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'"''' i·: The· Einkt~in'~va.ch~rii-·ec:iii1tiansc6t 'gravitatioh' 
. - k' . ,. ; : i i •' ' . . . - ·, ~ ., ::;. '. . .· •. :' ., ,. .., • . • ... " ·.,_: ., . '.· .• : ,. : .... 
R I •. -·y·ak R'';,; 0 are"dedved' fi-cmi "Lagrahgiari"de'nsity' eq'uaT 

ic. ~ :.r :r~: .. ~ "::C·~-': ·~ ;;· -~a ·<·-:.:.~~·:.:· .. ~:) pr:.~:! . ..i., 

to the scalar curvature 'R • If the. Lagra~gian, 4ens_ity is 
~- ;_;_,·::..~.~j._:.__:~.; r. ~-·•,.i ... :·.·: .. ~J:.)-:.~u o_: ::::t·:.n:·; -:. :~,~ ... :..::_, _ _.!.~-~'· ~-'-···:,··_,-;~-·. ~~:.c ·.i .. 

not R.but f. ,(R) , __ where_ F(R) is_three :times diff,erentiabl~ 
but.·~·~~~~~;~~ ~~b:i~~~~~- ~;;~c~~~~ 'o'~: ,~.,~ ~~e ~~ta~1ns·:~h;• .: 
,· _ _,"-'~·' --~- ·:.,: .. ~~<' • .. : .. , '<.<··.·.~ ,_. · · .. ,·,; '·· ".:.o_~-~1-• \ \~,'2, ~, ·· ;:....~t·~ '·: ';- ·,:"<J-l. 

generalized gr~vi tational· equation /1/.\ ·:., . .. ' ... 

(1) is,~rit~en in .the.usual not~ti;~Ll2i~J.~e ~~~{~adh~·~~· 
~ .>, .:..~ •.• ,\~; r\),-i,·~, •• · ~' .Jc ,;; ..::.__,·,-~· ' ·,·,:.,i~,· ''·"' . ' "".:.:~·._·f.;:' 

to this current usage in our.notationfurther • 
. :"- .... ·.~;_ -~.,:·,;,,~-<~ :.-~·' .. ;; •o~i.·',),,_,o·.~';.;:.:._t;<~ ... :.\ ;;,.'·-.,...:,;,,,.':' ·.,,;· .,;;"-/.~' .. ,_,_.,. .. 

;rn thE;! present, note . are to. be found in an .expli,c.i:.t ... 
!:~- '·~ -. · I'•' .:·::~,~;·,~~ ~, ... ," >.,-.:;,> -- , ~ O 

form central-symmetric solutions of .. (1) in the 'Newtonian ' .· 

limit. The. main result obtained,~~~~ ls t~~t ~~,-~~~'~6~~:.i 
1 .~_.;\_.:,•.r:•, ~.,',;:,_,," ,,.·,. •h -~''' ., i• A_-,_,' • ;;,.,,,; ''"": ...... ~l "'.,__"' '1:. 

general case these solutions contain .terms of the Ukawa. 

typ;~;d~~;?~i~:~ .. P~\~~~-:f~~::~·._; :d ;~'·:~ .. ~ ': ~- ;:;;•:;::· c.:;,:; ,,,;·• 
2. rn .ordeJ: tb .tc;b-titi'ri~·uv in .tb'~ ~Netitonian finl£tt1it. 

is enough to replace F(R) with the first three terms of 
,,...... r,-, .;~F ~ .'"'!. ,~ -. .... ~ :;,_ . ~'r, ~ _......... -~~,. ·- ~~"" : _. ':": ~ ~ 

its' power-se'rles 'expans'iori F(R );-';.''F0 ~-I)'R '+ ~'R2;where· Fa, F1 

3'· 



and F2 are constants. Such a representation of the Lagran

gian density has proved fruitful in the investigation of 

other problems /3/. 

It is expedient to represent Js2 in the form: 

Js2 = c2 eVJt2- r2el' (J02+ ·sin2 0 Jcp 2 }-eh Jr 2 
1 

where .\ 
1 

IL and v are small numbers vanishing at r ... oo • 

' This choice of Js 2 is convenient since it reduces to the 

Euclidean form at infinity. 

The _equation .. (1) .can, be. rewritten as .. a _set. of four 
-,.& •• ·-"-~ ; .•••. : ~ .... .;...:,: .J..,_; t.-'":-t;.~,c_.J_,.,,~.Di:}~~-~ .;,;,_.4·· ..... ..'.-~\.: .;.1J..·:..,.~ _ _:,,,_~-[l..,..,:~ :/J:.L .,.,..... 

scalar equations corresponding,to the non-identically va~ 
---- ~·- ~-.:-_,.;- ,.:;,,_~ .. .:~'~.j 4::;$_;_L~--1t;.._:,.,;.:····)~!. F~·J.;,:; . .:.-~·:;\·....__.;,:.Ji..f ~~_;::.~~$ \l "'- .11 v ~,c~ - \ ;·, 

nishing components of the Hamiltonian derivative H f. 
'".'·:ft:~fi:-;b ft;\f:::~-:~·,,·t>··:;t ·:·~~~-; ! 7 ~ t~ ::,~xn.~·c·,~-.-;::::> 5;_r-.[::",~'"·:·· •>:L-t n:: 
' It ~s known, however, that to descr~be a central-sym-

;..:_}.·f.;<~~"~ ..... ""'"·~~-,~c., ~;..;.~--::.1':·~ .-,·f· ... -·.-~:'.~· )~~i ~q)··; ?. •• ,..._>-.,:·i<,· !~";·\ :-, +-·~,-~: t~ ~·--.,-1 
metric' 'fielc:f:Lt 'isi"enough''to' make use'"of' two"functions/v. 

;:.~·!:" ;:"'~; ~ ~-'•"+:i·.-· <~•f·--, y~ -~,i""'! {"·'/ r 1-"'\n~·-> '(">"··~,-..... ~ ;,~.:"'"":";; ··:~ r.~.'1'"':'"nJi /> ...... -~;!:f 
for·example, '.\ ;.· .\ l[~!.J'and -v~;;v·(r~t-1 C"IL~·may be considere·d 
as equal to zero/2/) :~' \ ::r>: :t;::.: i':,· ;;,:Gs .::' ;;~' '· -.·::·..:.\? :.;_,:: Ll;;::~· .--:~: '.? 

This ~eemi~g\ ove:J::::'de,te~in~CY':}J~- t~ sy~~eiTl· 9,~ __ equa-
.• \ , - • • "~ ., ' . I ' ' 

tions for .\ and v could be eliminated through a theorem 

'iJl Edington /4/. According to:!this theo~~~··the ';Hamiltonian 
' 'c~ ~ 

derivative Hk of a large class of Lagrangian densities, 
, , I 

which includes also .. _the Lagrangian density F(R} , is a 
_·..,':.t~·.:.·:,,;·. _t-;·,;. ... -.; .. ~ ~--·' ... \,'"'-'\ : .. , . .._'•·•>:·'~¥ •. ·;~ ·"'f~_,.,..-...y~ ;~--~··· ,.-;, ·..-"··:··f,._~ .. -:'~· ,~,!-- ';~-\ 
conservative· tensor. Since the '1eft~hand ·side of' (1) is'.~' 

the Hamilton·ik:r{d:;;fiva'i:'i~~·tri ·qri~stiori':·~··;;~ 1:0'~Yd::'·use'.:the~:.t 
··::>~·,;-~~-,., .. -. _;-·· _..~ .;,· ... ·..,~.--"?- ;:,-~ ~-,.·.~· .,....:.-"r'' ,. .. -~,,"':•)'""'" -~·'·>~-'-·.•;>,~ ... i~ ..,.,_,~:t.J. ·~~:-

eqli"ation''H~. ~ = o- iri order' to' express" tne·extra equation 
thr.bh'ghthi r~ir\kiil.ih~) one~:·o:;J' ' 8 1.~!:'!-,~::t•;::.,- I::;~:: 

__ ,_,, .. ~-'(,'~ ·.;.. __ ~;- .~1(\·~>~ :--;•· •l<'.,_~:) ;~-,-... ..,.?'_:"--·~':;,...~ -...;.:~:~ .. -~-....:·;:,~. r"'1i·:- ....... .-,_:._~ ·""·~,_ .... -~!'\ 
'"Taking' ·into'·consi'deration· what has- been-·said. above,· ·. 

·;f~~"'J:··· ,-... ;--:-, ~:-," -.. !:·,.-·~-~ "r'~-.c·.:,,,,:>-'-"' -~·--..·?,·~...t···r,-...... .,.·~~,...,.,.rr-:l. -, 7,~,~·r-o. r~-,...~-·~,.- . .' 

after' the'"lineai1zat'iort '(l)''''is' r'educea" to'· th-e systen( of .c t; 

equations (here a prime denotes'" d.iff~:~~riti'itt':i6ri~wlth.::'r·e~::,:' 
pect .,to ':'> _and. dqt ,.:;- ,\>?ith, ::respec,t, _to_,~t ) ~ •qh . .. .,. r· 
-·-'~ ;-~--r,,._•;,..,j__ :i.~P.c~-~~-,..~·..,·',"•"'C:• ... :W. -:::~~.,_j ;,·• . .-... .;•"-><•t ~~"--~~-·-'--"'/ ....,}_, -~-,.J-.\..J 

·i~ •. ~~ -~~;~c~;:;;~~J.":~~i~~g ;,:~:~2:s~~:-:.;'L~.~!i·.;o0 -"·}·~r= ~~r,::~~~ __ 
4:::. 

"' 

l·l!l \.•' 

/: 
• 

~~ d 
' 

1 . ' . . . . .• . 
.::-1-f-( F0 :+f(R} .+ F1l R:;t+ 4 F2 · .~~ .- 2 F2 R; 7 ,0. ; ( 11 

- ;_; ;~-cy:::~ n7 2 .r:c<l.:::~.;f1:.:·:~ ~'·' .. ·tr; :3-.n.-.:-.:c: •'t :. r .. :):-:>~~~:. 

•• J • 
Jr:~F1 .:R, 0 -? Fj, R, =• 0. . " -·'1: r;cl"c .. ··~:;:~·) ,.J~ 

'i;l 
--··-·--.·~I:' . :(·• ... ~, --;- ,.~.- ·- ··~,. 1 .~~~-- .... ,., :-

'±hii{'system' of. three equations. (2),. (3)~ an 
. , ~~ .~-::~~- .. - .. , r.-f:·;-<~'r-~c-l,·f=~ ~-:... .'"·'·.- ...-.,,;~f:~f"'"" ~--.""'·"' 

tains. the three unknoWn' functions X. ( r; i. J ; . v. ( r; ·: 

inL'<2> ~na~:b)"\:;~"~~bsGt~~~ cf~ }:~:~-and 

for R~ and R1,, respectively, whe.r~;,;G~:·~k~'~' 
{:~.) :;: . ,. 

1'~ 

the Einstein tensor. 

"t·· 
~ .. f,j 

:ul:-::~do ·r ::r:. ~-~ : .. _;"_~::~~::::rl-:.;;_: :.:-::1.::: 

For~~ g , ,G J ;and. ~ ,:.we ~ave /~!. _Gg!; e...),( 
"- ,:; ~ :~- ..... -~-~ ~,,).,1 <-~·--· "'-~··-• ,« .~.,.-,,-,A:' .:.t 

' ~ ) 

G 1 · .o '·' ·- : .\·e-.\ 
( .,E.l) -~ - ,· ='' 'rj ..... -~ _ 

> d G 1 -.\ ( v' · 1 } 1 . · • ~u~~:J -~ 1 ,::,-.e.;_.-,-.. ±. ,2 • +-;z~r~sP,~C?i7~Y 
.'",. -~ c ·- . . 

substituting in (2) and (3) the ~inearized .exp 

G~ 1 G~ _and,··:G!::~we•ob~ain:::·• 

:::~.~~·? :~~·:;:~.·~ ~.~: ·: :2; ,:_~I =:' o ::;. 
:d _; nv ';:t ··A_-2•:;' 2b R ',~ ;!,:j, if I= 0 

r · r2. 1 

'·c~1/f~~;,,:·~~~~::1:;;·;:;. ;;:i ' 'F.2 c:~ 
whe·:r~ a.' and ,b denote~ the ... expressio'ns,,-:: :~ .,anc 

...;...c.......:. .... :~i'., . ., .... ,;:. -'-~~-,,..~·:~ ,;. .;.t·~.:..,) ~-; 1..'-·"""'·---<'SJ:_•·:_, .~~_.,~J.\,~_., _ _;6.1']..1 \,~ .,._,:· 

p~ctiv~ly,;-~ is;:the· c~smoi~gical~'cor1stant 1.?1, 
~~~r~cterizes;;the~-:influenceJof.sthe:derivativef 
order. inLthe-~lineariz~d 'gravitatlori~l.l ::'.:;quatior 

-.c:r.:Thelexpressions;;,for G~;,;~J:ld.·Gf _,a·r·e~·-_;· · 

2 l· e " v''2 'v'....),' · v'i..' •i ·e · .. i..2 
G =G =--(v +-.+--- --.-}+-(.\+-

:-2 l 2 ··.2. r 2 2 2 
. =· A.fter'.th~·· l'in~arizat'iori''o.f :these .exi?:C.essi~ 

mkkin~'',\is'Etofc:.the lln~ariz~d e~pressions 1 
:fo;: :(; 

through· tl:ie~ identit~/- ·,f '+' (; 1 ·;;.:0. we·· obtain :: 
.. • . : . . I 

. j_ ,, --~ ~: ·,_~J.. ·:: -~--:~- -~ 

···R-'''+ 2-~..=...v' :+: 2 .\. +X 
2 

.. '··'· ' '~ ..... 
- v '''-

5 

0 ;. ~r ·-

" 

.'1· ··-

c," 



.on of the Lagran

tvestigation of 

:he form: 

:hing at r ... oo • 

reduces to the 

!tn~~t~cRf ~.pur 
·identically va-:-. 
~.,,. ~ '\... ;··, ~~ -,, - 1 ~j 

:vative H V. 
:.:p·'1 ~,.,_.·, [ ;:.:..,r~ :. ;L-:- ,~·-·; 
,e- a· central-sym-

:wb;~fuacti6d~/;:cn 
""-tf:"' .·.:; 'ti"'-'t!."~:·~-J.;- '.~.::~7 

lay be considered 

system of equa-
•• ; '1 ) ,_, ~·=- ~ --

mgh a theorem 
~·:the ·~Hamil toni an 

jian densities, 

r F( R) , is a 
i<- rf• '·;._ -~ : ,, .. ~ < ' ,~:, :;. ·r \ 

;ide or (1)' is· ' 

~ :bb~i(~C-\iie'·the"':; 

~ic'r~~ ~q~a'tion 
· ..... ; .;; 

' r: ( ., .. ~:: ·. <:" . ·"' +~ .:-~ ~ 
~en-'said above,. 

t~~ sy~'tehi" rii ( t 
~ "t .,.- • . •. -.,--' t'' . . . 

i.'ation··with''res.:.·· 

\.I" \ I 

' .... 

\_l.·' 
I j 

-.r..:f;.o"!.-1 ... ·t 3:ct no;.:~::;f!!J~~- ~'·fdr:,.t.·'}rr~·:-_rt;;"l.'J !·: ~)•.-);-:~) ·\.~.tL ;~lT: .. r;,; . 

. :bc·J~J~ 1o -?f£,R;{b:=.!,go "'"' .. ·. ·zo1 r;oJ-:z;· ~·.J:;•) ,.JH~c7:~J n C.4L 

-:t,",·~---~~r-·~,-,;··~'- -.. ~e··:.·1>~"'i"'l -~· -~·,i> :·} c~~-:r~-· 1 ~·" .• ~_,:•: ..• ,_··-:.·1-\ "' ~?.-
-Thetsystem~of'tliree equations (2), · (3) and C4> con-

tains~ g~ 't:iii-~e· ·hnRH~tri' 1 rllricti.oil~ ;;:( ~ :·;t'T; '!' 'c'i ;~~:) ~£.d· f(ihi: 
i~f;;i2> ·· ~na::'b)"\;~~;; ~gh~ht~~~ G~ \'~F~:~·and' ·b: + f-:R ·., 

for .R~ and R11' respectively, ~he,r~_L:G~-~~kr1-.f~~~~·~-'i.'~!ct; 
{~~) ~:! -~ .. , - -;,. ."l ---- .¥ •• 

the Einstein ·tensor. · · 1 
· 

!t.fJ;:,j!_{~) ! fJ;:;~ /;. -... ~·:"'.J.;::: ~.-•:::_: Ld:~ ~~_(/) _;-.. ~~-:-,~~~--/ 

For , ~ g , ,G J ; a~d .. f l ,:.we ~0;ve · /~/,.Gg = e..,\( b .~ .~-;), 
• ·'-~ <;. -.t - .,,.,_, t ':o ./ -~ I -·-·--· ·· ..., ~-- ·-· ·:;. i. :.\ r.: ··:! ·.i r .. ' 

'"1 ~ f. '"f 

I · · . · .\-e-.\ ' . I -.\ ( v' - J ) J . 1 f p0 , 1~···..:.· :. ·,- -· _ ~11~::; ~ 1 :=:,-:e·..;_ .-,-_!',~, +-;z,rf!!SP,~C::tiy~, _Y,•i A .. ter 
'. -~ _. ' -.~ ·... ]~ {. ~ ':; 

~'~.:Jn~:··~:.:~~.:.~~·~;:·~.~~~·-~~::~~ rR r'2. =? 0 :!~. 
l 

. -.:10:.; ::0 _,..::v'~:r··:>. HiJ :2b'R~':!.:j,"k":i=·o c:•.i :J':l>,;·: .• (6):!·~: 

.Is:r;-~),1~~! -~~'-Pt ··'
2
·, -- ·;:: ,.~ · .;··; ·-.~r~j ~1-~ ' ':..;··,_n 

wlj;~;"~-;:~:r~~~(~;,;~hC,~~c~ssi9~~··'••~,~~ ~:~··.::~;~~:~.: 
p~ctivel'y,,~. I~:,,·the; c6smological.·constant %~/;nand.:b :.> U1: 

/ '•i . •• " ' 

characterizes::the:::infiue'nceXof..::the:d.erivatives:Jof· :fourth ;1 j 

order in\-.th~rl·i~~a~'ized 'gravitation'a13~quations; :n: : l:~' :::;f:J 

. 2. 'J· ·, e ·:, v'2 v'_,\' v';>:,) ..• ("" f... 2 .\v-) ,;;.;:;1 
G =G =--(v +-+--- --+-X+----

2 J • 2 , . 2 · .. r ·•. 2. 2.· · 2 2 
:After'< "file' l'i:rie~ri~~tion'·'bi''tJ{e'se e~pres'siob.~·:: a'nd· c 

r J )\ ·~<r.•'"'.~~~.-,~'(•-• ,~:· ~'>-.. • .. __ ,;,.t:~·"• :• ,_IJ_• '. ro.-':.. -,.' .. ,~ r' . .;:. "'
1

YH"'.: ";'l:: ~·;., • 
making;.use-of'~the linearized expressions' for 

tilrougli· t:lie:: id.~~:i~},:",f)~ G: ;;~:_o·c,.;e>ohta::l..n.~:: 
;~J L \"_.,...;-:. :::;~,:--~~:_;.:;)· ·::~'~ . .:; ·,-,":.,r.:.~,:~ :~f:·.~ 

,f._,,.· I - •' ,_ 

5 ;.; 



•-i From c'i)''we have''A' =b:R~.--+ f(;_·J· -,-wherefCi .. fis 

an arbitrary once differentiable function of r • ·Introdu

cing in i (5).: 'the expression for"- we obtain:' ((r) = ;L'and 

C ar 2 

"- ~,,', 1 ,b,R~r- --r;-, wher~, ~':_is a constant. Th~latter 
exp~ess.i~n for."- en~bles-~~- to. determine- v' from (6) ~ ··-'·"c ,_,,,, .'-.'··-: 2a}' :,·,, c .. : .... -:~·~- .• :. .. · · ·' · , 
v' = .-·-- b R r + --+b R .• The express~ons for ,\ and v :: r2 ,. ' •, -• ''' • ·· 3 • · . • ·• · ' · • • · ' • ::: -· · . , 

substituted in; .(8), give us 

.. _., ~ ~,: 2 R ; ~ R - _j_ R = - ~-

from where for the solutions"- andv 
,_r;. ·,··~ .7 r"'.r:. ,_ ,~,:.: 

(9) 
·;<-.: 

we obtain: 

-\-"' 6 (:-~k·'--7)'~;'+:~-. ····a~2; c,\·~~:;yt ''~ J ·1·~+w•-~ Clo) 
- 2 + -;:- e - 3-- + --;- ·+ 4 -;:- - e 

·;,~b;C/(:1.·+~) e-k:~w;+·.a;2 -~--,CJ'+cJ1b C4(.;- ;:::w2J~r+w~(;{) 
r . . . r, . - k 

· + 4 a b -,·· ' · ·. I 

. where k
2 =:tlw 2+)~1and C2 ,_CJ and C4. ·are'·con~tants;; 

It is noteworthy that 1::~e._:t::~~ms,:, whicJ::_co!"Eespond 

to the_ Newtonian potential are'not dependent on the time. 
This~is a reflection of the-Birkhoff~s theorem'and is con-

ne~ted ~~th the special for~ of the _;;n~te~i~ ·g;~vitational 
equktion •. As is seen from .the s~lut~ons' 6btai'd~d her.e for 
• • ·,..,.··.· -.-~~~- ·,h • £ ._. ~ •. • ••.•. ".'.···'·""·"·',··-~·~:"_-,_ ·--~~_; :.,_.,r:;-~--- .--. ,~- !, _ -"'-, . .,_. 

more· general gravitational ·equations ·the ~central' symmetric· 

solutions: c~nt~in Yukawa:·terms :which,' do_ depend: on the 
" 

time at:least.:in'the:Newtonian·limit~·. Hence 'it is' likely. 

that the st~tements;:ofJthe ~~~rkhoff' s: theorem.Care, due to 

the special properties-;of 'the;:Einstein•;gravitational equa-
, . ' • • ' '" " l 

tion. · · 1 

-.<,! 

~ ~ 1 

3 ., Fields· of that type, which:_ we. studied; above .would 
'··~ 1-• •. -;.··~ ! ~ ·-··. ,,_._; .... ,.,.,. ''"'··-.-...... ~·· -·~>'> ·--·-·~·~-~·-. ~ ~-- ,•- " ~ .• 

explain <;:ertain difficulties :in the, models oLe astrophysicaL 

objects ·e"j ec~i-ng . ~~ss~~ f·~;, ~·. ~o~~~d~iabi;. i~~g: ~ime·. , ~~~~- .. · 
·~-,-~ •••• ,< •. ,~ ____ .,, ·, ., .,_..... ... -·~··~-- . -', • ' .. ~; _ _-~--·----~·--

we have in mind for instance the quasar 3C273 with its 

je"t;:,_: or the Seifert galaxies in· whose nuclei:.gas_is run

ning in certain directions,or other galadtic nuclei ejec~~ 

ing gases in certain directions. For quasars with jets 

6 

in/6/·the hypothesis has been put forward tha 

centers around.which in certain periods of ti 

explosions having_the character_ of the.explos 
•• ~-. ~ • ':: • • • .£ \ •• 

supernovas ~ more poweful in some cases, and 
~-- -- - -·! _:~{"·· .· ;_ -'~ .-.. .· ,.""·- .•. ·-··- . -~- - ·- ·- --~ 

ful inother ones. It is essential that they 
-·--· ;.·,_· . '~~,! ~ ~:.· :-, ·:·.·~~-

a.constant center, _the phenomenon being·obser 

~~: 1the qu~sar~ put also_· . .in- t~~ .s~ife~t ~~l;xi 
~-... __, , · , :_;_.;. ... l .:-.~L.·. ::. ·-

aS in other galaxies whose.nuclei are.ejectin 
i' . • .. >- .. . • ·. - ; ' . . ~ -,,' -~- : (. $' . > : ; : 

as ,for instance the. object NGG · _4486 and the o 
t,,· -~ •' ,._ . ·~ : . - .·. " ~~·---·---~ ... .__:. -~ .. ·fl;.\~ :~·i -~~.·-.1 , 

3561. Such centers could"be created, for inst 

accretion of gas towards a star .. situated in a 

It could not be ·expla~ned,-1.however,,,·,·in'. the' fr 

the:conventional· .• theory: of .. relativi~Y..:.how cou 

ful explosions occur repeatedly around a sing 

The mass of this center would have soon becom 
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