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Section 1 

At present, in a number of experiments on deeply inelas

tic scattering of leptons on nucleons, one has observed a 

point-like behaviour of the form factors at high energies and 

large momentum transfers. A possibility of such a behaviour 

was first anticipated in the work b; M.A.Markovf11, neverthe

less up to the present time there was no.correct theoretical 

. grounds for this phenomenon in the framework of the general 

principles of local quantum field theory. 

Investigations of this kind are indeed very important 

for. studying the behaviour ~f the matrix elements off the energy 

shell while in'the case of elastic scattering we are dealing 

with the matrix elements only on the energy shell. Therefore, 

the theoretical explanation of the experiaental results on 

deeply inelastic scattering on the basis of the general prin

ciples of local quantum field theory would lead to an additio

nal check of these principles in the same way as in the case 
,,,'··.,. 

of dispersion relations for'elastic scattering. 
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In the present paper, taking as an example the deeply 

inelastic electron-nucleon scattering, we develop the method 

of studying the asymptotic behaviour of the form factors which 

has been suggested in our paperf141. This method is directly 

generalized to the cases of deeply inelastic lepton-hadron 

scattering processes. 

Thus, we consider a deeply inelastic electron-nucleon 

scattering process: 

'e+N-e+ ... 
As is known, the appropriate c1oss sections are determined 

by means of the Fourier transform of the commutators 

S \ t9.x 
WJ"" = ~:n: I. (p.6l[j~<x>,j"co~ p~s) e d.x , 

(5) 

(1.1) 

in which j-3 are the electromagnetic current components, 

'\- is the four-momentum of a virtual photon; q2 < Q 
and the matrix elements are taken between identical one-nuc

leon states 1 r·6'> with the four-momentum r of mass 1(p2·1) 
and spin 6(6=~i)._ We use here the usual relativistic norma-

lization of the nucleon state 

<P•6"l P,~') = 2 po(2:Jt)
3 S'(p-p') S'($6 1 

• 

The asymptotic properties are studied in the domain 

-cf 
lcfl--+oo, v=29-p-+oo; 5 =2~p = COI\,.st. --cl.2) 

(to the physical domain (1.2) there corresponds § > 0 ). 

. .. · 

The first results in these lines were obtained by Bjorken/2/ 

on the basis of the current algebra, and then were developed 

in refs,/3/ In refs./4/ deeply inelastic scattering of leptons 
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by badrons and'hadrons by hadrons was studied on the basis 

of the generalized automodelity principle and the dimension 

analysis. 

Here we investigate the asymptotic behaviour of the form 

factors for the expressions (1.1) on the basis of the general 

principles of local quantum field theoryl7,S/. Conditions will 

be indicated under which, in the asymptotic domain (1.2) there 

is observed the automodel behaviour of the form factors. There 

will also be established a relationship between the character 

of the,automodel behaviour and the asymptotic in the vicinity 

of the light cone. Note that in refs./5/ this problem has 

been studied by an analogous approach, under very restricted 

subsidiar,y conditions. 

It should be noted that the study of the asymptotic be

haviour of inclusive processes on the basis of the general 

principles of local quantum field theory has been performed 

by A.A.Logunov and co-workers/9/. 

. . The tensor wt'~(9,,P) is usually expressed, taking 

into account the conservation law of electromagnetic current, 

in terms of two invariant functions, form factors W1(~?) and 

\1'4 ('\-,f) 
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The problem is to find the asymptotic of the form fac

tors wj in the domain ( 1.2) and relate it to the behaviour 

of the current commutators (1 .• 1) in the vicinity of the light 

cone. 

To this end, using new form factors*: 

1 h ('lP)2 1 vi . 'f Lw1 + '\.2 w2. , v.- w2 
z- 9-2 

we write the representation (l.J)_ln a "local" form: 

wr~-. (-~~~--~c:f+'l-,.9-v) "'1 + 

.+ [r~r~ct-2-{f,.Cf.v+9-rP")9-P + ~~ .. (ct.Pf]V2 · 

(1.4) 

(1.5) 

In so doing, one usually starts from the assertion that 

the introduced functions \/j ( 9t· 'P) are causal/51' i.e. 

their Fourier transforms vanish for :x:?< 0 . However, this 

assertion has not been reliably proved yet/61. In particular, 

in ref./G/ one uses commutation relations between currents 

which do not follow from the general principles of quantum 

field theory. In our paper we prove that the functions \13 
and, consequently, the functions \IV3 are causal (Appendix I). 

To solve our problems it is convenient to introduce new 

invariant causal functions 

*For the exact definition of the functions \/1 and \/2 
see Appendix I. 
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(1.6) 

(1.7) 

Taking into consideration relativistic invariance of the 

. functions Fj (9-;p), \/j(q;p) and W3(~.p) we pass to a frame 

of reference in which '? = (1,0) . Then, on the basis of 

(1.3)-(1.7), we have the following relations between the func

tions introduced 

R ='l1
(V1-Y2), F2.=3cfo(\/1-Vt)-2q2 '\/1 (1.11) 

v. - _1 ( :3q~ . .E.. 1-29.2 <\2 ~- F;) , '12. = v1- cV ; c1.12) 

Wo~= ,;~ F1 = 9-o'l'll (\/1-V2), "V = 1 ,2,3 , c1.1J) 

' ' 

. - (C" 9.t C\j) q! q~q.j 
Wtj- "tj + ~ W1 + 9.2. 9.2. w2., t.j= 1.2,3; (1.14) 

'N _ 9.l 'J.J ( o q~ c- F ) \1 '- :F j ) . 
. ·.. ij- 2Cf ~ r-1- 2. = 9t'-9.l 1 , (1.15) 

7 

,.•'. 



"-J 

In what follows, F will denote the Fourier transform 

F 
In an arbitrary frame of reference, the functions wj 

and \Jj are expressed in terms of' the fUnctions ~j by 

formulas: 

W= ~ + F2. ' 1 2(1+"'%) 2 . (1.17) 

W2= ~JrA ~ "/.-'2[(2-&)F.; +(1+.i\)F~ 1 
_ 2 . ( 3 t:' ~) 4F1 c · )·. 
- 1.1- r: - - • 1.18 

\11 ~2<1+~%) 1+4~~~ 1 
2 , v2-V1 -i(1 +A~) . 

·" 

We enumerate the main particular features of' the functions, .:,. 

introduced. We denote Fj('l.) = Fj(q,,1,o), \N/~)=~(q,,1,0) 
and Vj(q,)=\/j(9,,1,o'). It follows from 

(1.16), (1.10) and (1.12) that these functions aL·e odd ~ith 

respect to ~0 , radially symmetric, i.e. they depend only 

upon 9-o and \i=i l , and vanish in the domain - ~ICJ.ol > 1 
(apectrality condition); in addition 

e(q,o) Fj ('\-) ~ o provided that (1.19) 

q.2~Q. (j =1,2) , 

E(q,o) W1(9-) ~0 provided that (1.20) 
q2.(0 • 

Tne inequality (1.20) follows from the representation 

w1 =L.. €t.ej Wtj = 81 i: S<6l[ej(x), ej(o))o) eta.,x dx.' 
t.j :Jt (C5) 

which is valid owing to (1.14) for any unit vector orthogonal ... 
to the vector 9. 
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From the inequality (1.20), due to (1.19) we have 

(1.21) 

Further information on these functions will be extract-

ed from analogies with the free field (see Appendix III), In 

this case, for ~">0 and~ ">0 we have: 

Now we assume that in the case of interacting_field cur

rents, just as in the case of free fields, the quantities ~1 
and F2 - F1 in the physical domain (1.2) tend to :rin~te and 

nonzero limit functions (distributions)•. Then from (L7), 

in the domain (1.2) we get asymptotic equalities 

which are analogous to the exact equalities(1,22) for free 

fields, Denoting in the domain (1.2) 

' 

Fj(~,"')"' Fj(s), j = 1 '~ ' (1.24) 

*In •the case }i-F1- 0 , owing to ( 1.17), 'N{"O in the 
domairi (1,2); this case corresponds to the boson current 
structure. 
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I, 

·and taking into account (1.23), we are lead to the auto

model Bjorken formulas in the physical part of (1.2) 

W1(~,~) ---j1C~)' ~ . ..c 
. 4 Wz("f;,,'J) ~ J (~) , (1.25) 

where, in virtue of (1.23) and (1.21) 

J1(-,;) = ~ [~C~)- F,C~))' jz(~) =s f1C'i) ~o · (1.26) 

It should be noted that the automodel relations (1.25) 

and (1.26) have been experimentally proved. 

As we have seen above, for the asymptotic formulas 

(1.25) - (1.26) to be valid it is sufficient to require 

that the functions F1 and Fz-F1 tend to fi~te 

and nonzero limits in the physical part of the domain (1.2). 

Therefore, there arises naturall7 the question as to!what 

additional requirements following from the dynamics of 

the process should be imposed on the functions F1 

and ~~ which would provide the indicated behaviour 

of the functions F1 and F2- F1 , and consequently, 

the validity of the automodel formulas (1.25) - (1.26). 

On the basis of the analogy with the oase of free field 

(Appendix III), we formulate these additional requirements 

in terms of the weight functions 'Vj which correspond 

to the functions FJ (j=1,2) . in the integral 

representation (2.3), namely we require that the functions 'Vj 
should satisfy the condition (2.12) at K = 0 ,L i.e.+ 

+It is worth noting that in perturbation theory the requirement 
(1.22) is not always fulfilled due to the presence of lo-
garithmic divergences with respect to ~2 in some terms. 
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In Section 2 we show that under the condition (1.27) the 

functions . f1 in the domain (1. 2) have automodel behaviour 

like 

1 

Fj(s,v)~2:n: S ~j(l~\)(~-~) ~ cl~ . Fj(~), (1.28) 

5 
where the functions ~ ~ (\ ~\) are odd continuations 

of the functions ~~(C?) defined by the formula (2.21). Note 

that from (1.28) it follows that the functions Fj (-.;) va

nish when ~ ') 1 , are nonnegative when 5 ">0 , and constant 

when ~<-1 : 
... 

FjC~) =·2~ s '¥j(l~l) ~2.d~ , s <-1. (1.29) 

-1 

Now we suppose that the functions ~(~) satisfy the 

condition (3.18) 

1 s t¥jC~) ~2 d.~ = o ' (1 • .)0) 

0 

i.e. in virtue of (1.29), at "§<-1 • 

The equality (l.JO) for the function F1 is fulfilled 

(Appendix I, (I.10)); for the free field the equalities (1.29) 

are also fulfilled (Appendix III, formula (III.}O). 
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The derived as~ptotie behaviour (1.28) of the functions 

Fj(l!i,....,) in the physical part of the domain (1.2) describes 

unambiguously the asymptotic behaviour of their Fourier trans

forms 'f1 (x,p) in the vicinity of the light cone :x:.:z.=.O. 

In Section 3 we have obtained the asymptotic behaviour 
rv 

of the functions Fj(x,p) (see (3.25)) 

,-...J • 'a Gr\ Fj (x.p) ,._ ~ Qj(px) 'd(px.) Cl-/(x,O) , 

where, in virtue of (3.22) and (1.28) 
1 

Qj(~) = 2 S Fj (~) s-Ln.~!. c:l.~ • 
0 

X2."'VO, (1 • .31) 

(l.J2) 

It follows immediately from (1:.18) and (1'.28) the asymP

totic of the functions '\/j in the physical part of the 

domain (1.2): 

~(~,....,)'"V ~2 [ 3Ft(~)-F2(~)], Vz(,,....,)"'!afF;(~)-fi(~)1 (l.Jj)' 

Now we assume that the weight functions '\ll {u,X) 
corresponding to the functions \Jj obey the condition 

(2.28) for a certain S • Then the comparison of the asymP

totics (1.33) and (2.29) yields &=1 and 
' 

:Jt~ 'o/d(l;) = 3 ~(~)- 1::;,(-.;), 5l~o/:(1i)= h(l;)- ~(~). (l.J4) 

12 
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,...... 
The appropriate behaviour of y. 

J in the vicinity 

of the light cone is.given by the formula (3.27) at S=1 

f"J • 2 /C) ( VJ (x,p)"" 16~ €(px) 9(x.2) X \:rj fX), (l.J5) 

where the functions @j(:l.) are expressed in terms of 1\J!(~) 
by the formula (~.14): 

.., . ... 

@j(:l) ~-4Jt S<=R'clf,)C:Os% sd.!, , ~(~)= s~"o/.!(~)~. (l.J6) 

0 ~ 
~ 

The behaviour of '-Nr" in the vicinity of x.2=0, 

owing to (L.5) and (1.~.5), is as follows 

Wr"Cx.p) ,...._, 16:2(~~..,0 -'O~;'C)x) ~(px.) E(px)9(x.2).x2+ 

+ 16~2 [ -prp.,O +(p,..;x"f + p,..;:x. )(p~x. )- (l.J7) 
')' 

- %J4"(p~)2 ] @2 (px) E(px)9(x.~) x 2
• 

Section 2 

Here we shall investigate the asymptotic behaviour of 

the te~pered distribution F in the domain 

satisfying the following conditions (see Section 1) 
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I. F('1-.p)=- F(-9-,p), 

II. FCCJ,,p)=O if - <li{2"'p' > 1 ( pl.-=1) ' 
,..... 

III. F (x.,p)= 0 .. if :x.fl·< 0 
' + 

IV. F(Act.,Ap)= F(CJ.,p) for all 1\E:l.+. 
In virtue of property IV, it is sufficient to consider 

our problem in the rest system, where 'P • ( -1,0) • In this 

frame of reference, the functions 

~ ,..., -FCx.) = F(:x.,1,o) and F(~) = F:(9-,1,0) 

depend only upon Xo, Fl!' and CJ.o' tq_\ ' respectively, and 

obey the following conditions: 

I'. FCq)=-F(-q.), 

II'. FCq) = 0 -III'. F(x) = 0 

IV'. FC9,) = F(q,ul'ql). 

if - q.Y!2qo\ > '\ ' 
if x.2 < 0' 

The asymptotic domain (2.1) assumes the form 
2 

lq2 1-+()C), ...)=2qo-+co; -29= =s; <\o-l<fl. 
'\o (2.2) 

For the function F.C9-) satisfying conditions I', 
II' and III' there exists the unique tempered distrubition 

'\j.l(it,~) . (see Appendix II) such that the well-known integral 

Jost-Lehmann-Uyson representation/101 (see also ref./11() is -

valid 
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(2.3) 

the support "o/ being contained in the manifold 

(2.4) 

It follows from the property IV' that the weight function 

'-V(il,x) depends on it only via lui so that 

1.¥ ('it.~)= ~(\it'' ~1 ) • 

The representation (2.3) is now rewritten in the form. 
00 -1 ... 

F<q)=2:Jt€(CJo)~ctx-S~2~t~Jc~.~) ~dr £'ccr-~~2.~l~lr-""2 ) •. 

0 0 -1 
In terms of the variables (~.~) this representation takes 

the form 
00 1 .. 2 

Ho, ... )= ~soli' s~~ '1'((/.x) SJ)'- 'a(~+~~· -~12, 5) 

0 0 -1 

It follows from the condition II' that 

if 5. "> 1 . (2.6) 

We stress that the above properties of the weight func

tion 'IJ (~.~) do not provide, generally speaking, a definite 

asymptotic behaviour of the r.h.s. of (2.5) in the domain 

. (2.2). Our task is to find the conditions on this function . 
,.,.t,ir·h y.•ould ensuJ·t: a definite asymptotic behaviour of the 

function F(~,'V) iu the domain (2,2), 

15 



As the example,of free fiel~ shows (Appendix III) this, 

asymptotic may be expressed iri terms of the distributions 

of s • Therefore we shall look for a~ limit of the. 

sequence F(l;,") , ~ -++00 , 1. e; the lillit of "integrals" 

S F(~,"):f{l;)cl~ at '\)-+oo for all the finite test func

tions :f(l;) • To solve this problem we shall extensively 

use the technique of the small parameter. 

Let :f (1;) be an arbitrary ii1finitely d~ff!trentiable 

finite function. Multiplying the equality (2.5) by JC~) and 

, nintegrating" over ~ for all '\l > 0 we get• s FC~,-·~)fC~)c::l."!, = 

= ~ .. ~.us~~"''~"'> ~Jr ~J" f<>~) s (>;-~!'" .. ~ .. ~) • (2.7) 

0 0 -1 

where 

x. • ~<~~r.~ . ....,)=(r-~r-~~1+-4~ -'\) · (2.8) 

For rather large ~ the function 1- analytic 

in all the arguments is expanded into a series in inverse 

powers "<J which converges uniformely together with all 

the derivatives with respect to all the considered arguments 

{under the condition t~t ~, }'-, ~ change.\ in any bounded 

• The equality t2.7) may ~e regarded as the definition 
of the distribution F ('a;,,"') for each ~ "> 0 

16 
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domain). 1?e note that the integration over X in (2.8) 

is actually performed over the finite interv~l which is de-

termined by the support of the function fCs) from the 

condition 15 ":' ~)-'-- -"~- 'X;4 >a.., 

o(, = SUf>(-X). 
so that 0~ A2~(1+a.)'IJ+cl , where 

In the internal integral in (2.7) we make a replacement 

of the integration Vai'iable s by the formula: 

It follows from the properties of the :function 'j.. 

that the functions XjC~.)"'-.~,v),J•t,'ldefined by (2.9), at 

sufficiently large "'') , possess the same properties as 

the function /( • Now the equality (2.7) takes the form 

s FC1;,-~) fCli)cl~ = 
. 00 4 4 . 

= ~X s.u ~O!f'~"'<<:•Jo!) ~+ ~<bf(Hyr ~ )(1+ ~)b{i;'+~) • (2,10) 

0 0 -t 

Eliminating in (2.10) the b- function we obtain 

sF(~,~) :fC~)d.s = 
00 1 1 

~sc:tx s~~~~'l'<~.~) ~df- fC-~2 +~F+ ~1)(1 + ~2). 
0 0 -1 

(2.11) 

Note that in (2.11) the functions 'Xj depend upon X 
only via the ratio >-~v == 'i: \'/hich changes in a 
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bounded interval since 0 ~ ~ ~ ( 1+0.)~ +d..,. where 

olt = su.p )(1 
Now we restrict the class of the weight functions '-V(~.~t.) 

by assuming _that at sufficiently large ~ the dist.ribu-
. ~ 

is the ordinary function with respect to ~ tion '\jl(~,.*) 

and for a certain K > - '\ there exists a non zero limit 

(in the sense of the distributions with respect to ~ ) 

&,m. 
A"Jp+O/O 

W(!,~) ='-Po(~) 
'--- "41o(~)~ 0 • 

.The condition (2.12) implies that for any 

Cf(~) there exists the limit relation 

(2.12) 

;K s'4J(~,.*)Cf'(~)~~_. s\\J.(~)<f{~)q~J.~, X~+o0o (2:01}) 

Tne limit relation (2.12) means also that 

t IK W(~,X)=e<A'-> X 'U.<~>+'-"1<~·"''"), (2.14-) 

in this case 

€.(~.,..&) = ~ .. (~.~) 
)..2K ---... 0 ' 

>."'-... -+ cio • (2.15) 

Inserting the expressions (2.14) and (2.15) in (2.11) 

we get 

s F(~;~)j(~)~ = J1<~) + J2(~) , (2.16) 

II 



where (for a certain sufficiently large N) 
~ 1 1 

J (~) = ~ r d.f lK\ ~2.-J~ '-Yo(~) ( -{Ll.£(- ~2 +~r+ ~)(1 + ~)' 
1 ~. ;} ~" ~ jJ J (2.1'1) 

0 0 -1 . 

00 1 1 

J2(v)= ~XsdX~Ks~2d.~ e(~o~)~f-f(-~+~r+~1)(14- ~1)+ 
N o -1 

N -i i (2.18) 

+~Sd.x~~~~c~.~> S+-fC-~:L+~JL+~)(1+ ~~.). 
0 0 -1 

In the integral J1(v) we replace the integration va

riable A2 = ~'t' 
' 00 1 1 

~('1)=2x'\ll<sd.'t1:K s~~Wo(~) Sdr:f<-'t+~JI-+~)(1+ ~)= (2.19) 
0 0 ~1 

4 00 4 

=2~~Ks~2d~~-<~>Scl't'ti<Sdr:f0 ... ~r+~) (-t+~). 
0 0 . ·-1 

From the properties of the functions J-, X 1 and /(. 2 it 

follows a limiting relation 
00 .. 

Sch''tK s~s(-1:+~}'-+ XJ4) (1+ X~)___.,. 
0 -1 

~' . - - _, 
( K ... 1 1 s K+1 

.__,.. ~(~+1) J j(~)(~""~) d.~- ~K+1) -f(t;)(-~-~) c.l~' ~-++oo 
-oo . -oo 

together with all the derivatives with respect to ~ (in 

the sense of uniform convergence with respect to ~ in · 

each finite interval). Therefore in (2.18) a transition to 
• 
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the limit under the integral signis·possible and we obtain, 

at -1)-+oo 
1 

~-K Ji(-..l) ~ ~ s~~'Vo(~) )( 
0 

[ 
~f . K+1 c~ · K+1 ] 

)( ~£(~)(~-~) cl~- . ~:f<J;)(-~-~) cl~ • 
-oo -o0 

(2.20) 

We denote by ~~0(\~1) an odd continuation of. the dis-

tribution ~\\'0(~) to ~<.0. The distrib_ution ~ 'Vo(\~1) . is · 

determined according to the rule 

4 . . 1 . S ~l\Jo(\~l) <f(~)d.~ = S '-\{,(~)[ <f(~)-<f(~~))~~ ~2.21) 
.-1 a 

v 

for all the test functions <f(~) • In virtue of (2. 21) the 

asymptotic equality (2.20) takes the form: 

S
1. C. K~" 

v-K J.<~) .._ :.:1 ~c:l~'o/o(\~1) ~cl~:f(~)(~-~) = 
-oo -oo 

= ~· ~f(')[ s '\'.(1~1)(<~-'!.)"'~d.~~}ol:\'· (2,22) 

~ 

Now we consider the integral Ja(~) • We have 
1 ~ 

'tK S+-:f(-'t~~r+~)(1+ ~)-S 'R(u>,~; ~)etcc'tcl.w, (2.2~) 
~ . -00 

where R (w,~; ~) is a uniformely bounded function 

for all sufficiently large ~ in the topology of the 

space of rapidly decreasing infinitely differentiable func-

20 
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tiona with respect to (i) and infinitely differentiable func-

tions with respect to j> . Taki:nginto account the fact 

that the upper limit of integration over ~ in (2.18) is 

( 1+o. )'ol +eli , inserting (2.23) finite and equal to 

for "t- A~ in the first term of (2.18) and taking 

into consideration the fact that the second term in (2.18) 

is of the order of l4 , we get 
00 (1+a)'ll+o4 1 1 

Ji<'~> =2x \)K-
1sc:k Sdx- efX'AW s~2.~ E(~.~)"R(w.~;~)+O(~ l, 
-co N 0 

from where·we derive 
00 (1+0.)'II+al• 

'._;K J2(~)'' 2~ s 1::2. ~ s d~ X 
-oo N 

~ 'i . 
')(I s~c:l~ S(~,Jt) (1+W2

) "RCc.o,cw~>l +0 ( '}K+1}~ 0, ~-+cO. 
0 

From the above result and eqs. (2.22) and (2.16) it 

follows an asymptotic equality in the domain (2.1) 

(2.24) 

(2.25) 

The "integral" in (2. 25) should be viewed .as a k-th primi-

tive• of the distribution ~l.\)0 (\~\) vanishing for 5 .,.1 . 

It follows from (2.6) that 

• For noninteger K, the definition of the primitive 
_is given, e. g., in ref. /12/. 
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FC'i)-o,. ~>1. (2.26) 

Next, noticing that the function ~'\-'0(\~1) vanishes for 1~1>1, 

we derive from eqs. (2.24) and (2.25) that 
. 1 

·. 2:sr K \. · K+1 
F<.;,~>"" K+-r" J"\{(l~l)(~-liJ ~~ 5<-1 . c2.21> 

-1 

For integer K ~0 eq. (2. 27) turns to a polynomial in. ~. 

Thus, under the condition (2.12), the automodel b.ehaviour 

(2.24) holds. 

Now we consider the ease of weight functions '-V(~,J..1 ) 
such that .their s:-th primitive "Vcs> (~,~.t) ' ( S '>-1) 

with respect to ~ is integrable over ~ • This means 

that for any.test function 

. $ 'Hs,(~,-'2) <f(~) ~2clf 
)..2. in the interval 

We denote 

00 

<f(~) the expression 

is absolutely integrable over 

( N, +oo) for a eeJ1;ain N '>0. 

~"Pes)(~,~) d.~ .. '\'o(~) • 

(2.28) -o 

It follows from the properties of the functions~,~·, 

X.t that the sequence of the functions 

22 
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.. 
(-1)sa-a;• Sdp.f(-~+~f4+~)(1+ ~2), "-+-+oo 

-1 . . . l 
is uniforDlel;r bounded in all ( ~,x: ) and tends to the 

. ~ ('-U · (r.-i) 

function 1 t ''. 1 = . .J_ s..c.Csl c:l _.f (~) - f (-~) · 
. ~ JJ.l"f Cfl,..) ~·~ -:J (If,) ~- ~s~ . _, -~ . 

- UIU:form~ly in these arguments in each finite ,domain together. 

with a.ll the der1Tat1Tea.Tilerefore, it is possible a transi- · 

tion to the liait at ~-++ 00 under the integral sign 

in (2.11), and with the account of (2.21) and (2.28) we get 
- 00 .. . 

~r.~i S F<~'")f<~)clli = 2:n: (-~)' scl~s~2cl" tVu,<~·-")"' 
. 0 0 .. . . 

)( ·;;. S+ f(-~ +~r + ~) ( 1 + 1:t) ..:..+ 
-1 ' 

' 1 ) 

---+. 2xS 'Vo(~) [ :f'~-1t~., -1'"'-c-~1] ~cL~ = 
0 . . . 1 . 

-2"_~ ~ '\J0 (1<!\) f'"(~J ~ = 2:•{-1)5-1-~ (~'\'.(ICjlt""'~('!l~ , 
i.e.· 

(2.29) 

Thus, under the condition (2.28) the autoaodel behaTiour 

(2.29) is Talid. 

We write doWll two particular cases of eq. (2.29): for. 

·S=O , using the notation (2.25) 
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f(~,~) "'. ;:n: cp1 (~) . 
' (2.30) 

for s=1 

· 2x 
F (~,~}"' ~ '5 '4Jo(l'li\) • 

(2.31) 

We note that the r.h.s. of eq. (2.29) vanishes at ~>1 ; 

for integer S ~0 it vanishes at ~<-1 , as well. 

Section 3 

In this Section we study the asymptotic behaviour near ,..., 
the light cone x 2•o of the function FCx,p) satisfying the 

conditions I-IV of Section 2. 

Applying the inverse Fourier transformation to the 

representation (2.3) we get 

,...., 1 s -tC{.:C 
FCx.) = c;;y; F(q,) e ~ = 

00 

= - j; S- IDCoc:.~) .6(~ ,x) d.~ , 
0 

(3.1)_ 

where !£> (x ,A2
) is the well-known commutation function 

for free scalar fields of particles with mass ).. 1131: 

!0(x,x) = ('2~)' s e¥ E:(q.o) S('l.'-",_)d.~ -= 

= ~ E(xo) ;x& [ 9(x.1 ) J0(A~)] ; 
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the spectral function -A(~,-"a)= A(l~l,>-.2.) is 

the Fourier transform . of the weight function "¥(\a\, J>.1 ) 

" .6(~,"'-) =- 4_x S '\J(~,J>.IL) st; y-z ~ c:l~ • 
0 . 

It follows from 0.3) that the function A(x,)..J.) is 

entire analytic in cz, polynomially bounded together 

with all the derivatives on the real axis. 

We first consider the case when the condition (2.12) 

holds. In this case, in virtue of (2.14) and (2.15), the 

function A('2,)..1 ) - is represented in the form 

~ -

.6(7-,A'-) =it~ 8(A1)XK s '\Jo(~) ~f~ ~ ol~ + A1 (cz,Az.), 

' . 0 (,3.4) 

where we have the iollowing notation .. 
. A 1 (rz,A.a.) = 4:x S"P1 (q,A.2.) 

0 
in this case 

uni:tormel;r over all ~ 

with respect. to ~-

together_ with all the derivatives 

In an arbi~rar;r frame of reference, eq. (3.1) takes the 
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REMARK 

The integral in (3.6) converges rapidly in the sense 

of the theory of distributions. In fact, A(-t.,A2 ) is of the 

polynomial growt.h in . X , and for 8IJ.1 t•st function · C('C:x.) 

(from 5 ) the estimate 

Kn(Cf) \ S ~(x,~) CfC:x.)cbc \ ~ 1+>t"' 
;• I 

is valid for any 1"\. ~ 0 • 

To calculate the main term of ~the as~ptotic of the func-
,.._ . 

tion rCx,p) in the vicinity x.2=0 we represent it, ac-
··, 

cording to (3.4) and (3.1), as a sum of two terms: 

,._ 
FCx~p) = I.,Cx,p)+ 12 Cx.p), (3.7) 

where 

00 1 

I"<x.p) = -j; 4x sd.A2 ~K~)Cx.~) s 'fo(~) ')( 
0 0 (3.8) 

~ ~,...,f(px)t.-x2. cl ,,l 
')( '~~. ' "-t/(px)2- :~:2 

oO . ;I 

l 2Cx.p)=-:i; Sd.x.i)~x,A'-> A 1 ("'cpx)2.-x.'-, A-
2

] • 

0 (3.9) 

To derive the main term of the asymptotic of the 

quantity 11 we calculate 
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00 . . 00 . 

S"-" l" $)(x.A') = ;,_), sd.>.' .._21< ~E('\o) S(<f-X) e-"'X <9. = 
0 . 0 . 

- (2~)~ Se<9.)(92)Ke~~=-.tt(-o)KtS£)!,o'l· C?.1o> 

Here we have used the :tormula/11/ 

Therefore 

where we denote as follows 
1 

GC~) = 4Jt S "\Jo(~) 
0 

In partic1:11ar, if ~'Po (I~ I) 

. " 

C?.11) 

is a measure, then 

GC~) =Lt~ s~(li) c:os.~'!;c:l_s • 
(3.14) 

0 

How we show that the quantity 12 has a weaker sin-

gularity on the ~ight cone than I1 • We have from (~.9): 
00 

I2cx,p) = (2~'t sus e~XE(qp)S(ct2-x)~ A1~(px)ll-x2, "2]= 
. 0 

= <~Y' Sec'\p)9('\f)~1EJcp:~Ct-x&,'\~e~~-<3·15) 

. 27 



Hence, owing to t~e properties of .the function 'A 1 , it 

follows that in the vicinity of the light cone, we have an 

asymptotic equality 

l 2cx.p> "'c2~"t S ~c~p>9(q") A1(px.<l-") elo,X-d.q, . (3 .. 16) 

We introduce a pseudo-differential operat~r D..t(px,-0), 

and define its action on the test functions ~(x) froa S 
according to the rule 

- 1 srv . -~ 
A 1(p.x,-O)<p<x.)= (

2
"1f."t <f'(9-) A 1(px,c:f") e · · ~ ~ 

We extend the operator A 1(pxrC) on the ~istributions 

in a usual manner. Then the r.h. s. of (3.16) is rewritten 

in the form 

1
2
<x,p) ,_ A 1(px.-C) SEccw~9(q.l)e-~ ~= 

= ~ A~('tlx -o)r !)Cx.o)l x.'l o. 
x , r ' [ x,:z. J ' "" , 

here we have used eq. (3.11). Because of (3.5) and (3.12) 

the quantity I2.Cx,p) will have weaker· singularities in 

the vicinity :x:.2 =0 , than the quantity l 1Cx,p) , ~ince, 

due to {3.1,), @(px)?=O• 
Thus, due to (3.'1) and (3.12)', in the vicinity :x:.2w:O 1 

we have the following asymptotic behaviour of the function 

f(,.,,p)- ~ (i(p"')(-O)K [!b~~O)] ' (3.17) 

21' 
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where the function @(px:.) is determined from eq •. (3.13). 

Now we assume that the condition 

s '\'.(~}'!'d.~=~" s '\{(I ttl) clii = 0 . 
o . lu\<1 

·is fulfilled. 

REMARK 

The condition (3.16) is fulfilled if the function obeys 

the co;ndi tion 

Indeed, from the representation (2.~) we get 
... 

F(q.,,O)=.c:i~SE('lo)~(~,q~-~2 ) 'Sg.~. 
0 

(;.19) 

(;.20) 

Letting C{.o tend to infinity in eq. (3.20) and employ-

ing the limit relations (3.19) and (2.12) (for K•O ) we get 

the condition (3.19)•. 

Considering the function ~"4J(l~l) as a measure, we 

make ourselves sure from (2.25) and (3.18) th~t the primitive 

vanishes for 15 =0 • Then from (;.14) it fol-

. • It is supposed that we can make a transition to 
the limit under the integral sign in (3.20). 
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-..:._1...____: 

1 

@(~)=-4:rt:!s~(Wf.) $ln.~~cl~ = ~ :l.Q(!£), . ( . . . 3.21) 
. 0 . . . 

where 1 

Q(z) = 4:Jt S eli<~) ~a~ cls . 
0 

In this 'case,. :for K= 0 , eq. (3.1?) is simplified as 

:follows 

'Fcx,p)= 2~ Qcpx> px~)~ S~c<\P)e<a.2>:e¥d.~ =. 

(3.22) 

1 . • s ~ . ' . ' (3.23) 
= bQCxp>cJ·3t)i ~~p)(~c9rl9('\.t)] e'Cftd.~. 

Taking into cQnsideration the equality 

'a~ [ec~o)9('\"l] == 2cj0 E:('lo)b(q.2), (3.24) 

we rewrite (3.23) 

Fcx,p) ,._ ~Q(xp)(~)' s'\PE(~p)b(~!l)e¥ ~, 
i. e. :finally 

,-.J • . 'd 
F (x,p) ,._ ,;. Q(p~>a(px) ~(x,o) , x2.,:.;,o· 

' 
(3.25) 

where the coefficient Q(p:x.) is related b7 eq. (~.22) 

to the function ~ ('!,.) which defi,nes the automodel beha

viour (2. 24) of the :function F (1; ,''ll) • 
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NoJI we consider 

'"\h> (~,>..2.) of: t: 
I. rable over .X •· • Il 

of the spectral · func· 

Since the princ. 

in the vicinity X.2.: 

:for s - 0 and' . 

(-1)s .· 
. x 4 s. rCr.) E (Xo) 9 

. ~. " 

then, using (3.6), ( 

,...., 
FCx.p)==-~-

t(-1)s.+t . (-1)s ,__ 
2x 2x 4 s rc~ 

=- t . . 
41.+' :r rc~lECpx~ 

i.e. 

,_ -t. 
FCx.p)"" ·~· _ · ( 

For 5==0 

F(x.p) '-- 2.~ G 

. 



(3.22) 

) is simplified as . 

· .. ¥. 
9<on.e d.~- . 

·· · • .. I (3,23) 
9(~t)] €'~ d.~ . . . . 

'lo)b(q.l), 

l 
j 
f 

i• 

i 

c~.25> . i 
! 

related b7 eq. (~.22) 
. . 

o.es the automodel beha-

) . 

' ; 

.. ·-

No• we consider the case when the s-th primitive 

~C•> (~,A2.) of the weight function '\J (~,.1..2) is integ-

rable over .x- . In this case the s-th primitive .6cs>(oz,A2.) 

of the spectral function i:;.(?.,AJ.) ·is also integrable over.A2.. 
~~ ll:'\.-. i 

Since the principal singularity of the function ~;1;)\x..x) 

in the vicinity :x.2 =0 (Appendix IV) is SE)Cx.O) 

for s-o and 

for S ~1, (3.26) 

then, using (3,6), (3~3) and (2.28) we get for 5"::1>1 

i.e. 

For 5=0 

00 S 'a::s ~6c.x) ~ .. >W<rx>2-x&, A'] dx2,_ 
0 

we obtain in a similar way 

,..., . 
F(x.p),....,- 2~ G<px.) $cx.O) , :x.a"'o . 
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In eqs. (,.2?) and (3.28) the function GC'%.) is determined 

by the formulas (3.1jJ, t2.28) and (2.21 ). If the function 

~~0(1~1) . is a measure, then 
1 

@(i.) =-4~ s ~ (1;) ~~ 15 J.!, . (3.29) 
0 

Thus, again the coefficient for the main part of the 

singularity (3.27) and (3.28), in the vicinity of the light 

cone, is expressed by the formula- (3.29) via the function 

~(~) which defines the automodel behaviour (2.29). 

It is worth noting that when the condltion (3.18) is 

satisfied the coefficient function ~(~) 
by means of the formulas (3.21) and (3.22). 

is expressed 

The authors are indebted to D.I.Blokhintsev, A.A.Logu-

nov, M~A.Markov, V.A.Matveev, R.M.Muradian, O.A.Khrustalev, 

V.P.Shelest and D.V.Shirkov for fruitful discussions. 
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APPENDIX I. On Causality of the Functions 

The tempered distribution V(C{,) is called causal if ·-its Fourier transform V(x.) vanishes at x 2 <:: 0. 

Let V be a causal fun:ction and \(51!) E C00
('R?.). 

We introduce the distribution 

"integrable" by definition with the test functions Cf (xe) 

according to the rule 

S QT(x.)Cf(:x:o)dxo = S \J(x.)cp(:co)\(:l)c:lx. 

Let . J (5t) be a finite distribution. The poten-

tial* With density '5 1 ioeo the COntraction r With ki 
is denoted as 

(J·~tfl)(i) = s 
Ill this Appendix we prove that the functions 'J.,. and \12. 

from: Seotio• ~ ;, are causal. 
~-+ 

Let the distribution f (x. ) Lemma 
~ 

I. 
~.. ~o--) :fC:x:.)•-_, x.\ -"~ ly symmetric, ----/ Then 

be. radial
_... ------

\:x.\>R. 

(I.1) 

• The main notions of the theory of potential used here 
is given, e.g. in ref./12/ 
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:,I'' I 
I: I! 

! 

i!: 

If', in addition 

S
,....., -'>-. f (\::1!\)d.:x:. = 0 ;, (I.2) 

then s (f•~{t)d.~ =-~ ~f(l~l)x•d.;!. 
· ' (I.5) 

P r o o f. Let Cf("{) be an arbitrary test function. Then 
00 . 

·s c,...., .., ) ..... s ,...,f sIC. \., .... Cf(t) t• \ti!\ <f({)c:lls = c.l~ (~) 0.~ S'·S \~-!.\. (I.4) 

But 

' cl5:l J \x-~\ 
I :tic~ 

0 \~\-~ 

1 c:l.y. I = 

= 2nf/' S "~· ... ~·-2<:\1!.\r 
-1 

- ~i~ (~+\~\-\~-1~1\). (I.5) 

Then assuming that the support Cf(~) lies outside the 

sphere \~\" R and changing the order of integration in 

(I.4) we get 00 _ 

sc r .. ~,)<~ )cl~ = .... s~~ t c"') S.!t 'l'(~) 
0 

from where the equality (I.1) follows. 

Let now the condition (I.2) be fulfilled. Then, in 

virtue of (I.1), the potential (:fw-~)(~) vanishes at 

1~\-,. R . Let <{'(~) be a test function equal to 

34 

unit;r for \li4R 
t~t>R+2e. 
we have 

SCf•iil)Ci)J.~ 
0( 

-1~-~~~D,;,. iGx
2S 

··oo 'o 

=a-x'Stc~)(R2-
o 

so that the eqi~ali 

proved. 

Let the Fourie 

tion £C~) nn 

bution. :f<~)/cr . eo t 

finit;r •. 

It follows fro 

fo1'11l · fCcl)/~2 i 

i.e. ~ 

~( .. ~ 
· L e .: a a 2. Let tl ---vanish for I :t \ '> 
~ 

. : . " 12 :f1(9) : 
f(5r) Le:tt~a 

~ 

Then the Fourier tr2 
~ 

radially symmetric E 
·~ 

p r 0 0 t. In virt 
we have 



(I.2) 

~ vf(\~_ox.~d.~ . 
·~ '(I.3) 

ary test function. Then 

===::;-= 
-2~\15\r 

~-Iii\)· {I.5) 

~ ' 

~) lies outside the 

·der of integration in 

1'(~)\Jt ~(i) 
J . J '~' 
IWS,o 

1 :fulfilled~ Then, in 

·~)(~) ·vanishes at 

test :function equal to 

[ 

! 
I 

unit;r for \~l' R +E. (E-">0) and equal to zero for 

\~\ > R +2E. • Then, on account of (I.5), (I.4) and (I.2) 

we have oo 

S<s•fir)(i)d~ = ~2xS~f<~)cd5cM)-,!, c~+\ll-
t:++O o J l. 

· oo R 

-IC!-Itl\}= 1Gx
2S f<~)[~ $~2cl\~\+ 1S\~\cl\~,)~ == 

00 0 0 f 

=a~'St<~)(R2-f)~2d~ =-.,S£<'~')~2d.~, 
0 

so that the eqiualit;r (I.3) is valid. The lemma has been 

proved. ,..., 
Let the Fourier transform :f(~) of the distribu-

tion J (Cf) vanish when 1 1~1'> 'R '· • We define the distri-

bution 3<~)/~ so that its Fourier transform vanishe~ at in

finit;r. 

It follows froa this definition that the Fourier trans-

form fCCf)/(\2 is a potential with densit;r £/4:.t 
i.e. ¥' 1 (-- _1_) (I.6) 

a C'i)-~ f•1:l\ (i) · 
L e .: a a 2. Let the distributions ,.. (;!) and laC~) 
~ :r,-

vanish for I ~ \ "> R and obe;r the relation 
~ 

· · <£2 f1{q) == CJ.~ <\~t. '\~5 ;h (Cf) • (I./1.) 

~ 'J"(it) ~ :faCxl•-5-aCt~\). 
Then the Fourier transform of the function fa(()j~s. ~ 

. radiall;r symmetric and vanishes tor \ ;t \ > R . 
P r o o f. In virtue of (I.6) and (I.1), for \'\")R 
we have 
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~) ( ... ) = ~ (f•: )(~) = ~(' tz(\~\)d~. ( 0) 
-2 "l!. ~::n: lxl JiJt\'E\ ~ I.v q 

On the other hand, from (I.7) we deduce 
C"\e&.,+..ta••3 T ct4+cl.a+""-s o 

J"(~) = ( -t) -'CI-~-:-~4-'d-15--:~-a-lJ._..t_"". 

,.........__ 
:f2(9) c:-) . q:a ~ 

Hence, on account of (I.B), for \ {\ 7 R 
lity 

follows the equa-

~el,+ol.2o4-ol.!l s r.o :tl)d:t a!.';" ll~ 'ih,"',.' rn = 0 ' 
i.e. 

s t2. (1~\)d~ = 0, (I.9) 

which is to be proved. 

Now we consider the causal function j-(9,) . Since 

fcx.,~)=O for \x\>\x .. \ , then applying 

lemma 2 at R = \xol we see that the following lemma is 

valid. 

L e m m a 3. Let the functions f 1 (9) and f,_ (9) be 
~ ..........._ ---

causal and obey the relation 

-+2 :f . cl.1 ol2 e(!> £ 1'. ) 9.. "(q)=q1 q.2 q3 J\.C\-; 

~ f2.C9-) be ~dially_!!Imme~c 
fzJ~)=f:~.(qo,\~\)• ~ f:r.('l)/tl:t ~ 
a rad.cally symmetric and causal function. ' 

[t follows immediately from' lemmas i and 3 that the 

functions V1 and Y:r. may always be chosen causa! 

and ra•t Lally symmetric. Indeed, applying lelllllla ? to the 

equality ([.13): 

36 



we conclude that the function CioF1jd.,2. is causal and radial

ly'symmetric and, consequently,in vitue of lemma I, the equa

lity 
'd' c • .. 
~ J F1 ( Xo, X) d :X. = 0 . 

holds. ,.._ 
Hence, because of the fact that the function F1 (x.) 

is odd, with reapeo'b to.· :leo · . it follows the equality 

(!.10) 

Then, due to (1.11) 

(I.11) 

According to leiDIII& I, for R•\xo\ , from (1.10) it fol-

lojs that the function " 1-'\/2 is causal and radial-

ly symmetric. 

Then, owing to (1.15) and (1.11) we have 

~ ' cs~ ) 2~~w.,.3 = 9.!9J '\2 F1- F2. = 

= ~t.C\J [ s~: ("1"-":~.)- F2] (1.12) 

37 



Since the functions WtJ are causal and the function 

3q!('I1-\'1)-Fa is causal and· radially symmetric, on the basis of 

lemma 3, from (I.12) and (I.12) it follows that the function 

\/1 =dar [~q~('-11-Y.z)-F.zJ = 2~2 (59~ ~-F,.). 
is causal and radially symmetric and the equality 

S~ s 2. ~ ~ 
0 = (3q~~-F,_)(xo,~)cl~ • f3~~ ~ -F2.)J:t • 

is fulfilled. 

According to (I.6) and (I.3) the latter condition takes 

the form 

S[ .3 'd2. ("' ..L ~] 0 = ;;; ~ ~*\~\)+Fa c!~ = 

= S [- ~ ~:! ~(xo,\;t\)~2+~(xo,1~l)] d~ , 
i.e. 

S(;a2. ~(:xo,lstl)~.e-2n(Xo,l~l)lcl~ = o. 
XO ~ (I.13) 
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APPENDIX II. On the Calculation of the Weight Function '\V(u .~). 

In the Jost-Lehmann-D,yson representation (2.3) for 

,the odd function F('\.) , the weight function'Wll,l)oan be pre

sented as follows (see Jost-Lebmann/10/) 
00 

'\f'(u.~)- ~ ~.). .. [e<Al) scl~~Jocae~) SJ.? et7i!cp(7,~) ], (lr.1) 

0 

where 

_, 
dr(x~,'~)==€(Xo)F(x) • 

. . (lr.2) 

""' If the function ~{X) is radiall7 symmetric in ~ then 

¢><f.,r)•cp{l?'l,ae2),and formula (A. I)takes-' th.e following i'orm•: 

(II-3) 

··The divergent integrals given below should be un
derstood in a regularized sense, on the basis of the Fourier 
transformation technique for the tempered distributions. 
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APPENDIX III. The Free Field 

For the free field 'f (x) of fermions with spin 1/2 

j..,(x') = "\J (x.) 1'.., 'VC:x.) • (III.1) 

From here, on the basis of (1.6) and (1.7), after simple cal

culations, we obtain 

~0(q.,p) = €-(q.p+1)(Clp+2) s[ (~+p)~-1]
--e(q.p-1)Cqp-2) S [<q-p)

2-1] , 

f;~(q.,p) = S E(9,p+1) 9-P S [ (9, + p)
2-1]

-·3e(q.p-1) q.p S [Cq-p)a-1] . 

(III.2) 

Consequently, in th.e domain where '\l) 0 and 5 "> 0 we 

have 

Ft0("fS;-J) = ±(1+ ~ )b(1-'), F2.\•v~):= i S(1-15). <rri.3) 

Th~, in virtue of (1.17), when '\l )0 and S )0 we deduce 

W1°(~,...,) = ~ S(1-~), w:('f';;~)= ~ S(1-~). (III.4) 

From (III.4) it follows the following relationship between 

the form factors of the free field 
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By the way, we I 

· sures' due to (1.9) .1 

F1°~(1+~) 

We calculate the wei! 

which correspond to. ~ 

(2.3) representation, 

weight function · ~' 

function 

F('\.) ~ E('\,o-+1) ~ 

·:r e (qo-1) s 

In this case 

FCx.)-· 

so that, in virtue o 

-t. 
cp(~,'ia1!2)=-::; CCI . 2.-n--

Inserting (III.8) ii 



'l)O, s'>O. (III.5) 

... 
By the way, we note that the relation (IIL5) alone en-

sures, due to (1.9) .the equalities 

(III. G) 

We calculate the weight functions ~"
0

(-t,..\2.) 
> 0 ~0 

which correspond to the functions F.. and r2 

(2.3) representation. To this end we first calculate the 

weight function · "4J ( 'Z. "I.) which corresponds to the 

function 

F<<l) ~ E(q.o-'"1) 8[('\~"'"1)2.-C\2 -1] + 

=r E(q0-1) S[(~o-1)2.-~2 -1] • 

In this case 

F (x.) =- .1.. eo~'Xo S£>Cx~ 1), 
. 3t 

so that, in virtue 'of (~I.2) and-(3.2) 

Inserting (III.B) in (II.3) we get 
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(III.7) 

(III. B) 



ii 
:1 
:i: 
!I 
ll 
I' 
i ~ 

II 
il 
ii 
:! 

:I 
li 
'I 

il: 
J;i 
!jji 
; i I ~ 
:1: 

iii: 
li 1 

II!:! 
lj<l, 

ii: 
I 

!il: 
!i!i 

•·' 

'l'c~ ... ·> = :.~ ; ... { e<:-''> ~J.c .... ) ~ ... [ac><•) J.c .. ~. 
00 0 

·~~~d.~ ..... ~ .... v .. ··~··} ~ (III.10) 

00 
But• (see Gradshtein-Ryzhik, ,;.~6.1). I 

~2 C.OS.'Z~d.~ C ~'t.~ ~<::>'..JC~t'-+ ~,_· c d.~=- \ o:,..Ln.(~~ae'L+~~') , = 
~ ') 'a'l'Cl~ ~ :..Jae'L-+~2. ~-1 
0 0 

l 
(III.11) 

~- ?J'l. r~ e(l;-~)To(at"'S:t-~2 .J - :n:LLJ9(1-~Z)To(X.J'1-'t2.)1 a"til~ ~ '-'' 11: a~ aoz'l J' J 
"i•t 

and therefore 
00 

tVc'l,,.~.)=! (;"'l.;_J· (e6-"t')~~{ev.~)Sc:J.ae'1Jo<aeA) J0<ae.J1--e'") )( 
0 

x ~z~.[e<~'->Jo<ae)J}) = i(:<t~J{ 9(1-~2.):~ [eCA'>-
-co 

-9("1
) Sc:J:ae JoC-ae.ll.) J0 (ae'-l/1-'l1 ') J1(ae.)]} = (III.12) 

o eo 

= ~ (~} { e(i-~•)[ S'("')-b(A') sd.,. }a('" "1-~··> J,Cae) -
00 0 

- e(',ll) :..~~.2. Sd.-z }o(a!A)Jo(1e"-1-~a') J1(ae)J} . 
0 

Taking into account that (see G.R., 6.578.,;.4). 

• I.S.Gradshtein and I.M.Ryzhik, Tables of Integrals, 
Sums, Series and Products, Fizjatgiz, 1963. 
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:X('l2,A2.) .. 

-· 
i ' 

we get from-(III.12) 

\j.J('l,A-2.)=- ;2. 9("-1 

where X.C'l2..A") is a 
2. ' 

X ~0 equal to 

equul to zero at A'" 

In particular 

t\J('l,A-2)=0 7 ~ 

Now we calculate 

corresponding to the 

F*(~) = '\.oE' 

- ~oE~ 

.. 



00 

X("t2,A2.) = s Jo(fle\/1-'Zt')Jo(~-".) Jo(-ae)cbe = 
0 

we get from (III.12) 

where X. ('t2,A.,) is a .continuous function at 0 ~ 'l2~ 1 
2 ~ 

J\. ~0 egualtounityat X"<(1-"1-'l2') and 

eguiJ.l to zero at A~> (-1+-.../1-'l-2')2 (see(III.13) •. 

In particular 

Now we calculate the weight function "\J* (-z,.X2.) 

corresponding to ,the :function __ 

. F .. C~) = '\.oeC~o+1) S[(q,0+1)2-"0(-1]

- ~oE-(C}.o-1)S [C9o-1)"-C\.2-1] • 
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(III.16) 

/ 



In this case, in virtue of (3.2) and (III~B) 

"'* . 'a [ ~ -t . CT.'\ F (x)=-~- ~:X:o.,;z:;(:x:,1)1=--COSXo ~('x,1)...;. 
.1t O'Xo 'J :Jt 

- 2~2. s.Nn. XoE::(xo) ~'Xo ~x2. [eCx'") Jo(.Ji:i) )= (III.1?) 

=FCx)- ;-2 E(xo)Xo s.t.n.xo(;xS[ecx2.)Jo(~)] , 

so that, due to (II.2) and (III.9) 

c:P""c~.~2.)= ¢<~·(1!2.>-~"(1!2 ... ~'~-· &Un.'-.1(1!2. ... ~~ )( (III.18) 

---~72~
2 

( ecae.,.) J0 C<!e)] • 
Inserting (III.18) in (II. 3) and taking into account 

(III.14), we get 
00 

"\J*(oz,A2.) = ty(~.~1) + ::'l. ;-"-1 [EKA1
) Sd.ae2.Jo(-aeJ..) x 

00 0 
2. s · (III.19) ')( _{;~2.J [eC;ae'~-)}0(ae)] ~cl~ !Wn.-z.~...Jae"-+~i" ~ ~ae2+~2: J· 

0 

But (comp. (III.11)) 
00 S &-im.'Z.~"-'ae'"-+~2 ~"'x2+~2 ~d.~= 
0 00 

= ~~ S ~ c~~at2 .... ~:& ) c.os 'l.~ d.~ \ = 
a-z. a~ ""~2+~'- ~ -1 (III.20) 

0 

.... ::a1!,2 [ ~ 8(13-'t) J0 (ae~~2-'Z.2 >] \'5 _
1 

-

=2:n: ;:a'l'- (;~,_ -t)[e(1-~'")Jo(ae\11-'Z.'- )] 
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and therefore, continuing the equality (IIr.19) we have 

lV *c"l.~'") = '+'C-t,A:t)+ !(i'2~2(:'2' -t J (e~--z2);xteCA~) x 

~~do.' J.!:"'") J.<ae'i/i=i" l(: .. ~[e<ae'> J.c .. lJ}) = 'l'c~,~) + . 
ao 

+~(a ~LL- .i)fec1-'t2) i} /ec"~Fd.ae'1Joc~")J(.e .. J.\--zt) ')( 
.:n: a?.i) \;a'22. 2. ~ a.)il '~ . -o . 

{stae2>-z5Cae1)+9(x'-)(;aeJ J0 (ce))}) = '-Yc~.'-1)+ crrr.21) 

~c~ \2 r L _ .i.)fer1_~t) .:LS ecl\.~)C. ~'J.\s'c~'l)+ "~?.2. ~ae2)+ 
+ .'lt -a~i) \"-a~ 2 2. ~ \ 0~ l J -o . 

+ Jo(;,e"-)Jo(<e..J1-?.2)(:x~2 Jo(C£)J}) ='PC-.!,-",_)+ 
00 

+ s (-a ~c.:L -.1)te(1--z.t)fs(-'2) K-?,2 + e~~') +~C~)\ciz2Jo(1t.JI-?} 
.x ?J'l.i) o'l.2 2 '~ 4 :J 

Q 
. 00 

"(~aeS· Jo(ae)+9(~) ~A'- ~cl~2Jo(aeA>Jo(<Je~1-'2 2 )(;~~:&Jo(ae)]J · 
0 

With the account of the fact that (see G.R., 6.578.3.4). 
00 

4 ~d:ae2 }o(~-') }oC~~1-?.21)(-~~S Jo(C'e) .-
oo 

=-2SJo(ae1-)J(i!e,l1-'2t) ~( J~ae))~= (III.22) 

0 

where one denotes 
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00 00 

X* ( ~·. -'') = 2.A S J 1( "'-') J.(onh -z• ') J1(>e) ~ + 2. 'h-e•}J.(I<A)• 
0 0 

d {1-~2+x x< (1-..f\-~.t)\ 
x J1cae ... h-1.2) }1(ae) .; = ' , 2 

1 , A~">(1-~1-'t2 ) , (III. 2.3) 

we obtain from (III.21) 

"''J'*c~.A2) = 'Pc~,J\.2.) + '\lo(~,J\.2.), (III.24) 

where 'l.\J0 ('l,K) = 

=; ec ... ·{~)~{".- ~~e6-~')£1-~ -x~cz•, ... ·~}. <m. 25> 

The function "'t*('Z2,A2
) is continuous when 

0'-~2"- 1 , )...2 ~ 0 , equal to unity when ~ < (1-~./1-'l2 Y 
and equal to 1-'G.2 +>..2 when A.2 >(1+••h-'2.2Y· 
~ee (Ili.2.3)). Therefore 

-; [S"(1-'2.2)+ i"S''(1-'2.2)]s '\\Jo(C!), >._2 "> -4' 

'4Jo("•"""') = 
0 

' 
x < (1-,11-<ta )2. 

(III.26) 
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j; 

Now we calculate the weight functions 'l\Jj0 (~,.>..2) 
which correspond to the functions l=j0 (<\) defined 

by the formulas (III.2). Owing to (III.7) and (III.16) we 

have 

Therefore, on the basis of (III.24) we can write 

'YJ,.0(~ .. A2.) = 3 V('l._,A2.) +'Yo c~,J\.2.) ' 

'V
2
° ('t,A2. )= 3 'YJ(~,.A2 ) + 0 Wo ("l.,A2.) ' (lii.28) 

where the functions '\\J 'and 1.\J 0 are defined by the 

equalities (III.14) and (III.25) 1 respectively. When ~2 >4 

the functions ~0('G,>.2.) are no longer dependent on A.2 

and are equal due to (III.15) and (III.26) 

Here we note that the weight functions ~0('l.,X) , in 

virtue of (III.15) and (III.26) vanish at A2 < ( i---J1-~2. yz. 
according to, the general theorem (see (2.4)). Finally from 

(III.26) it follows that 

" s "-Po('l.) 'G~c.l, = Q • (III.30) 

0 
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.APPENDIX rv. .Asi!!!:Qtotic of ~ .!!'Unction 

c;)s 
Here we study the asymptotic o:r me i'unctiona,.uilex;Jthn 

the vicinity of the light cone x 2 =0. Using formula (3.2) 

we have 

'd c; E(~ :) o [ 'as ~ 
d.A2S. Sf}(x~X") = 2; o'X2 9(x2) ax-s Jo(<oJ)-1!)(;'&) J. 

Expanding the function J0 

we: get for 

in the vicinity of :x:2=0 

~su ~(x~>-2.)"" (-1 )s E(xo)~ a fecxa)x2s] ' 
~X 2:n: -4s r(s-+-'\) oX r 

and then 

ds. 
().A"s ~Cx~A.2) "-J 

E(X•) S'Cx.2.) = ~(x,o) , 5=0; 
.2x 

. (IV.I) 
~ r. '\ . 2(S-1) 

c-1) E ... :x., ecx'') x. , s ~ 1 . 
2:rc.ciS res) 
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