‘bovurid lepton

in the field of a Coulomb center. , D - / _
Using the techniques of .a -**parton’’. model in an infinite momentum frame, we ob- -

tained a relativistic generalization of an old nonrelativistic s.r. for electric dipole photo—' -

absorption known in the theory. of atomic /4/  and nuclear photoeffect /s5/

We also examine the application of the dispersion s.r. for anomalous magnetic mo-
ments /6—8/ to leptons and estimate the influence of a possible existence of ‘‘heavy" i
leptons /9/ on electron and muon magnetic moments. - :



2 Sum Rule for Dlpole Moment Fluciuatlon ofa Lepton Derlvatlon and

: Verification by Perturbatlon Theory '

The techmques of dipole moment akgebra in-an |nf|n|te momentum frame were first -
apphed for derivation of the Cabibbo-Radicati s.r. /107 Our way for obtannmg ope-

2 . rator relations between currents and their moments lies out of current algebra and depends

"'fon ‘the model assumptions about the partlcle ‘structure and the structure of current ope-
rator in the' framework of composlte models or "parton’ models. . .-

An analogous approach was previously used in the work -/ '11/ where s.r. for electro-
and photoproductlon on proton was obtained in the framework of a non- relatlwstlc quark

model o . . T
_— However the uncertalntles ex:stlng .in the experlmental lnterpretatlon and verifi-
‘cataon of . the obtamed relations in 11/ hamper the verlf:catlon of the |n|t|al model

assumptlon ‘themselves.: it is therefore very desirable to verlfy the parton approach
results .in the framework of field theory models, where it is posslble to carry out all
necessary calculations and comparlsons It ‘is one of the reasons why we carried out
the followmg calculation. .+ ,

' Let us consider. the state vector, expansion of a "physlcal" ("dressed") electron
in terms .of his constituent states { in the sense of a parton model 72/ ) of the pomt
Dirac electrons and vi irtual photons: -

.“

A 2y =6 T 1T e, [em 2> dey leet e

ol ey h2
Zle, |T=1T.
n

We shall take into account in (1) the states contalmng only one electron and an arbltrary
- number of photons neglecting for "the, ‘'moment the presence of electron- posltron pairs_
(we shall return’ to the discussion"” ‘of that” cpestlon later). Then, proceeding from the

we get the followmg operator relation:

5,2(;,'5) = e'.zfx‘.zp(;,t)d3x. , . Ce ’ {2)

T deflmtlons of dipole moment operator and the mean- square radius of the charge dlstl’lbutIOﬂ o



F
Sandwiching Eq." (2) by one-electron; states and using standard infinite-momentum tech-
niques ¢ 10/ we obtain the s.r.. B .

.__ r - = — .
. 4” .a ( 4m'2K ) £ © atot (@) ’ v ‘3)

~ where <r1;2>' =—6 F".(o) is the charge radius, x = F (0) - the anomalous mag- *

netic’ moment F (q ) and F, (q )belng the Dnrac and Pauln form- factors and

gtot (a)) is the total cross sectlon of |nteract|on of photons wnth the conS|dered Ieptons -

It is clear, that the convergence cond|t|on of mtegral |n (3) quI be vnolated if we |nclude_

the lepton pair production processes. : )
' This ‘is the reason why the's.r. (3) _may. have a strlct sense onIy in the flrst order
" of perturbatlon theoryk ‘The cross _section . Ot (a)) counctdes then wnth total cross
‘ sectlon of scatterlng of photons by electrons

mass and ~of the non zero Timit l;m o (a)) # 0 R we get a Iogarlthmlc dlver-

; w0 tat . , Do
_ gence in the photon 1ow frequency domaln o »
5 However it is just the same type of lnfrared dlvergence which appears in, the calcu-

lation of _\r 25 wnth the Iower order Feyman dlagram represented in F:g l.

= CRigl s Tn T e

.The lowest order vertex diagrams.The solid line represents eIectron or muon, the
-wavy line corresponds to photon and the double line corresponds to the '’excited’’ lepton.
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: .V‘photon a f|n|te rest mass, oo e - < RE

. as lower Ilmlt of all d|vergent mtegrals The caIculatlon of- the electronlc radnus <r
. correspondlng to F|g I glves : T :

~.are true-in lowest order of perturbat:on theory.

‘correctly take into account terms of the order of g 2 . remains therefore open.

v

v »
RS .
. R C .

N

A formal elimination of |nfrared s:ngularltues may be carrted out by two equlvalent me- ,.
or, by giving the ;. -

thods: either by lntroducmg a. certain- mlnlmal frequency O in

We choose ‘the first method and shall take a photonic mlmmal frequency @ mm ( ”'
2y

2 () . ’20 m ) 11

> = (ln—— + —) o 4 -
LA am? 20pin 7! - AER _ ():

el -~

o Neglectlng K?i‘ az and _ carrying out an elementary calculatnon of the - mtegral in’ ;
: (3) usnng the - classical Klem Nishina- -Tamm formula for O 1(“’) we conclude that-__-;»

s.r.-(3)," and .consequently the spin- averaged matrix element of the operator relatlon (2),

Now, we discuss br|efly the role of palr conflguratlon in the expansnon (I) ‘ oy
“Let us carry out a "numerlcal experlment", maklng an ad hoc assumptlon that" -

cvpair states are unlmportant for the determlnatlon of ‘the electromc charge radius ofA ]
. order a2 . Then; instead of the operator relation (2) we should obtam a relation between .
o« matrix elements of (2), for states without pair conflguratlons S

Formally s.r.- (3) conserves its form but now the pair productlon dlffractlve pro-,".
cesses which would lead to a divergent integral do not contribute to' 044, (w) ’

: “Up to order g'2 °, the radiative corrections of order a -to the Compton effect . ..
',p."and the ‘double Compton effect will contribute to the lntegral

We performed a numerical calculation of the lntegral usmg the: results of Mork'

. vwork 12/ It gives, however a value around 5 times less than the one of the left-| hand"'""
- side of Eq (3) if ‘we put there the followmg values for <r 252 /l/and l\”’q :

(2.(2) a 21

<r1,? --6F’ (0) = 2,82 (—) — .
- K(l)z —a_ ‘5) o

The observed d|screpancy shows that the presence of pair conflguratlons plays an’ essentlaI,

; ‘ffrole in the calculatlon of <ry>-° 2 o the order a?

i

The, questlon of a possible corresponding generallzatnon of s.r. (3) which would _

BT R
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3 &tm Rule for Interachon of Photons mth Atomtc Electrons :

Lei us. conslder an eleciron m a bound siaie in the Coulomb f:eld of a heavy spm—'.
less parhcle of- mass M(m]M < 1}. v ‘ L

If we take the ‘matrix element of the operator relahon (2)in ihe system of“zero' ,
impulse’’, "i.e. in: ihe rest’frame of the atom'as a whole ihen we gei lhe well known sum‘k :

'rule for electnc dlpole photoabsorptlon /4 S/

= <riste 2 : e

., . - ) s « e

'.' gwhere I {(w ) is’ the electnc dipole phoioeffeci cross sechon calcu!ated in lhe statlc
‘approxlma(:on neglectmg the retardahon effects, :

'f'<fr'_";>';’=’*‘f?ﬂi"vﬁ)ﬂlc"_?’-r-,;f L

s

and 'l' ( r) is the non relatmst:c wave funcllon of ihe atomic eleciron

“We have venhed the relation (2) in the lowest order of per!urballon theory forthe "'7’
derivation of the relativistic s.r. (3) for a free electron.-
A relativistic’ analogue of .the s.r. (6} may be oh!amed assuming lhe valldliy ofthe

. equallty {2) in an mﬁmie momentum frame.

Takmg into ‘account that the considered. sysiem has a spin J 172 and ihat
anomalous atomlc magnellc moment coincides (due to m/ M KT ) with loial magnetlc '
moment ll we obtam the relativistic sum rule: N : : . i

4u’ a(—f' ,*T_"‘ °)= [ ,”(w"'~‘- | ™

@ to

which differs from Eq (6) in two respects. SRRV,

1) The loial pholoeleclnc absorptlon cross’ sect:on \uhlch eniersthe ln!egral (8) )

) - takes into account -all reiardatzon effects and all mulhpole lransxhons :
o 2) The. sum rule (8) includes the radiative correci!ons of order - g . tofhecharge S
) radius ‘and the: atuml( magneh( moment in the left-hand stde of Eq (8), and the radiative
L fcorreclmns o the. alumuc phofodlsmiegra{mn crass section and the Compion cross sedlon
o . (both elastic and melasllc when an alomm eleciron undergoes a transition from the ground -

state ' to' the exciled alomlc states or fo ‘the continuum Jona bomdelec{ron in the right-

" hand side . of Eq (8) We may expand boihs:desoqu (8) in powersofihemieradwn

7 .
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constant with the: radiation “field and get relations between se’pératéd coefficients of ex-
pansion (8) for e_ach degree of @ . For example: ’

L1, ey (] “ do 1 , .
o 2irem<rdy - : —s)=[ =0 > R
cdalalg < | 2 p 4m2) 6[{ —~o0 tf(a,)) | e (9

“where

~ The sum rule for quantities with .index '’0’’ has the same form as formula (8). it dqes
~:not include radiative correctio"_ns‘, in terms of the ‘radiation field but contains all terms
‘in powers of aZ (interaction constant of electron with the Coulomb center). The
~relations (8) and {9) presen{' interest for verification and comparison with results of the

relativistic theory of radiative processes in a Coufomb field. '
4. Sum Rule for Leptonic” Magnetic Moments 'and 'Hypothetical *‘Heavy’” Leptons

- The dispersion‘ 'sum rule for magnetic  moments has been obtained assuming the "
~ validity of ‘a low energy theorem and an unsubtracted dispersion relation for the spin-
dependent amplitude of the forward Compton scattering /6—8/ _For spin 1/2 particles
the sum rule reads /7/ : C ' :
S S
a2 - 1 2 dew :

27 a;;—z'f( =.f T‘{”p("’)-“”a“(w))’ L e (10)

0 o

where K is the “"anomalous’” magnetic moment gf‘a particle withmass * m ,-charge
- eQ " and total magnetic moment ' : p = -2—m(Q + k)5 " and the in-

dex P {“@”} corresponds to the parallel (antiparallel) spin orientation of the colliding
particles. - ‘ v A o S
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" .. it is assumed that the "excited”’ lepton E* with mass m has spin 1/2

* . from the upper limit of experimental product‘ion cross -section of

"

V-

The sum rule (10} has exphcltly been ver|f|ed for weakly bound two partlcle sys-
" tems /13*-15/ For leptons  themselves’ only the ”trmal" 'cancellatnon of terms of the
order of a2 in .the' right-hand side of Eq. (IO) was checked earlier' /7/ . This
cancellation is necessary for the sum rule (10) to hold, because the first non-zero teyrm
in the.left-hand sude of Eq (10) is. of the order of g3 . 'We shall assume further

- that Eq. (10):is valid in all orders in a, “and also taklng into account all possible Ieptonlc .
interactions. Qur aim is to- make usé of “Eq. (10) for, evaluating the |nfluence of a possible;

exlstence of excnted" leptons on the electron and muon magnetlc ‘moments.

One should note; that up to now no "heavy" leptons ..~ L were dlscovered exper|-~ .

” mentally /‘6/ , which have the following decay mode: 1% | +y - . Follow-

" ing"Low 79/ " the decay vertex l* + L + 5 is conventionally descrlbed by the

effechve Lagranglan

L,, =e(—)¥ o YW.+he Comy

One can obtain the upper limit:for the coupling constant:

A B C - . - . . N A K
| —1 < §5-10 72 Gev ™" . )
m¥* , ) ) : g
L / 16/ :

- Itis mterestlng to discuss the effect of the existence of ‘'heavy’’ leptons on magnetic
moments of electrons and’ muons. Using- the Lagrangian of Eq. (11) one can try to evaluate

“the (dlvergent) Feynmann diagrams. of Flg 2. This approach was adopted and |nvest|gated L

‘in Refs /17.18/ our purpose isto polnt out that the application of the sum rule (10)

: enables us to get a number of qualltatlvely new consequences It appears Ioglcally admls-

sible to conS|der the contributions of "*heavy’’ Ieptons and those of the ordinary hlgher
order radlatlve correctlons |ndependently, in the sense, that the sum rule (10) would hold
when the radiative correctlons are-"’swiched off’’. Then positiveness of the mtegral‘;n
Eq. (10) when one assumes’a. resonance "saturation" scheme requires the existence of
""excited"" leptons with spin- I >3/2.
Indeed, the intermediate resonance states with spln 1/2 contribute to ()‘a (© )

only. If there were no higher spin excited leptons the integral in Eq. {10) wou|d be negatlve -

which is impossible. Hengce, the existence of a spectrum of 'excited’’ Ieptons lncludlng

the higher spin states, appears to be necessary for the sum rule {10) to be valid under the .

T

_aforementioned conditions. It" follows from Eq. (10) that the contribution of each excited -

lepton. .[* to the square of the. anomalous magnetic moment is proportlonal to the

'

-
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square of the coupllng ‘constant of the-radiative transition. I* +-l. + y..

“This gives a new type of dynamical relation between static Iepton propertles and the
”'A”heavy" lepton coupling constants; which lies out of the scope of the perturbative cal-*
“culations 717,18/ of the Feynman diagrams.in Fig.2. To. get a numerical estimate for
the * ""excited'* - lepton c0upI|ng constants we made a simple calculation of the contrlbutlon; o
" of the spin-parity - JP =3/2% rexcited” state to the integral entering the sum rule
{10). in the narrow-width approximation and assuming -m™ >> m we obtain: :

; N P ‘+ [T . ~ A . . - ‘, ) il '
. AU—I /j =‘ 3/2 ) =:"2172a(—”:*—)2'1” e i . | (|3)

where A/m* is the coupling constant in the interaction Lagrangian: v

int

L = e(m--—*j) ‘l"?'“ )rs‘yv l‘uv + h‘.C. ’ : (|4)

“and ' ¥, s the field operator of the sp|n 3/2- particle. ey g e g

) A comparison of the experlmental values of the leptonic anoma|ous magnetlc moments
- with theory led to the followung bounds 71/ on the possuble corrections to the conven—
t|onal theory

710708 Mk < IRT 107,
. o e -
R g ~(I5) .
“',',325&1;0' < A"'Il‘ g 88710 7. .
Puttlng Eq (13) lnto Eq (IO) -and barrlng "acc1denta|" cancellatlon between p05|t|ve

{from higher sp|n states) and negative (from spin . 172, . "*excited!. Ieptons) contrlbutlons
“to the rlght -hand side of Eq (IO) we find, usmg (15): g

IS

A“:

B m* e ES TR | | :4
. R A ’ L . ‘. . - ‘-‘ ling. . (Is)
t-- l\';O’84° 105(180 1" ) o).

T m* B

. I‘Oa



,Note, that these estimates are of the same order. of maghi'tudc as a simple dimensional
estimate of the magnitude of the weak-radiative coupling constant: B

*®

. DN : . . B p m K _,1 . ] ) .
e(—) = e-(z-me'”,az e-10 o(—) Gev -, : . n
m* S - .my D =
where G = 10—5- m_Nz is the universal:Fe‘rmi cohstant, me -the nucleon rh‘ass(and
m esf is some characteristic mass connected with the effective interaction region‘(we '

rather arbitrary put it equal to the "’excited”’ Iep'ton mass m* ).
The smaliness of the coupllng constants glven by Eq. (I6) sugges'ts that |nstead
of looking for “excited’’ leptons in processes based on the existence of the radiative decay
channel [* - L +y ~(like in Ref. 16/ ) a more easy ¢ and perspective way might
be to search for IFL* - pairs in reactions like ete s L*l™ or yA »: l*l*A K
where A is a nucleus or nucleon ' '

Conclusion

We summarize the main results of this work

1) A relativistic dipole moment. fluctuation sum rule has been derived and checked for
free leptons in, the lowest.order of perturba'non theory. -

‘2) A general:za’uon of the dipole sum rule for the atomic photoabsorption is proposed,

whlch includes total photoelectric cross- -section with fhie lowest order radiative correc'uon :

~and the total photon scattering cross- -section on the atomic electron.
3) The dispersion sum rule for the magnetic moments is applied to leptons for es'nma'nng
the effects of hypothetical "‘heavy’* Ieptons on the electron and muon magnetic moments.
Assuming the validity of a resonance ‘‘sSaturation’ of the sum rule we conclude that the
existence of the "‘excited’’ leptons with spin I > 3/2 is necessary. We obtain
an estimate on the coupling constants of radiative transitions (* » | + 'y. -, o
which in the order of magnitude, turn out to have the strength of the weak- electromagnehc .
coupling constants, This is a much more res/tnctwe bound than the ones obtained from the -
_ analysis of the other experlmental data . - B
One of us (J.M.) would like to thank the Directorate of the JINR for the hospxtaluty
" and excell»ent working conditions at the Laboratory of Theoretical Physics.
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