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I. Introduction 

Many authors /I/ have de111onstrated wi.thin the framework of 
model field theories that under vanishing of wavefunction and vertex 
function· renormal.ization constants an elementary particle can be 
considered equivalent to a bound state. Similar conclusions 121 have· 
been obtained for: the equivalence between an unstable elementary 
particle and a resonant state. The above conclusions have been ob
tained for the case in which the bound state or the resonant state 
in the. question consists oftwo particles. The aim of this paper is to 
investigate under what conditions an elementary particle can be re
garded equivalent to a three particle bound state. To consider .this 
problem we work within the framework of a soluble model field 
theory which consists of five particles U ; V , N. , e _ and· 

e ,- . U , V and N. · are fixed in space but lJ and . 01 can 
have nonrelativistic motion. We demonstrate that the irreducible 
part of the N. 001 .... N. 001 scattering amplitude develops a pole cor-. 
responding to Noo1 bound· state, this pole induces a pole in the 
reducible part of the scatteri.ng amp I itude and these

1 
t
1
wo poles do 

not cancel with each other, i.e., the Jin-MacDowell :J cancellati
on does not hold good for a three particle bound state. Conditions 
are found under:- which the u -particle can be regarded equivalent 
to the N eo, -bound state. It is noticed contrary to two particle ca- · 
se that vamshing of wave function and vertex function renormaliza-

.. tion ·constants are not sufficient conditions for the equivalence be-
tween U -particle and N. 001 -bound state. · · · 

2. Model Field Theory 

The Ha'miltonian of the model field theory under considerati
on is given by 
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Tpe scaii~ring, amplilu.de fo~ the process . N 001 -•.N tJ01 
system can be written .as . . .. , ·. . . . · . 

if! the.c.in. 

T(E,k) = £2 (k) £
1

2(k) r 2(E,k) ~; (E,k) +· T1(E,k), .j2)' 

wry.ere T
1
-.(E,k) is that part~f the Nee1 ... NOOJ·scattering amplitude 

whiph contains, no c~mtribution Of u -parti~le, A~ ( ~. k) , is the 
ll, .~particle complete propagator aJ1d l(E,k) is the UN eei . .vertex 

function. . 
1

• • ·.. • . • " · • • ; ••• 

TI ( E, k) satisfies an integral equation which is· represented 
diagramatically in Fig. I. The solution of this integral equation is 
discussed in the Appendix and we find . . ,, '"'-"' "' 

TI(E,k) =·D(E,k) + C(E,k), 

where'tl<E.kfand"t(.E,k) · 'r~p~es·ent· contribution·~ ·from··· disc.onnect-:: 
ed and connected Feynman diagrams, respectively. The integral 
equation of the U -particle complete propagator, in terms of the 
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Fig. I. Integral equation for the irreducible part of the 
N ee

1 
.... N eo, scattering amplitude 

connected part ,c , is given in Fig. 2. In these diagrams the thick· 
lines represent complete 11 -particle propagator and double lines 
represent complete V -particle propagator. 

------- ~ ----~~ ...... 
V ( ~ IUlf) VfU 

®==W+B+~ 
-+~+~+~ 
+~+~+~ 

- J, 
Fig. 2. Integral equation for the U -particle propagator ~' 

Therefore the U -particle complete propagator is given by. 
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where 

i\' (E) 
v 

is complete ' -particle propagator. 

The renormalized mass, m 
01 

and the wave function renormalization 
constant, z u of the u ..:particle are defined by 

( 0) 
m =m +I(m ), 

u u u 

- vertex function is represented in ~ig. 3. 

*=~~~+~ ,. . 

+?&--+~ 
Fig. 3. UNoo, vertex function expressed in terms of the 
connected part of the irreducibre part of the Noo 1-. Nao 1 scattering amplitude 

Therefore 

AI . gl 
f'(E,k) = --

3
-f'

1 
(E,k) + --7. f'

2
(E,k), 

(2rr) (2 77 )312 · 
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The ilNeo and uvo1 v~rtex renormalization constants are definedby 

z~l = rl (E,k)/E=m ' (6a) 
u 

-1 
z 

2 
r2 ( E ' k ) IE = m 

(6b) 

u 

The renormal ized UNeo
1
and uve

1 
coup I ing constants are given by 

~ -I 
\r = z u z I ,\I ' (7) 

~ -1 
g = z z I! 
lr u 2 ~. 

3. Poles of the T( E .k ) 

1 (E. k) the total scattering amplitude for Neo 1 ... Noe 1 is given by 

2 2 2 
T(E,k);= f'(k)fi (k)r (E,k) ~'0 (E,k)+D(E,k)+ C(E,k). {8) 
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The expression (A5) 
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1.e., 
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Eqs. (3), (5), c 
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(AI)' and for R

2 
f 



;k) 

k 1 )C ( q I q I ; k) 

) 

+ 

constants are defined by 

(6a) 

(6b) 

constants are given by 

(7) 

,k) 

I(E,k) + C(E,k). (8) 

The expression (A5) indicates that c can develop a pole for suf
!ici~ntly large g and .\ corresponding to the N00 1 -bound state, 
t.e., 

where m B is the mass of the Neel bound state. 
Eqs. (3), (5), and (2) i·ndicate thaf this pole induces a pole in 

·.the reducible part of the scattering amplitude at E =mwlt can ea
sily be checked that X/ . 

R1 ,J - R2 , (9) 

where R1 is the residue of the pole of the irreducible part at 
E=mn and R

2 
is the residue of the induced pole of the reducible 

part at E=mn . It imp I ies that the pole of T1 , the irreducible 
part of the scattering amp I itude, does contribute to the total scat
tering amplitude contrary to the assertion made by Jin and MacDo
well ;'J/ for 2 particle -· 2 particle scattering amplitude. The pole 
structure ofT( E, k) is given by 

_T(E,k)= 

. AI r gl r. 2 2 2 
[ -- + -- ] f ( k) f ( k) 

(277) 3, ( 277) 3/2 1 

E- mv 
+ 

E-m 
B 

R2 . 
+ ---+· ... 

E - m • (10) 
B 

4. Equivalence of lJ -Particle and N eel · Bound 
State 

The conditions under which the u 
and the Nee

1 
bound state pole replaces 

a. m --+ m 
B · u 

particle pole disappears 
U -particle pole are 

A Ir g 1 r . 2 2 · 2 
b. R I -+ + [ --)_3- + 3h ] f (k) f I (k I) 
·· (277 (2rr) 

. x/ The explicit expression for R 1 can be obtained from Eq. 
(Aifand for R

2 
from Eqs. (3), (5), and (2). . 
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Air glr 2 2 . 2 
C. R 

2 
--> - [ ( 

2 77
) 3 + 1 ..., _ \ :t/2 ] f ( k ) f 1 ( k 1 ) • 

Eqs. {6a) and {6b) indicate thatthe condition {a) implies z ~ u 
and z 

2 
= o. A I ittle algebra indicates that the_ condition (d is equi

valent to . lim zu~-o. Condition (b) is completely independent of 
j ZJ-+0 

Z-+0 · 
~ 1 c o , z 

2 
"2 o and z u = o and is not satisfied under ~ 1 = o , ~ 2 ~ o 

and zu = 0. We, therefore, conclude that z 1 = 0, z2 = 0 and z u ~ o 
are not sufficient conditions for the equivalence of the ll -particle 
and the Neo1 bound state. 
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Appendix 

The integral equation for T (E. k) represemed diagramatical
ly in Fig. I is 

A 
T l ( k ', k ~ ; k , k I ) = ( 

2 
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. g 2 8(
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q qi 
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+ -- (,d q 
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lk v q lk N 
I I 
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where k, k 1 and k', k 
going n.o 1 • Here m 
for the sake of keepir 
the integral equation. 1 
of Weinberg's rrietho9 

Noe1 -·N£KJ 1 scatterin 
nected part, and then s 

· ed part. 
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and a ·I ittle manipulati 
an integral equation a 

*= ; ........ 
. """ 
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IV 
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irreducible part 
tude 

Therefore we have 
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) implies z, = u 
condition (cJ is equi

letely independent of 

dunder z 1 =U , 1. 2= u 
, 0 , z2 = 0 and · z u = o 
:e of the ll -particle 

. Pradhan for his in
hank the International 
nee and the Joint In-· 

esel'l'l:ed diagramatical-

ri (k I ) + 

- m ) 
lki N 

where k, k 1 and k ', k I represent momenta of incoming and out-
going f1.e 1 • Here momentum dependence is written explicitly 
for the sake of keeping track of different momenta while solving_ 
the integral equation. To solve this integral equation we make use 
of Weinberg's niethoc;l of decomposing T1 the irreducible part of 

NM1 -•NfKJ 1 scattering amplitude, into disconnected part and con
. nected part, and then solving the integral equation for the connect
. ed part. 

where the disconnected part 

D(k',k' ;k,k ) 
~I I 

(3) 
o (k 1 -ki)~~(E) (A3) 

and a I ittle manipulation shows that the connected part satisfies 
an integral equation as. represented diagramatically in Fig. 4. 

~-*+~+~ 
+~+*"~ 

Fig. 4.1ntegral equation for the connected part of the 
irreducible part of the N001 __. Neo1 scattering amp I i-
fu~ . 

Therefore we have 
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The solution of the integral equation can be obtained by method of 
iteration, the final result obtained is 

C (k ', k 1 : k , k 1 ) "" A ( k ', k i ; k , k 1 ) + 

A. 3 3 f (k)f1(kl) f (q) fl(ql) 
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