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In the paper 1 the unitary representatio~ of the Lorentz 

wr~applied to formulate the equations of the quasipotential 

approaoh 2-4 for the relativistio two-body problem in the 

relatiTistio oonfigurational representation. The role of the 

Fourier-transformation is 1here played by the Shapiro integral 

transformation 5 , which, from the •group-theoretical point" 

of view, performs an expansion of the unitary representation 

of the Lorentz group in the irreducible unitary representations 

of the principal series. The generalization of this transforma

tion to the case of the spin particles had been carried out 

by Chou K~-ohao and L.a.Zastave:ako 6 • Later this expansion 

waa obtained by Popov 7 on the basis of the1heory of the Lorentz 

group representation■,· developed by Gelfand and Naimark a,9 , 

u particular, on the basis of an analog of Plancherel•s 

theorem for the Lorentz group, proved by them. But the formulae 

obtained by him, differ by their pa.rametrizatioa fr011 those 

used in the quaaipote:atial approach iJI. order to introduce, 

the relativistic radius-vector of the relative distance between 

two particles, because instead of integration over the 

aagular-variables of the radius-vector they contain the 

integration over Su(2) group. 
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10 In the oxpansion for the wave function of particles 
~ 

with spia, obtaued in 6 was used to paos to the oonfigurational 

representation 1n the quasip~teatial oquatioa, ~hich describes 

the interaction of the sp:1.n 1/2 a.ad apinl.ess particles. It is 

necessary to kla.ow tho addition theorem for the kernels of 

"Shapiro transformation" for introducing a looal. quaai-potential. 

in that equation, because those kernels play the role of plaD.e 

waves. 

The main aim of the present artiolo is to derive ouch 

an addition theorem on the basis of Lorentz group representa

tion theory,developed in s, 9 and to construct with its 

help a local quasipotential from the Feynman diagrams of quantum 

field theo:cy. 

In the first part of the article on the basis of the 

fonnulas, obtained in 9 ,we present a derivation of the 

expansion for the wave function of the particle with spin in 

the functions which transfarm under the Lorentz group irreducib

le unitary representations 1n the parametrization, which allows 

the transition to the relativistic conf1gurational representa

tion in the quasipotential approach. T .his expansion is obtained 

in he11c1ty and canonical bases. In the second part,the plane 

waves, introduced in 1 ~ describing free motion of particles 

with spin in the quasipotent1al approach are discussed. In the 

third part the "addition theorem• for such plane waves 

is derived. The fourth part is devoted to the application of 

tho addition theorem for constructing the local quasi-potential 

in the oonf1gurational representation. 
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I 

The wave_ function of the part1ole with spin S and 

projection Cf on the Z a.xis transforms under the SL(2.c) 

group transformation in the following way-: 

s . 

Ta, t/J)CE) ==-Z ])~c:;jv(0-,pJj t:,7 
(11-:_ P~ <1

) 

crLs · 
P2 ~ P' ~ ,!2.. :: m 2- 1 P0 > 0 1 

7',l-'J • where .L/ ,~ the mtr1x of the irreducible representation of 

weight S of S U(.2.) group, and unitary un1modular matrix 

V{a,p)e 5()(2.) which o.orresponds to the Wigner rotation, is 

defined by 

V ( o., />) -==- fl/1 
a +/;ii. p , 

Hermitian matr1x -Hp 6 SL.{3., C} . is 

H .:. 111 + )!, J p = p<P f- f · o 
p - (i.m (P 0+w) ~ 

( g:--= { 6j 1 ~ 1 
~) are the Pauli matrices), corresponds to 

the four-dimensional matrix ;1 p. , of the pure Lorentz 

traDBformation, or •boost• i.e. that for if Pp_-:::. Qn1 o} 
and p: (_fOl_p)· 

Ap P;i,. =- P 

5 
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In the space of matrices from SL(2,C) the transformation (4) 

induces the next transformation 
+ t ;:; +lf'k tip 

(6) 

where 1n the spherical coordinates 

p O :me~)(, 
j .t. .f =IM.f!..):: Zip 1 '!I' = 1 

c _ (e¾_ 0 ) 
f - o e-;'/.:z. 

7" 

-/-If ::: ZLp tp Up) 
(7) 

ut° E. 5 U (::L) 

The group representation property .of the transformation (1) 

fo11ows from the group composition 1aw for the Wigner rotations 

V (a, P) V ( a. 1 /1c{ p) ~ V ( Cc.. l¼, P) . Ca) 

The connection of the wave function 1/:r0 iP) 1n the canoni-
),_ (sJ, 

caJ. basis with the wave function 1n the he1ioity basis ~~ '{P) 
is given by the re1ation 

;S 
J..CS) _)1 ,Js )f J/0), 
4' jf) =:J__V {$' L Uf) 16' (.e), 

~=-~ 

(9) 

where .,'.\. is a vaJ.ue a! the projection of the spin on the 

momentum direction i.e. - he1ioity. From eq. (1) and eq. (9) 
Ao.CJ) ') 

the 1aw of the transformations of 'f')j (f fo11ows: 
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Because of the Lorentz 1nvarianoe of the soal.ar produot 

. ,J' l ci,3f t /jl.sJ A,. (SJ 

('f I ¢) ~ L J To To-if) <p(J" ({f) 
(f".::-,S 

the representation -r;_ is the unitary one. 

Thus the wave function oan be expanded in the unitary 

irreducible representations of the Lorentz group. 

In order to perform suoh an expansion let us pass from 

the funotions on the hyperboloid (1) and (7) to the funotions 

on the sL(2,c) group defining them as follows: 

Under such a definition, as is clear from eq. (7) and 

eq. (a), the function on the group ';(6 {p.-) is indepelldent of 

the choice of basis, i.e. the next formul is valid: 

--, ,J.,, CS) 
X (ct) ;:: la_ Cf.-/~ Ci) . 

(;' 

The function Xa- [a.) transforms aooording to the regular 

representation 
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and satisfies the following covariance constraint on the left 
'QI 

oosets of the Su(2) subgroup: 

x.fuaJ-/;tl,,S.:cu; xJaJ, iutvc,-J. <14
l 

,,.., , - ' 
"=-~ 

From the existence of the analog of the Plancherel theorem 

for the SL(2,C) group follows the existimce of the formulae, 

by which the right regular transformation (1J) is expanded into 

the direct sum of irreducible unitary inf1nite·-d1mens1onal 

representations 9 : 
pO 00 

X.- (a)= riv, f ~ d:f@'• m~J 'J"cu J .£,., /K,., u) 1<,.(0 u.,.j,,s)<i,l 
111:-oo o SU{1.) 

and 

f< (u, v/rns)= 'It Jc/;-<d!'-)dm5(J.) X0 (u-1
~ I)? (16) 

<r k. 

where for an,y a. E SL(2,C) 

-m+t'1-~ '?rL-

/ a...2.ft I a..t.2. , 
is the invariant measure on the su(2) group, 

cLm5 Co..) = 

~(u) 
ci)'-e {k) is left-invariant measure on the subgroup of 

triaxJgular matrices: 

k. ::= (
(A.-i 1'-) 
() I) 

)1( - complex nU111ber 

8 
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and ka,u and are determined from 

matrix equation 

(19) 

where the diagonal matrioes 

describe the rotation around the Z axis. at 

angle. 

Replacing 1n (15) the Tariables: U ➔ Ua., l{ 

and using the equalit7 
-2. 

cy-cu; = / J 1111 c 1ta.,u)/ c:f' Cv.a.,uJ 
we arr1Te at 

(21) 

rP ( , C t/4 / ') <2J) ~tiJ~ifajJ_ j'$(6m'/fffJ<)4,jl fl,,_~ J ,.(Z1a)u I u m 3/ ·· 
111::-o0 o SU{f) 

The properti (14) allows t~ represent eq. (22) and eq. (23) 

in the· fo:tm 

9 



X,i!'-)= :..i j;N',.,•J~l•J..t., {IL,-;u)/_ il:(14,;•u) • 
t 91h,-,a:, , Jlj I ff" 

~ ~~ 
(24) 

x k(j, { u/ Y11$) 

kjrz{,J mg)-::: 'ltjflCK )clm5 (K) x;r Ku)_ (25) 

/(_' 

From eq. (24) it is easy to obtain an expansion for the 

wave function, because by definition (u) 

~{./Ip-I} ::: fcr(s) {P). 
(26) 

Now let us note that ~(Jit) , as a funotion on the 

hyperboloid, depends on three parameters. In order to 

perform in eq. (24) the integration aver a.n extra parameter 

let us oonsider the solution of the matrix equation: 

-u lip = l<-11?1 u u//n l{_ • 
(27) 

It is known that from this equation the matrices U#p, u, 

and k.Hri Z,(_ are determined nonuniquely. However it is possible 

to write the solution of eq. (27) 1n such a manner that under 

the sign of integration the nonuniqueness is oontained only 

10 



in IL,~ ( it can be seen from eq. (15) and eq. (17) that the 

element ~12.. plays no role). In this case, it is possible 

in the right-hand side of eq. (24) to pass to integration 

over the angular parameters of the unit vector, which is a 

spatial pa.rt of the four-vector 77 ::. (1, '!!) , belonging to 

the cone. F1na.1i;r the expansion for the wave function of the 

particle with spin S in the canonical basis takes the form 

1bf_s) 6 ( s -J-,.{r -t- (!,} U/0) 
Ie!f )-=l Jdr(r'2--1-rs11 dw~ (pn} ¾~,(u.Pir/ 16", er). ,(2a) 

os..s 0 

The matrix 'l.t.p1r- , which stands 1n the argume
0
nt of 

function, is determined from the equation: 

where the mtrix Ur corresponds to the rotation of the 

v!otor 2J0 = ~o1L) 1n the direction of the vector ?!. • 
Ur ~. '!}, l<,- ~ §". '!2 
a.:nd.. . . (Jo) 

1' LL -t'er ~) iJr -t.~ - Dr 
r, _ (J+-P~P3)~ 'f-P roi v e , (up,~,.. rt!_'!t-P?soi z:e() - P bJ& 2. ,, 

1.._'4,r)l(- V.f(foJ-t)(fo-.!, 71) 1 
~1., ~(f1+4) (f ~f,iJ) . 

In order to obtain the formula , inverse to (2a), let us make 

use of the :taot that aIIY triangular matrix f(.. with the 
'oL 

element lt,u "' I A/ €.' can be represented 1n the form 

K =- a~ lk.r ' where for the triangular matrix k'r 

the condition arg (/Lr).2..2- :::. 0 1s valid. In this case 

II 



d)',e (k) = ot ,J.. 1'4, (Kr) • Let us put U .:: Ur 
in· eq. (25). Then, taking into oon.sideration (14), we represent 

it in the farm: • 

/!~(ur/rug)=; 2r2 ~M/2.Jcfue~)41(~) Xo-~;J. ur) , (Jl) 

where we have used the equaJ.ity dhl-3 Q-<} cf,~)= i1t1./J!.;) cfae_(!;} • 
Next, let us introduoe into eq. (Jl) new integmtion 

J 11-J. 
variables using the equality Kr- U.r ,,. U.1,r 77p • 
Then, taking into aooount eq~ {14), which leads to 

,1 

X / UPi r 11;1) =l~~ {!if,r) ~c11p-) 
6"'1=-/ 

and after it is easy to arrive at: 

s I . r .13 - -lr (;$/ 1U~) t/:.~fr)::: _!_ ~ fpn) -A fuDr,) T,... {f) {32) 
(j l· / [h,}' 

1 
po l: / -¾a--t l_'.'. r1!7 o-t , 

o=-J 

Ve shall consider the foimulaa (28) and (32) as a transition 

from momentum representation, to relativistio oonf1gurational 

representation, introduoed in 1 , in which the modulus of 

the radius veotor I = r72 is defined as r:; ½ . · 
The matrix U"1r according to (29) can be represented 

in the form: 1,(_~ r ~ ~ r U. f' , 

where ¼r 
+ 

Ur Up Ef 

can be found from the matrix equation 

;::: J,!.f, r ~' r 

12 
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~bus taking into account (9), connecting the helicity and 

canonical basis, we get from eq. (29) and eq. (JV the 

expansion for the wave function in the helioity basis 

s j 3 -1-i r.. (,s) vh C.s) 
Y!_(f ?r) = j_ [ LP~ (! n) I1, f ~ifr (P) 
A ~ (.t.>,/' 1 (•u) y::::-~ .... 

The unitary mtrix ~r , as it follows from eq. (JJ), 

has the follo.ting values for its el.ements: 

-f- J½. 
(Ur Up )3-1 e, . 

V: ---- ,. 
.2.j - y (_P 'n.) 

It is clear from this expression, that·the rotation a.Dgle 

defined by the matrix 'Ur, r depends· only on scalar product 

of the vectors P and 7J ; ~ -

.f. , 1J. 
where 

I.EI 

13 
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It should be stressed, that the kernel of the transfo:rma-

( ) - t'l(.S J tion J2 automatica.ll.y contains J../ function, which 

transforms the wavp fUllOtion frcm the canonical basis to the 

helioity one, then in faot the expansion for the wave 

function is performed only in the helicity basis. Thus, as the 

wave fum tion r!J(J), .J ?11 r )' U-/ index )' ::o z:: in the configuratio-

nal r_epresentation is the eigenvalue 

on the cone 12 , the indices A 
of the helicity operator 

and Y of the wave 

functions are eigenvalues of helicity. 

II 

The quasipotential equation for the wave function, 

describing the relative motion of particle with spin S 
and spinless particle, has 1n the 0.11.s. the following fo1'1l 
11, 12: 

. s 
ti E -').E )rM,PJ ~ 1 Ijd.31:. r r 1 . -) I/Jr 1 
~ q r//10 t2trJ:l.J Jio v~, (.!, ~) l:9 l9 6'' (V . (Ja) 

The wave function of the continuous ·speotrua 
,hO) 
Yer (P) 

1o connected with the scatter1ng_amp11tude 1n the o.m.s. 

Ao-(jl ( P1 9) 1n the following way: 

. u, 
lJ!oJ = ~}t 3 r f p(-) <i)X(J ~ r};-- T .z:-4'o:' {l',1 ~ ~, 
11~(f) (: V { !..-- 0 "f,- J.. F'I -J.. Ep 'I'-( 0 (J9) 

14 



- --- .-- ·----- ·-----~-.-------

here f and J. are the momenta of the 1n:it1al and final 
-vpJ particles with equal masses in the c.m.s. and ./' 0 

is a normalized ~Sri) component epinor in the canonical 

basis. 

The expression (!-'11) '3> o{jr::-J!i )Xfs) in eq. (J9) 

describes free motion. On transforming eq. (J2) to the 

conf1gurat1onal representation, this term g1Tes the •plane 

waTe• with spin 

CPJ Lt r C )ACIJ -T (!,rJ = ) rr t.,r (> - (40) 
Y ~-0 • s cs; G) 

{!?l)-,-tr L Yycr (Zi~r) ~ J. 

o-=-1 
From this expression and the oonneotion of the epinor ~(5}) 

P\,/'Q) 
in hel1c1ty basis with the spinor ..Ar,- in canonical basis 

Y? GS'Ja ) == f1" Gr') /u .) X <e') '). E L ~ 0 l'- I' ~ 
o=·t 

We see that in this case as well, the kernel of transformation 

performs the •rotation• of thecanonice.l basis to the helicity 

one, and then eq. (40) takes the form: 

In the nonrelatirtstio limit 

WaTe: R. (£ . .[ -e) (P) 
fr (f1 r) turns into the plane 



which describes a free motion of·nonrelat1v1st1c particle 

riilspin S 
Let us emphasize, that just in tho hel1o1t7 basis 

the expansion for.the wave function is an analog of.the 
,~r 

quantum mechalu.cal expansion in the plane waves e - -
because in this basis the kernel 

] ( E,r) 
~~ 

-1-[r1>(.sJ(1r) 
(rn) ~:>. vpr 

contains the rotation b7 an angle, which ( as it follows 

from eq. (37)) depends on three dimensional scalar product 

of the vectors p and n onl7. fhe kernel of the 

transformations (28), (J2) is not the function of the scalar 

product of f and 7Z , because it contains, aa is clear 

from eq. (29) also the rotation up from the p , to the Z 

axis, along which the projection of spin is determined in the 

canonical basis. For this reason it cannot serve aa a~ analog 

of the plane wave. 

III 

In order to construct a quasi-potential in the relat1v1st1o 

oonfigurational representation, we need an addition theorea for 

the plane waves (40) x, analogous to that for nonrelat1Tist1c 
/ P. r ( · Jt r) -f- /rr _ ,,:. ) r plane waves e - - e l - ·- = .e ~ - • - • 

For this purpose ;et us notice, that the substitution into 

5.b!L,!'_ight-ha.ng__~de of the equal1t7 (1) of the expansion 

x For the sp1nless case such an addition theorem has been 
obtained in 1 • 
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where, aooording 1 , the notation 
· -1-ir 

tJ - I - er f O , ) 

j (Y,E) = itnJ = 1.._f - ~- ?.7/ 

is introduced. The four-vector 'YI::: (:!, !?.) be1ongs to 

the cone ?'J 2 = J) • In the 1eft tem of eq. (1) we make use 

of the fact 9 , that under the transformations (13) the 

function /,!(u.
1

v/111g) in eq. (15) transforms by the 

irreducib1e representation: _____ . 

Ta_Lmg] k { u J V / 1118) -= rim~ (~)v) I< ( U1 Va.
1
v / l1tf;). (Lf3_} 

To this one at Q -=- .f/K. there corresponds the transformation 

1n the oonfigurational 'representation of the fo1lowing type: 

where .[; == r ~, and the unit vector ?'JJ!:. iS 

_.1_ (n- It. 
KrL - -

(45 ) 

"' 

17 



Next, 
sl (JO 

~t 

(:JJ L s 1' + ,J;(sl ta (t} = . clr ( rZ+(J'~ J'»J] ~ (!,I) ff3,r) 7'rr1 lfit)( ) 
~-J 7ar-l 46 

0 . 

and after appropriate substitutions: 

s s + 2- dw!! s (f,f) ?0 ,rr,1' ('f,r) 
<r':-f J rrrr' }( + (47) 

,.s cJ I J rYn~J 
= L v6"(5'1 i V{HI-11V} dw!L 1<r'~'l(.8':"!!1IJJ-G.11rr1~Ur~ 

/YJ1T1:.f 

from where we oan easily derive the addition theorem for the 

plane waves with spin. Since according to the results of 

the kernel of eq. (28) automatically performs a transformation 

from the canonical basis to helicity one, then we· can deal 
1/JCSl 

Tdth eq. (J7) for the wave function To (f) in the canonical 

basis. In this oase for constructing local quasipotential 

in r- spaoe we need the addition theorem just in the form 

(46). 

IV. 

It fol1C111s from eq. ( 11'1- ) , that for a. quasipotentiol 

to be local in the r- space it should be in the momentum 

representation of the form: 

..) (.i I 

¼CM, Er)-=-/;,7?,.,/v(it,1&} V,7( ~ 1 r,) 
(48) 

18 



Therefore the ~U.eBtion arises whether it is possible to 

construct a quasipotentiaJ. of suoh a type from any field 

theory matrix element. 

For example, we consider an interaction of two particles 

with spin l/2 in the oase: 

-/(. f (X) -=-
L '>1 

where the spinor field Y<x/ can describe the nucleons and 

antinuoleons with mass 7n , and 'e(r.) corresponds to a 

pseudosoal.ar meson with mass ~ • In aocordanoe with the 

general rules for constructing the quasipotential given on 

.J,ll in second order in · ff' , the quasipotential. is proportional 

to the diagram 

~f. Jc;1Y, 
11 I I 

I 

' ~'-------!_1-1 J) Z, 

In the o.m.s. P1 == - ?z. == .!: 
1 

!!., -;..-~2. === JL. 

the diagram giveo 

All the momenta are on the mass shell 

Po -1 v" but are off the energy shell "f' ,-. • Therefore, the denomina-

tor eq. (49) can be transformed to the form: 

19 



I )z. 1. t 'l-lf - I< j ::- 2 m -; - 2 PK = 

- j., m t__~ L_ m (7rl ,__f- (f&J~) z, ' 
(50) 

i.e. it is a function only a:L' the distance on hyperboloid. The 

sp1nor part of eq. (48) oan be written in the form: 

U(f )(° u(t) =- U(o) ur 1r-1s/t u(o);; 
(51) 

= U(o)o.r])Oj V(ll;oPJ}~--)/c. IA.(o) 

where 

foz /f = ;o /1"""6'1") 
0 { br ,:; J 

~ : ()~ ~.l, 3 ) 

SP = 
(

-#/>- ~ ) 
0 fl, -J 

f' • 

( T 0) ,) . -l = -, 0 T 

Thus we see that the expressions (50) and (51) permit to 

obtain from eq. (49) a quasipotential of the fo:rm-(48), on 

passing to the two-component spinors X 6"" and . f /1 . 
( see 11 ). 

In conclusion the authors would like to express their 

gratitude to Drs. V.G.Kad7shevsq, I.T.TodorOT, R.M.Mir..Jta

simov, M.D.Ma.teev, A.D.Donkov, M.V.Saveliev, L.G.Zastavenko, 

R~H.Fatrstov, D.T.Sto7anov, v.V.Babikov and V.M.Vinogradov 

for useful discussions. 
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Append:bc 

For completeness we give the orthogonality r~lations for 

kernel r (f(f I ( P, r) in both momentum and oonfigurational 

spaces: 

which follow from ·the Pla.noherel formula in 9 and (29) 

and (J2). It 1s obvious that our formulae in the zero spin case 

are the same as the formulae (1.6) and ( 1:7) in 1 • 
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