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. The relativistic dipole moment fluctuation s~ 
rules for a free lepton and for a lepton bound in a 
Coulomb field are derived·and checked in the lowest order 
of perturbation theory. The dispersion sum rule for the 
anomalous magnetic moment is applied to estimate the 
influence of a possible existence of heavy "excited" lep-
tons on the electron and muon magnetic moments. -.. 
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I. lntroductfon 

In the present work we examine some applications of sum rules (s.r.) in the frame-
work of quantum electrodyna-mics of leptons. . . ' 

S.r. connect the integrals of the total photon-lepton interaction cross sections and · 

static electromagnetic properties of leptons. 
·As is known - (I I , the. charge radius and leptonic magnetic moments have been 

calculated by perturbation theory and verified experimentally up· to terms of the order of 
a 2 and a 3 ,respectively (a= e 2 /4rr;;,l/137, ·,';= c = J). : 
The electromagnetic properties of the simplest hydrogen-like atoms are known too and 

-testify to the exceptionally good agreement of quantum electrodynamics with experiment I 1 I. 
The very. high degree of. reliability and elaboration of.the theory of leptonic electromagnetic 

· interactions permit!' us to use the known results .of the ordinary. approach ,for testi!lg 
results of other methods and approaches less characteristic for quantum electrodynamics
for example, ."parton" models. and techniques of~· infinite" momentum fz/ or disper:
sion theory methods . I Jl. . . The aim of the present paper .. is •. firstly, to discuss the 
relativistic s.r. for •.the dipole moment fluctuation. of. a free lepton.;ndof a bourid lepton 

in the field of a Coulomb center . 
. , " Usi!lg the techniques of a· ''parton" model in an infinite momentum frame, we ob-

.tained a relativistic generalization of an old nonrelativistic s.r. for electric dipole photo
absorption known in the theory of atomic I 41 and nuclear photoeffect I 51 . 

We also examine the application of the dispersion s.r. for anomalous magnetic mo
ments I 6- sf to leptons and estimate the influence of a possible e~istence of "heavy" · 

leptons I 91 on electron and muon magnetic moments. 
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2. Sum Rule for Dipaie Moment Fluctuation of a Lepton. Derivation and 
Verificaiion by Perturbation Theory .. ·., '. ·· 

The techniques of dipole moment akgebra in an infinite m~mentum frame were first · 
applied for der~vation of the C;wibbo:Radicati s.r. llol . Our way .for obtaining ope

·: rator relations IM!tween currents an·d their moments lies out of cur~ent algebra ·and depends 
:or; the model assumptions about the particle st.::Ucture and the;structuni of current ope-

;: .. . ' ~~tor in the framework of composit~models or "parton" models~ c :·,:. ·:. ..• • ' . • '·. 

. An analogous ·approach was previauslyused in the work l 11/ Where s.r. for electro
and photoproduction on proton was obtain~ in the framework of a non-relativistic quark 

f· 

"' 

~. 

·' 

mode( . . . -· · · · ; · · 

, , However, the uncertainties existing .in .the experimerdai '.interpretation and verifi
cation of . the obtained relations in l11 I hamper . the · verifi~ati~n. of the initial m~del 
ass~mption themsel~es.. It is therefore very desir;mle t~ ve~ifY the parton approa~h 

• .• -1 .· .. 

results .in the framework of field theory models, where it is possible to carry «?Ut all 
necessar-Y ~Jculations and comparisons. It is one of the reasOns why ~e carried out 
the following' calculation. · 

Let us consider. the ·state vector, expansion ':of a ''physi~al·~·(''dressed") electron 
in terms .of his constituent states ( in the sense of a parlon model 12i ) of the·point . 
Dirac eh!ct~s and virtual photons: · · .· • · 

; 

l e->b =C le->.+c le-,'y>+c je-,2y>+c le-:e+,e>+ ... (J) 
' /J ys 0 1 · 2 .... 3 ·• · · 

.~ ·'"' 
~ 2' l: I c I = ·1. 

ll . 
ll 

vie shall take into account in (I) the states containing ·only one electron and an arbitrary 
number of . photons. neglecting for . the. moment' the presence of electron-positron pair~. 
(we shall return· to the discussion·· of that· question hiler). Ttlen •. proceeding from the 
definitions of dipole moment operator and the mean-square rad_ius of the charge distribution 
we get the folloWing operator relation: · 

-+2 ... 
D. (x; l) (2) 

2 -*2 .... . 
eJx p(x,t)d3x. 

4 
. 

. · 

,:: ... . ;.:_. 

. •' 

~. ·. "-

Sandwiching. Eq: (2) by one~ 
niques h ol. we obtain the ! 

~ < ;,. 

1 2 1 
2 . ( <r >·-- . 411 a 3· .J · 4m• 

2 . , F. , 

where <r
1
. > ;= -6 

1 
• (0) 

. . 2 ' 
netic' mo-ment,. Fj' ( q ) , ; 
U t~i ( W) is the total erOS! 
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Sandwiching Eq: (2) bo(" one~elect~oni st~tes .and usin.g standa~.~ infi~ite-~~me~tum·tech;, 
niques hoi· we obtain the s.r. ". 

.. 
2 1 2 1 . 2 oo dw 

4TT a(-
3 

.<r
1
>-

4
m 2 K )=(.-a (w}. 

(JJ tot 

•• t. 

(3) 
fJ 

.> 

2 . F' where <r > = -6 · (0} 
1' 1 

is the charge radius, K F (O) - the anomalous mag-
2 

. 2 .. · 2 . '· . . • . 
netic'mo·ment.,F/(q) .and F2 (q )being the Dirac and .. rauli_forl11-f,~cto~~ and 
a t~t' ( w) is the total cross._section of interaction, of p~otons with, the ~qnsidered leptons .. 
It is clear, that the convergence condition of integral in-(3) will be violated if we include 

'~ -. ,.. . . \ . . "'· .• '' ' ' ... -~ 
the lepton pair production processes. 

. This is the reason why the s.r. (3) I'T!ay have a.strict sense ~niy in,.the first order 
of_ perlurb'ationtheory: }he cro!)S sectio~ ~a tot.( w) coinc,:ides thEm vvi~f total cross 

· · section of ·scattering of photons by electrons. 
·· · ·• The integral· in (3f' ~onverg~s at the 
mass and of the non zero limit lim a . 

·- .w .. d tot 

upper limi( b~t. ~ecause ophe zero photon. 

(w J.. i .9, .··. ~~--g~t a log~~ith'mic dive~-
'~ • ; i": ·'· 

gence in the photon lriw frequency do"i-nain. . . .• 
· HoweVer it" is just the sam~ type of infrared dive~gence which app~ars in.the .calcu-

lation of <~ : > with the ~~~~r order Feyman "diagramrepresented in F:i.g.l. 

··.·· 

Fig.). 

.The lowest order vertex diagrams. The solid line represents electron or muon, the 
·wavy line corresponds to photon and the double line corresponds to the ~·excited" lepton. 
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A formal elimination of infra.:ed .singularities may be carried out by two equivalent rrie- :.· ..• , ·.· :·
thods: either by introducing, a certain mini~al frequency w min or, by giying _the.\·:·.>.,. ,.~1 photon a;finite'res~ mass. ·· · . . ·:-· . -~ · . ',.,; ·:,: .. ,, 

'· We ,~hoose·the first method, and shai!Jake ~ photonic ~inimal frequency (J min 

as.lower limit of. all divergent·integrals. The calculationotthe electronic radius <r2} 11 
. '" . . . .· • . . . I 
correspondi~g to Fig;l. gives: 

4' ..... ~ ... .,., . ~ 

~' ~: 
. 2 ( 1) 

<...r 1 > 
. 2a m ]] 
=--(ln--+-} 

" m 
2 2 Cl) • ' 24 · (4) 

. ~: . \ 
, mrn 
~- . 

. ~ ~:-~ 
~. .. 

Neglecting K 
2

"" a· .
2 a~d. carrying out an elementary calculation ~~- ~e integral in. : -~ ,J. 

(3) usin~_- the classical Klein-N~shina-:-,Tamm foi-~ula .tor a;0 ~ ( w) we con~~u~ t~at_. . ~;··· .. :...·: 
s.r. (3); .. an~~.consequentlyc.the spm-.averaged matnx element. of the operator relation (2), r· 

• are true m lowest order .~f perturb~t!on theory: . .. .. . . • . -.'· ;-:· · '!J · 
Now, we 'discuss briefly the role of pair configuration in the ·expansion (1). ·.. · 

. Let us carry· out a ''numerical e~periment", making an ad hoc assumption that. · 
.. _pair. states are unimportant fo~ ·t~e d~terminatiori of 'the elect;~~ic charge radius of 
. . order a ~ . Then·; instead of. the operator relation (2) we shouid ~tai·n a relation betW~en 

.. ' ..... ' 

··. matrix ele~ents. ~f (2),'.for states without pair configurations. · : ·;:. · 

Formally s.r. (3) conserves its form but now 'the pair production diffnictive pro-,,· 
cesses which would lead to a divergent integralckJ not contribute to a ~ot ( w). ·. 

• ... ,t 

· Up to order a· 2 . , the ·radiative corrections of order a .. to the Compto';i effect 
.~·and the double Compton effect will contribute to the integral~ . -· 

. We performed a .numericai calculation of the integral, using the results of Mork's . 
work II 2/ . ·it gives, however a value around 5 times h!ss than the one of the left-~and' .... 
side of Eq. (3), if we put there the following values for:. <r: >(21 hl and· K flJ 

< r2
>(

2
J =-6 r.ro) 

1· 1. 

(1) 
K 

a 2 1 
2. 82 • ( 77) -;;; 2 

a 

2" 

(5) 

The obser-Ved discrepancy shows that the presence of pair configurations plays a~ ess~ntial. 
·nile in the calculation of <r:>~ 21 to th~ order a 2 . · 

The question of a possible corresponding generaliza~ion of s.r. (3) which would 
.correctly take into account terms of the order of 'a 2 , remains therefore open. 

•· .. 
. •. 

6 
.. '~ . .. 

q. 
..... 

~;·.,_ 

f. 

-: 
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.. \ 
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. 2 
4" a 2 , " 

- <·r >'= f 
3 ' 0 . ' 

.. 
- .where. a E ( w) i~ th~ · ele• 
. approximafion neglecting thE 

2 . ·-+ ... 

<r > = { r 2 1,'1' (• 
-. 
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: · 3. Suni Rulf/(~ tnteracti~ -of P~t;,s; ~ith; Atomic Et"ecirons 
... 

· Let us. consider an electron in a botind state in the coulomb field.of a heavy spin-· 
less particle of; mass M (m/M «I J. ... · . . 

If we take the ·matrix element of the operator relation (2) 'in the system of .. zero . 
impulse". i.e. in' the rest' frame of the atom'as a whol~. then we getthe we'll-known'sum . 
ru!e for electric,dif,ole photoabsorption {4:51 '·· " · ·· . · ·' 

"" dw 
f --"El (w}; 
0 ·. w • 

,··. 

(6) 

... ~ . -
. ,where. u ( w} is the electric dipole photoeffect: cross section. calculated in the. static 
. approxi·m~fioii negl~cting the re~rdation effects. · · · . ·. . •· . · : . 

. . 
: (7) 

'_.) 

and 'I' (r):· is the non re1ativistic wave functioo of the atomic electron: 

We have verified the· relation (2) in the lowest order of perturbation theory for the : 
derivation of the relativistic s.r'. (3) for a free electron. · · 

A relativistic analogue of. the s.r. (6) may be obtained assuming tfie validity 'oi the 
equality. (2) in an irifinite' ~oment~ kame. · · , 

. Taking int~ account that the considered system has a spin I = 1/2 ... and that 
"anomal~us" atomic magnetic moment coincides (due to m/ M ~<I ) with total magnetic 
moment II • · • we obtain the relativistic sum rule: 

2 · I , 2 ·· , I 2 · "" dw 
4u. a{-·<r >- -·p ) = { -o. ·(w), 

3 I 4 m 2 · ,.. tot . 0 """ (8) 

which differs from Eq~ (6) in two respects: ·' , . 

I) The· total photoelectric absorption .cross section which enters the integral (8) 
· takes into' account._all retardation effects and all multipole tran5i~ions. ' 

2) The sum rule (8) includes Ute- radiative corrections of order · a to the c:h8rge 
-· radius and the atornir magnetic moment. in the left-hand side of Eq. (8}. and the radiative 

'correction!> to th(:. ah,;nic. photodisint;gration cross section and h compi;. cross seCtion 
. ,; (both ela!>tic and inelastic~ when an atomic eledron undergoes a transition from the ground 

state~ to the excited atomic states or to the contil'ltiUin ) on a boood electron. in the right
hand · side of Eq: (8). We may expand , both sides of Eq. (8) in poW-ers of the interaCtion 

7 
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constant with the radiation field and get relations between separated coefficients of ex-. 
pansion (8) for each degree of a . For example: 

. · 2 . 1 2 OJ (OJ liJ ·. I "" ilw 'clJ 
4rr a(-

3 
.<r .> - 21l ·· 11 -.-) = f ·-a· ( wJ, 

· 1 4m 2 · w tot o, 

where 

. <r2>= <r2>(0J +<r2>(1J+: .. 
l 1 l . , 

<~2'>(n)~ O(anJ, 
1 

etc. 

(9) 

The sum rule for quantities with . index "0". has ·the same form as formula (8). It does 
not include radiative corrections in terms of the radiation field but contains all terms 
in powers of a Z (interaction constant- of electron with the Coulomb center). The 
relations (8) and (9) present' interest for verification and comparison with results of the 
relativistic theory of radiative processes in a Coulomb field. 

4. Sum Rule for Leptonic · Magnet~c Moments and Hypothetical "Heavy" Leptons 
.. 
;,_,'. 

The dispersion ~tim rule for magnetic moments has been obtained assuming the" 
validity of ·a low energy theorem and an unsubtracted dispersion relation for the spin
dependent amp I itude of the forward Compton scattering I 6- sf . For spin 1/2 particles 
thesum rule re.ads 171 : · 

where 
eQ 

2 · I 2 
.2rr a 2K 

m 

"" dw 
.f -wf a P ( (J)) - a a ( w)) , (10) 

0 

K. is the "anomalous" magnetic moment ofa panicle with mass · m :charge 
and total magnetic moment · 11 : 11 "' ....!_ ( Q + K ) , · and the in-

. . .2m . 

dex .,p '~·("a'/ 
particles. 

corresponds to the parallel (antiparallel) spin orientation of the colliding 

8 

._,. 
,_.,o::;,, 
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(10) 

:a parlich~ with mass · m ;charge 
:'(Q · + '') , and the in-

llel) spin orientation of the colliding 

{ '; 
. ·' The sum rule (10) has. e~plicit.ly been· verified'for weakly:.:~ound tWo~particle sys-

. terns I IJ-I5l . . For leptons themselves only 'the "trivial" cancellation' of terms of the 

!
.,.... order of a 2 in the right-hand side of Eq. (10) was checked earlier· hi . This 

cancelli:dion is necessary for the sum ruhijiO)' to hold, because~ the first non-zero term 
i. : ·· . in the ·"left-hand· side'· of Eq. (IO) is of the order of :a ·J · . We shall assume fu.rlher, 
!; . . that Eq. (IOHs valid in all orders in c.(~ and also taking into accou~t all possi.ble lept~nic · 

!·) ·· . interactions. Our aim is to make use of Eq. ( IOftor: evaluating the influence of a pos;ible,' 
. existence of "excited'.~··leptons on the eleCtron and muon magnetic moments.. . 

i ·: ·. . · · · One should note;:_ that up to. n~w no "heavy" leptons. ·t * were. discovered experi-l'.. mentally I 161 • whiCh have the following decay mode: l * ... l + y . . Foll~w-- . 

I 

ing';Low I 9i , the decay vertex l * ~ l +. ·}' is conventionally described by the 
effective Lagrangian 

A 
L a'nt = e (-)'l' a 'V,.., + h. c. 

~. ,' m"' l flV 

·: i.e. 
··, 

it is assumed that the "excited" lepton i * 'with mass 
One can obtain the upper lirriit:for the coupling CO!IStant 

A 
1-1 

m"' 
< 5·10 -z Gev -I 

. (II) 

m has spin 1/2 ' 

. (12)· 

., 

1 from th~ upper limit of experimental product.ion cross "~ection of t"' I 16( . 

. It• is. interesting to discuss the effect of the existence of "heavy" leptons on magnetic 
moments of electrons and· muons. Using the Lagrangian of E,q. (II) one can try to evaluate 

·the (divergent) Feynmann diagrams of Fig.2. This approach was adopted and investigated 
in Refs. fn;Js/ :'our purpose is·to point out thattheapplicationofthesumr'ule(IO) 

·" ;.~. ,, .. enabies us to get,a number of qualitatively new consequences~ Jt appears logically admis
sible to conside~ the contributions or" "heavy" leptons and those of the ordinary higher 
order radiati~e corrections independ~ntly, in the sense, that the sum ~ule (10) would.hold 
when the radi~tive corr.ections are -~·swiche~ off". Then posiiive!Jess of. the integrai in · 
Eq. (10) when one ass~~es ·a resonance "saturation" scheme requires the existence of 
"excited" leptons with spin I ?.312. · . 

Indeed, the intermediate .resonance states with spin 1/2 contribute to a.fil (w) 
only. If there were no higher spin excited leptons the integral in Eq. (10) would b.e negative;.· 
which is. impossible. Henc;e, the existence. of a spectrum of "excited" leptons~ i'nCiuding 
the higher spin states, app~ars to be necessary for the sum rule (10) to be valid under tlie . 
aforementioned conditions. It' follows from Eq. (10) that the contribution ofeach excited 
lepton. l"' to the squar~ of the anomalrius magnetic moment is proportional to ttie 
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-· .• 

~.-

·. 
' 



square of the coup I ing constant of the· radiative transition l * ... . l. + y .• 
This gives a new type of dyna.mical relation between static lepton properties and the 
"heavy" lepton coupling constants; which lies out of.the.scope.of the perturbative cal:-· 

.culations lJ7,1BI of the Feynman diagrams in Fig.2. To get anumerical.estimate for 
the· "excited" ·lepton coupling constants we made a simple calculation of the contribution. 
of the spin-parity 1 p = 3/2 + "excited" state to the integral· entering the sutn r~le 
(10). In the narrow.:width approximation and assuming m"' >> m we obtain 

I'!. a _, 
.. J> . ""+ 

( 1 = 3/2 ) 
.. 2 ·A 

=2" a(---;;:)2, m 
f' • • . ~ 

where AIm* is the coupling constant in the interaction Lagrangian 

A -
/, • -= e ( -._-) 'l' y y 'l' v F,v + h . c. 

zn I m .IL 5 ,... 

(13) 

(14) 

and ' '1'
1
, is the field operator of the spin 312 particle. . . 

A comparison of the experimental·values of the leptonic anomalous magnetic moments 
with theory led to the following bounds I II. on the possible corrections to the conven-

tional theory: 

-7,] • JO - 9 -~ L\1( 
-9 :s 11,7 • 10 ' 

e 
,. (15) 

. -9 • A • . •. -9 
. -.325. 10 ~ 1.\/(I.L ~ 887 •.10 . 

Putting Eq .. (13) into Eq. (10) ·and barring "accidental'.' cancellation between positive 
(fro~ higher spin states) and negative (fromspin 1/2. "excited'{ leptons) contributions 
to the right-hand side of Eq. (10) we find, using (15): 

. ;; ..; 

I .A I' · ~ < 2,3 • 10-5 Gev -I 
m* e - . ' 

't 

r -' _;~ 

A 1-·· -1 • ~ 0,84 • w-:- 5 Gev._
1

. 
m* .I.L . . . 

. (16) . ' . .,_~ 
-;• 

. : ' 

·, '•· 

. I~"'" 

I. 
• I 

., .. ' 

' 
·~ 
I 

·l 

Note, that these estimates an 
estimate of the magnitude of the 

.A. 
e (-) "" e • G • m elf' "" I 

* . m 

. ..:..5 .· .;_2 
where G "'10 • m N is the 

m elf is some characteristi 
rather arbitrary put it equal to 1 

The smallness of the c 
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l* .... : l + y 
static lepton properties and the 

e .scope of the perlurbative cal-· 
·o. get anumerical .estimate for 
e calculation of the contributi.on : 
integral entering the sum rule 

>> m we obtain· 

(13) 

1 Lagrangian 

(14) 

.:· -· -· ~ ... 1 ·: .: : 

tic anomalous magnetic moments 
~sible corrections to the converi-

:·· (15) 

taJ'.'_cancellation- between positive 
'·'excited'{ leptons) contributions 

't 

- (16) 

· . 

. · .. : '.~. ~.~' 

n 

Note, that these estimates are of the same order of magnitude as a simple dimensional 
estimate of the magnitude of the weak-radiative coupling constant: 

X. 
e (-} =-= e • G • m e/1 

m* 

-5 m* 
== e • 10 • (-} Gev -J 

mN 
(17) 

where G "'lo-5• m ;_N2 i~ the universal Fermi constant, mN -the nucleon mass. and 

m efl is some characteristic;: mass connected with the effective interaction region (we 
rather arbitrary put it equal to the "excited" lepton mass . m * ). 

The smallness of the coup I ing constants given by Eq. (16) suggests that instead 
of looking for "excited" leptons in processes basedon the existence of the radiative 'decay 

channel l * -> l :!:. y (like in Ref. I 161 · ) a ~o~ easy_!lnd perspective way might 
be to search for l*l * -pairs in reactions like e e -+ l * ~ * or yA ... l * t:: A 
where A is a nucleus or nucleon. - · 

Conclusion 

We summarize the main results of this work: 
I) A relat!vistic dipole moment fluctuation sum rule has been derived and checked for 
free leptons in .. the lowest order ot'perlurbation theory. _, 
2) A generalization of the dipole sum rule for the atomic photoabsorption is Jlroposed, 
which includes total photoelectric cross-section with tile lowest order radiative correction 
and "the total photon scattering cross-section on the atomic electron. 
3) The dispe_rsion sum rule for the magnetic moments is applied to leptons for estimati!'g 
the effects of hypothetical "heavy" leptons on the electron and muon magnetic moments. 
Assuming the validity of a resonance "saturation .. of the sum rule we conclude that the 
existence of the "excited" leptons with spin f ~ 3/2 is necessary. We obtain 
an estimate on the coupling constants of radiative transitions l* -+ l + . y · 
which in the order. ~f magnitude, turn out to have the strength of the weak-electromagnetic 
coupling constants. This is a much more/e1rictive bound than the ones obtained from the 
analysis of the other experimental data 
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