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Introduction 

In the papers/1 , 21 a factorization of the dual N-point 

amplitude with the aid of coherent states of a final number 

5 -dimensional oscillators has been proposed. Here we find 

out a representation of the group SL(.Z ,R), that performs the 

dual transformations in the space of.these coherent states. It 

allows us to factorize the dual JV -point amplitude, correspond~ 

ing to a semimultiperipherical configuration of the external 

particles. 

We note, that in the Koba-Nielsen approach/.3-5/ (see also 

the review article/6/) the dual transformations are essential

ly equivalent to some projective (or linear-fractional) trans

formations of the integration variables which also belong to 

the group SL(.l ,R). 

Another connection between the dual amplitudes and the 

._, group SL( ,t ,R) has been noted in/?-9/. In particular, in these 

papers it has been shown, that the four-point amplitude ap

pears as a kernel of a certain representation of the triangu

lar matrix group which is contained in SL(..t ,H). 

The advantage of the factorization of the dual amplitudes 

with the aid of coherent states is due to the fact, that these 

states turn out to be a suitable basis for the given represen

tation of the group SL( ..l , R). 
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I. 

Let us consider the 3-parameter group ~ J., ( ,.i , fl.. ) of 

all two-dimensional real unimodular matrices.One can intro

duce the following parametrization for the elements of the 

group: 

( 

i 
E. e-

g, ( "-, t -r J = r •~<•:).~) (1.1) 

l :..!:. ~ ' 

The parameters ol.. , j3 , f are arbitrary real numbers. The 

group multiplication law 

9£ (o<,fJ,r >= ;,, (r>t.,(J.,r.) 9t,. (~ .... jJ.J.,r:z.J (1.2) 

is given by 

..C,+.c;.!. 
at.= .2 tn(t,E.LA/J- +-e L ) 

s -~ 
j3 = t,~...t. e .~, T t.._l3d.fr,l3

4
{:1-)e ~ 

(1.3) 

"'~ .,c, r == c.~.t; e 7 
rt,r;_( 4+/J,!f) e -7 

t=c,E..l. • 

It follows from this, that the elements J ( ..<, ~~ o), j( 01 jJ~ o) 

and 3 ( 0, 0,(") form three abelian subgroups of .S/.. (..2., A.). 

The parametra ation (1.1) defines the local group SL (2
1

11..) 

in the neighbourhood of the identtty element. In our conside

ration we shall use also matrices of the type 

4 

~ 
1 

t 

fl 

'·· ' 

''.;{ 

" ~.) 

?0J=(; :) (1. 

;·1hich do not allow such a parametrization. In this case 

shall use the decomposition 

/ (!3}= !( o,;s, o) 1 (o, o,; ) ! (rJ,f3~ o) (1, 

that follows from eqs (1.2)-(1.3). (All matrices in thE 

right-hand side of eq. (1.5) are well defined). 

Let us find out a representation of the 5L ( 2., f..) gJ 

in the space of the coherent states of one 5-dimensiona: 

cillatorl1 •21. The creation and annihilation operators c 

oscillator satisfy the commutation relations: 

[a,} a:]= G.:~, [al,a.,.]=La;,a;]-= 0 
~ = o, 1,2,3,1( 

and the elements of the matrix tensor are 

- G.c = G,. = G.t.l. = GJJ = G~1 = i 

G ·-=0 i.*K.• 1.1'-

(1 

(1 

If we consider a, ( -<. = 0,1 ,2,3,4) as the componen 

one 5-dimensional vector a ' the scalar product of su 

vectors is giwen by 

't • If 

Za.= L.G' .. .l.-O.._=L 
-i,l'-t) .(•O 

':I! <'a • . ". (1 

The coherent states of our oscillator are characterized 

five complex numbers ~.;. and are defined as follows: 
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j 

II 

. J 

f' 

I 
I 
I 

II 

I 

I 

j0J=C :) (1.4) 

;·,hich do not allow such a parametrization. In this case we 

shall use the decomposition 

! (~)= !( o,,13, o) 1 (o, o,;; )l (IJ,f3, o) (1.5) 

that follows from eqs (1.2)-(1.3). (All matrices in the 

right-hand side of eq. (1.5) are well defined) • 

Let us find out a representation of the .SL ( 2., f..) group 

in the space of the coherent states of one 5-dimensional os

cillatorf1•21. The creation and annihilation operators of this 

oscillator satisfy the commutation relations: 

[a,, a:]= Gi~, [al1 a,.]=la.;,a:J~ 0 

..(. = 0, 1,2,J,J.( 

and the elements of' the matrix tensor are 

- G.c = G"-= G.t.l. = GJJ = G~1 = 1.. 

c .. ,_~o i. =f:=. K. . 

(1.6) 

(1. 7) 

If we consider a; ( ~ = 0,1,2,3,4) as the components of 

one 5-dimensional vector a , the scalar product of such two 

vectors is giwen by 

'I • I( 

:za = L_G ... 2,o.,..=L 
1~/L-t) ·(•O 

z<a.t. (1.8) 

The coherent states of our oscillator are characterized by 

five complex numbers ~~ and are defined as follows: 

5 
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l..t> = ~[liaf}lo> = ~{t2'a;Jto>. (1. 9) 

Now we define the representation of the group ..SL ( .ZJ.) 
in the space of coherent states (1.9) as follows: to every 

element It ( t?f',Ar )E. SL ( .2, R.) 

an oper3.tor T ( otjJ,j")* 

we put into correspondence 

!! 
Tlol,f3;[)v.x.p{.ia+jto>= ea.p Lj_ .ej<la. .. + ~ ... ~.+ ,d a,+lloX1.10) t.,A<., ::r fA.+(, .. ,4rJe-'l 

Thus the operator T (~fJ,T) performs a projective 

transformation of the coefficient "'t>f the operator at , the 

matrix of the transformation being ft ( oi,~/J,/). It is ob

vious, that both ft ( ..t,Ar) from (1.1) and 

j(d,f3,/)=t~ {<Ji,~,/)c_ SL(t,"-) (1.11) 

give the same projective transformation. Therefore we can res

trict ourselves to considering the matrices of the type (1.11) 

only. (As far as ;S and j" can take both positive and negative 

values, we shall not write down c explicitly). 

In order to build up the operator T (ot, (J, /) we write 

down for it the expression for the cases when two of the pa

rameters are equal to zero: 

• The Lorentz scalar product, which involves first four 
components of the 5-dimensional vectors is defined as usual: 

J ~ I ~ >) I L... .2""' 2 = £_ q .)4 .l .:e, 
.;O<=C /" ./'1ti•Otf /' 

6 

i" =-s .. =- -~~ ... = -IJ.i"" J 

fl.,.."= 0 ./"* v 

; 
f 
• 

-~1 &. ,, 

·-I 
:•··~· .. I 

~I 
1,1 

g 

' 

1 
~· 
j:~--.;;1 
{" 

:~.: 

'"· ~ ... ,· 

T ( ,t, o, o) = ea:p( ..£a.;a., 1 

T (o,JS, o)= e«p{!Ja:j 

T(o, o,f)= e<q>~-fa;a:j · 

Eq. (1.12a) follows from the identityf1/: 

H f · H x fco.;J= (xa;)x , 

where 

t . 

H + ·" G"'" • =aa=~ a~a"' ... ,,...o 

is the Hamiltonian of the S -dimensional oscillat~ 

Eq. (1.12b) does not need any proof. r 

The accuracy of eq. (1.12c) can be shown by m~ 

equality: 

( ~ l.) ( + .t)- at .eocp ra~ at af e<xf> -~a,~ - 1 + j"O'f 

-rata~ 
Multiplying from the left by e and acting on 

state we get 

a.yup[-ra: a:]v.q>[.ta.+~lo)=2L- ea:p{-ra:o:l ~rJ 
1+("~• J 

7 



,,I T (..11 o,o)= e<xf>(..ta.;tt"J 
(1.12a) 

T (o,;11 o)= ~{!3a:j (1.12b). 

T(o1 o,f)= eap{-!a;a:j · (1.12c) 

Eq. (1.12a) follows from the identityf11: 

H . -tt x fca;)~ fcxa;)x , (1.1~) 

where 

t . 

H + ~ G""" + =aa=~ a{a,. 
t,JL•O (1.14) 

is the Hamiltonian of the S -dimensional oscillator. 

Eq. (1.12b) does not need any proof. 

The accuracy of eq. (1.12c) can be shown by means of the 

equality: 

( ~ l.) ( v +nL)- a, .eocp ra~ a. a. eocp -, a,..... - 1 + ftl'f (1.15) 

-rata~ 
Multiplying from the left by e and acting on a coherent 

state we get 

a1 t4f[-ta: a;}v.t:r[rt1+Jio)=2L_ e«p{-{a!o:l !-Xf[.za:•lJc). 
1+JT:I• J (1.16) 

7 



..... 

. I .t/ Here the well known ident~ty 

{(a4)eap{l:a+)= taft2a•J fra.-,.~4) (1.1?) 

~ ./. ,. 
-r~a~ ~a 

has been applied. One can see from (1.16) that e e I 0) 

is an eigenstate of the annihilation operat()r a, with eigen

value 4 ,.;..z~ . Therefore it can be written down in the 

following way: 

eap {-{ct~a!jeoc.p{.za+jlo)= C (lw.f)t11Xf[k"'t1)" + 4:}},} I o) • (1.18) 

In order to get the coefficient C (2,,f) we can Dtake use of 

the formula 

I ,. ") + (f + ~) +r ~ ):l .eapt-r«~ a~ a., uxp a¥ tt. = a¥ .f-/a., . (1.19) 

Comparing the matrix elements of the operators, t~t stand on 

both sides of eq, (1,19), evaluated between arbitrary cohe

rent states we get C(2~1f)=: ! . Thus eq• (1,12c) has been 

proved, 

If we make use of eq. (1.3) and of the _explicit expres

sions (1,12) for the representations of the three abelian 

subgroups we get: 

T f ot,_,8,f) = T( ,t-.tt., (.f+)!rJ, o, o). 
~ !It-

( -- ) ( ce~) . T O,jJ(~+-J3f)e ..z.) o T o) o) 
1

+,4/ • 

(1.20) 

B 

' '~ 
·", 

Finally we define the operators ~(jl~J) , that corr 

pond ·to the matrices (1.4). ~king into account (1.5), ( 

(1,12b) and (1,12c) we define them by the equality: 

T ( 3 CpJ) = ea.p((Ja; )v.xp(;} a; a,/) t;xp( )JaZ ) . (1. 

One can show, that 

T(JCPJ) ~l~a+)Jo>= e-xpf-J. .l;"a~- fJ~ a:} lO) . {_,....:oo :Jy • 

(1. 

We can do in·the same fashion in other cases,too, when t 

lities (1.3) are no longer meaningful. It is seen from ( 

that 

T. ~ ( ~ CN) = T ( 9 C·ll>). (1. 

On the other hand, it follows from eq. (1.22) that 

T (j<!J>) = T(JC-!J>) (1. 

and therefore 

T"
1 ( Ji,M) = T (3 (jJ) ). (1. 

If we denote 

T 1 ;;;:T(s<41) 
(1. 

owing to eqs (1.22), (1.21) and (1.25) we can write 

T1 ~ { .ea+J lo> = e-xp[-_io..t-"'a;- ;. a:]. (1. 

9 



Finally we define the operators ~(JI~>) , that corres

pond 'to the matrices (1.4). Taking into account (1.5), (1.12a), 

(1.12b) and (1.12c) we define them by the equality: 

T ( 7 CpJ) = eap(,tJa:)v.x.p(-}r a; a,;) eap(J3aZ). (1. 21) 

One can show, that 

T(JIP>) e«f{.la~))o> = ex..pf-1. ..a.-"a;- 11~ a;} lo> t,...'"D ~, • 
(1. 22) 

We can do in·the same fashion in other cases,too, when the equa

lities (1.3) are no longer meaningful. It is seen from (1.21) 

that 

T -~ ( ~ c~>) = T ( 9 (-,IJ)). (1.23) 

On the other hand, it follows from eq. (1.22) that 

T (J<!3>) = T(jC•jJ)) (1. 24) 

and therefore 

T"
1 
(J'i'>)= T(jCfJJ). (1. 25) 

If we denote 

T,:T(s<d) 
(1.26) 

owing to eqs (1.22), (1.21) and (1.25) we can write 

T1 ~p { .ea+Jlo> = e-.xp[-_io.r-"'a;- ;, a: J • (1. 27) 

9 
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...... 

T. = ea..p(a:J.tl.af>(a/av"-) ea:p(a; )= 
J. 

= e-xp(-a;) p.xp(-a;a;)ea.p(-a:) 

!. 
TI = J. 

(1. 28) 

In this manner, with the aid of the operators (1,10) 

and (1,21), we get a representation of the group ~L(~,~) in 
+ the, space of the coherent sta·tes of the operator a., only. 

To get a representation of this group in the whole space of 

coherent states of the 5-dimensional oscillator we first in

troduce the operator 

L =: ecc:p Ito a;. a_,.. ( -1-a.,)]: = 

f_ t 1-aJ"L n ( a;.)"'J< n (a"">."'-" . 
.,., :o i:. n"'= n r=o Y1§J' r=o J'1j.. .I _....., / 

Using the formula (1,17) we can show, that 

(1.29) 

L e.ap { 2a+] lo)= ea:p !-z~.z""~1'2¥ a~J lo>. (1.30) 

Then in view of eq. (1,27) we have 

Tr L Tr .fap[2a+-11o>=.eap{.2j..l-"t~.:+-.2,a; }1 o>. 
(1.31), 

10 

I 

'I 
•• I 

I 
_t 

i• 
I 

I 
I 

t 

11 

.I 
l 
I 

and hence 

L -
4 = T 1: ea:p~a;a~U+a.,)}: Tr · 

Here one has to take into accoWlt, that for .z, =0 tl 
-J. J.. is Wldetermined. 

The representation we want to define is given 1 

operator 

8 ( o<. )f1,/) = L T(u<,/3,{ )L- ~. 

Using eqs (1.26),(1,19),(1.30) and (1.32) one can' 

that the action of this operator on a coherent statj 

~r*O) is expressed by the formula 

+ _ .L.e z ~. + ,1-3 -.t za+ /o) · 6. J 0 ( cl,f31{) eap[2a.jl o)- exp{ 2., v-~,+U+fJj)ez , 

The comparison of eqs (1.34) and (1,10) shows, that 

( ../" = 0,1,2,3) both representations coincide, Therj 

representation (1.34) is not a direct product of fv 

sentations of the type (1,10), 

It is obvious, that the representation (1,10) j 

conserve the vacuum state. On the other hand, eq. c· 
not define the action of the operator 8(""f1"r) on 

state. This fact permits to impose an additional c~ 

11 



11 

and hence 

L -~ = T 1 : eap~a:;a,Af(Ha,)}: TI (1.32) 

Here one has to take into accoWlt, that for 2
11 

=0 the operator 
-J. 

.J. is Wldetermined. 

The representation we want to define is given by the 

operator 

8( ol.)fllj)=LT(ot);3,f)L -~. (1.33) 

Using eqs (1.26),(1.19),(1.30) and (1.32) one can verify, 

that the action of this operator on a coherent state (with 

~t*O) is expressed by the formula 

A e ( ~f3,f) eap[ .. u.t+Jlo)= expf..L.e z 2 • +- ;:3 -02 .za+l/o). (1. 34) 
lz, v-~,+U+,.a/)ez J 

The comparison of eqs (1.34) and (1.10) shows, that for?.= 0 

( ~ = 0,1,2,3) both representations coincide. Therefore the 

representation (1.34) is not a direct product of five repre

sentations of the type (1.10). 

It is obvious, that the representation (1.10) does not 

conserve the vacuum state. On the other hand, eq. (1.33) does 

not define the action of the operator {}("',13,~y-) on the vacuum 

state. This fact permits to impose an additional condition 

11 
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...... 

e(<>~,f3,{) jo)= T(a',Jl,j)lo). (1. 35) 

One can prove the following equations; 

(oj T(,t,J3,r)= (ol 

(ol 6(~,!3,ji)=(oj 
(1 -36) 

<oiL=<ol. 

. - 2-Q 
Obviously, in the space of states (Ole the hermitian 

conjugate representation e+{p(,f',r) holds for which the 

equality: 

e+ ( of,/J)f)/0)= lo) 
(1.3?) 

is satisfied. 

Finaly we note an important peculiar! ty of the representa

tion (1. 3.5). Although the operator B ( p(,jJ, r) transforms ~ 

and 2'1 , it does not depend on the numbers. To what extent the 

indicated representation is characteristic of the coherent 

states can been seen from the following. 

Instead of eq. (1.10) we could define the representation 

of the group SL (21 fl..) with the aid of the equality: 

.s. 
T(o1,_,8,f) f(2-a+)jO)=f(-L.i""'t\ .. :+ e.t..i, + /-1 ~a+)lo>, 

/'ao j'2,+(4+j3{}i! i. f 

12 

and hence 

L- 4 
= TI; eap~a;a,.4f(Ha,)]:TI 

Here one has to take into account, that for .z., =0 t: 
-t J. is undetermined. 

The representation we want to define is given 

operator 

8( o<.)f1,f)-::::::.LT(o<)f3,[}L -~. 

Using eqs (1.26),(1.19),(1.30) and (1.32) one can 

that the action of this operator on a coherent stat 

.z.-t= 0 ) is expressed by the formula 

1 e z 2, + ;.3 za"' jo) 6. J 
f) ( o<',f31[) eap[2a+jl o)= exp{ 2~ ·;-~,+U+fJJ')e-1. , 

The comparison of eqs (1.}4) and (1.10) shows, that 

( ~ = 0,1,2,3) both representations coincide. Thex 

representation (1.34) is not a direct product of fi 

sentations of the type (1.10). 

It is obvious, that the representation (1.10) 

conserve the vacuum state. On the other hand, eq. ( 

not define the action of the operator ()(~/31f) Oil 

state. This fact permits to impose an additional cc 

11 
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:i'c 
.!I 

• 

where f ( 2:at) is an arbitrary ±'unction of the variable 2a+-. 

However it is easy to see that the requirement for the ope

rators T(o/)1'3,r) to be independent of 2-e extracts from 

the whole set of stat;es j(.e-a+-)10) only coherent states 

f(.ca.~"):= c. eap(za.+-). 

2. 

rn/1 •2/ it has been sho\vn, that the dual multiperipheri

cal diagram (Fig. 2.1): 

1~-~ 
s,~ ( L (/ .)2. 

J=&' I') 

F i g. 2.1. 

in terms of the coherent states can be represented in the 

form: 

B Mi-1.- < YM-I<t.21,, _.D/'"' I ~r,..>' 
(2.1) 

where• 

• The first index labels the vectors, the second one 
their components. 

1J 
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..... 

M M lf 

H=La.Ta. =L L Gmna; a. 
-i-=1 " ' 1::1 m, n=D "' ""' 

(2.2) 

is the Hamiltonian of the whole system of M oscillators 

and the operator ]) is given by 
.J ay.a!" .... _ f. 

f'.-1 M .JI + -t.1? - n n ( J - a. a+ )""•() a.-., a n'l .D '--- 1 .. , n~ 
1:1 11=1' 

(2.3) 
0, = ( 1- ,,.t(oJ) Fc+1 -n • 
fin ~ 

Eq. (2.1) showc;, that B~-r+.Z. is a utrix element of the 

operator 

J) 

H- ot( ~ .. ) 

( 

I ( H- .,l(S.,)- 1 
])J XK Jx 

t' I< 
(2.4) 

evaluated between the coherent states ( '4/H-~<-rZI and. I y,.,) 
which are defined as follows: 

11(,) = /ciVJ (~~) e/.X-f'I£:-a,a! r,. .. )lo> 
Tt+1 l-<- 1 ~i J 

<n.r 1- fJ, a-. · ""' c2.5) 'f H-J(.-t.l. -:.ja !fM-t.t?.{<)f.)(oiV<p f?; Q,a_. (}.,:] 
~ ~ "• = n x/ u. = .fl ~ . 

j=l , " i"'"t1 I 
Here {)i := (--i.t;;if./'J 1) are 5-dimensional vectors and 

dy;A" {0; 'J) denotes the integrand of the Bardakci-Ruegg 

formula: ~'~*'' 

I M 1 -u'f,?.,~·-,('mz-1"'..., l'f ( )-,~.,~;,,.,-fi.,(2 G) 
a(/) ( )-n 01<r rr ' "., n n 1- (j',. • 

[M·II.+J v,t -; 0 t i:.~<-n•i•• Of . 
<=11.+\ 

14 

~ 
l 

J': 
[l 
~;.· 

'

t-··· 
:. ~ 
'·: .'· 

.:'- ~ 

According to duality bot~ diagrams of Fig. 2.1 ~ 

Fig. 2.2. 

f, 

~ktt •••. 
'/-., 

F i g. 2.2. 

.D 
are equivalent. The amplitude BH+.2 (Fig. 2.2.) is c 

from the integrand 0f the expression (2.1) by the folJ 

change of variables 

1- /411 

r.- ...-'!1.-~ ) 
v-i= =cry. 

1- x • ./"If 
./'A•·· .. 

X., :.x,. Jl.·=nt .../.. i=-~t1 J • 

( 

We llball show, that the amplitude 8~+-:J..,too,can b 

resented as a matrix element of some operator between 

appropriate coherent states. The dual transformation ( 

affects only those variables, which stand to the left 

variable x.= x,_ • Thus the state I 'lf 1<..> remains un 

and < 1f t1- 1<+ :J- I turns into: 

15 



.... 

According to duality bot~ diagrams of Fig. 2.1 and 

Fig. 2.2. 

~11 
f, 

Q .... 
tr.tt. . 

IJ-c 

F i g. 2.2 • 

.D 
are equivalent. The amplitude 5M~..2 (Fig. 2.2.) is obtained 

from the integrand Gf the expression (2.1) by the following 

change of variables 

()". = 
1. 

1- ./411 
-l!.f,-4 

1- x • ../~If 
./A<·• 

= o-0) 

... 
Xo "E.X,_ iL·= n t .../-· j:.~t1 J • 

(2.7) 

We eball show, that the amplitude f:>!r:J,.Itoo,can be rep-

resented as a matrix element of some operator between the 

appropriate coherent states. The dual transformation (2.7) 

affects only those variables, which stand to the left of the 

variable X.·:= Xr.. • Thus the state .j 'lf I<.> remains unchanged 

and < 'qf t'H•+ .z-1 turns into: 

15 



.. 

<¥M~KI-)fdfM-r.TJ(oy.>,f)~Oiexp[la.-a, 1- ~ }· (2
•
8

) 
•s~ 1-1( ./fM 

0 _/1. 

J<.-1 

If we denote P= ~ ~.f. , then 
t=-0 !.· p )") . - ot l ( +~1'1+1 

J'fM-k.1'J. ( oy)~ f;) = d_y'_!.,H y.,~) (,f-)(.) , . n ( -x. ~H ,-.J..i'P.tr f~p (1.9) 
.L -~. .. ~+1 1 /"f•·t-/ 

fMP=- rJ(fM.fl) ftp-=- 0 .t=t= H 
where d'/:~~..+3 ~,,_)is the integrand of the state (Fig. 2.3): · 

~,..., YM ~ 

-.. 
~M ~M+I 

q • • • • 
Yt<.+:~. 

F i g. 2.3. 

We remind, that this state has the form: 

.D ( ]) {H+1 ~ l 
<'((H_,. .. J= ;dft',.t-~•+3 !/'Jf)<ol~tf,a,a'/A.:~•J, (2.10) 

16 

where 

dtJJ]j ( )- ft J -,(,({P+f.,.,)~)-1n~H -.2..1/,~,(L~ 
T ~- .. u "/'1 - .. ')A: -'1,., J· __ ._,..,.lJ 

'1- ~·· ./ • " • 1=1<+1 

M-1 M .n fl U- ~¥1)-..2~/.+,el'l+.-f!·.,., 
t=l\. 1'1•1+1 /"f.t . 

Let us find out the connection between the state 

and (2.10). It is easy to see, that a projective tran 

with the matrix 

. ( 1 -1 ) (1-x. Y-t-x .. 
"" - (- f,,!( -1-X ) ..::.!__ .,.x., 3 -=.!5!_ 1 -:J • )jf1-X11 'V•hOCo 0 

(1-x. V1-xo 
transforms the coefficient ..;4i,., from (2.10) exactly 

-~ ~ .. 
the coefficient 1 ~~ from eq. (2.8). Therefor 

4- x. If 

into account·eqs (1.35~Jnd (1.13) we get: 

L!!!.. f "';.~ Mt-1 ( - • Mt1 r.if, 

<olea:P[9;~ A-x.~ ]=<Die«p{~,G;a~:, &(x.){-1) , 
,/"1-~ I 

where by definition 

11+1 ) 
t -1 -x. e f(x.) == .n ei (-l'YI( 1-x.)) v - ' v.;:::r; 

'l:l'-+1 1 J<o 

and the index "i" means that a given operator acts in 
-tit 

space of the i-th oscillator. The K oscillator j 

sent in the state ('lf~-IC.i-z.\ , while it appears in ('l 
Introducing the operator: 
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where 
1 JJ . n"' - t>l(lP+f )~)-1 M-1 . , ( 1'1•1 ) 
atf 11- .. H ( .1.4,~ )=. d AA~ )1 .,., n -.Uf,'t-t ~rfj+P -.,t'-.t-1 

/ r <~= Jr:.,, / / ~ . M,: 1 .1.,.1 
1:~ .. ,.., 

M-1 M .n n. u- ~M)-.,2,;1.'1·+~~,+1-~:,., 
•=1:. , .. ~,.1 .,/'t.; . 

(2.11) 

Let us find out the connection between the states (2.8) 

and (2.10). It is easy to see, that a projective transformation 

with the matrix 

(1-x. Y1-x. . ( 1 -1 ) 

-= - (- ~ (4-x. ...:..!.._ --=&_ 3 ~ 1 -:J ~~'1-x" 'V-1-x .. j (2.12) 
Y.t-x. V1-.Xo 

transforms the coefficient ~M from (2.10) exactly into 
-~ ~ .. 

the coefficient 
1 ~~ from eq. (2.8). Therefore, taking 4- -r. If 

into account eqs (1.35J''"Jnd (1.1.3) we get: 

1'1+1 

h f LH, ~1 (- ~· l'ltl l- (:~+/ ( ~ ~q,., ~- .._ ,.,; )= ( Dlea:r/f..,o,a,;_~ &td-1) , 
1
2.1

3
) 

--. _,MI-~ 

where by definition 

MH t -f -X,. ) e+tx.>=== .n ei (-t'VI(i-,r.)) v't-J(Q 'y1-x .. 
1~1!.+1 

(2.14) 

and the index "i" means that a given operator acts in the 
-til 

space of the i-th oscillator. The K oscillator is ab-

sent in the state ('lf~-~e. .. .z.\ , while it appears in ('1{~- .... 
2
\. 

Introducing the operator: 
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' 

~ 

1\ (P)=(L+) ea:J? -ivZP"'av.-r.f:-L;.a;a/+a._~jL+-+ -1 { ..3 H+1 j 

" r _,...o / , •k+1/'·f7 !J" 

Mt-1 

( )_ + = 1·~~1 LI) (2.15) 

we get 

~· ~H LHi 

ifM 1 - .,.,__ } l H~t ] + (·ttl <olexp ._O,a,. L): =<olea:.p .0- Q;a;~ !l:lP)t}(x.)~1 )"-
. 1-x • .M· c-lt#l ./"f•-• (2.16) 

/ ·t-f 

Thus the connection between the st~tes (2.8) and (2.10) has 

the form 3 
M+1 -kt 'L pf4a0 o 

<I')"' I (1.!]) l n( ) ./"., t -Ji.P 
'fM-I<.+.l= '1'M-~•.l. 1-x.a,~ a,. 

"''-:.K:f-1 H+1 • 
L H· 

./<(P)G:(x.)(-t)b-+~ '. (2.17) 

:L t ) 
fMH r ·= 'f+olCo) +ol.'( p + ~~+1 • 

The parameter Xo in eq. (2.17) can be identified with the 

integration variable x ... from eq. (2.4). The presence of X0 

in eq. (2.17) leads to a re-definition of the propagator in 

eq. (2.4). In order to find out the new propagator we rewrite 

eq. (2.17) in the form: ftM 

~ H; ..t'P .. 

<'1.r' \=(f'ldJJ \A+ (P)$1-Cx.){-1 )•=m ({-x.) 
'f'H-~+.1. 't' M-K+.l. 1<. • 

3 t 
3 "'a~ .tl.;;iiL p~~ M+-1 );.ili'Z:..P ..:::::.!L!- .. q.p (2.18) 

(1-x.t;t~'i) ,.,...() l!lt~ ,n(1-)(.a: ./''0 a~·, '. 
1 :Uf 
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where 
c/to1>' ( )- ft d --<.(lP+1 ... ,>~)-1 ~H -.tJI,-.. (~' 

r ~- .... l l Jl,~ - ·-. '-"• ).1"' n,. , .~ ...... !. 
/ t.-~+1 / ' " f1 f=lt.•f 

M-1 M .n fl U- ~- )-.,2,1. 'f,+, e , .. , -.P.·., 
t:l:. 1'1••+-1 ./'1-t . 

Let us find out the connection between the statE 

and (2.10). It is easy to see, that a projective trat 

withthe matrix 

. ( 1 -f ) (1-x.. Y1-.(. 
q: -q(-t.,(-r-x.,)--1-. '-,...to I 
II -X• 1 <1 )ll.j-l{o Vof-xoJ 

(1-x., t1-x. 
transforms the coefficient ~M from (2.10) exactly 

- <!!!!... ....-M-< 
the coefficient 1 <"'~ from eq. (2.8). Therefor 

1- ~ If 

into account·eqs (1.3;)~Jnd (1.13) we get: 

~~ 1 _ h] {"'·' f Z loj O/Ynf! G;tlc 4 ~ ={ Dle.xp I. G;at·P~ G(x.){-1 t~: \I t/~1 - }L H (*I JM'·f 
,/J-'1 I 

where by definition 

11+1 t - 1 -x.. ) 
e+(x.)==. ,rl ei. (-!~(1-~.)) Vf-~o '(1-X., 

1:1'-+1 

and the index "i" means that a given operator acts in 
- tb 

space of the i-th oscillator. The K oscillator 

sent in the state ('lf~-IC.t.z.\ , while it appears in (' 

Introducing the operator: 
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The dual transformation (2.7) for the case x. = 0 cor-

responds to the transition from the amplitude(Fig. 2.4a)to the 

amplitude(Fig. 2.4b) 

)" f" · · · t~<r .. , 
1~1 ~ 1 ~1<. 

Gt) oL(f)=-0 t) 

F i g. 2.4. 

We call the dual transformation of variables (2.7) with 

~.= 0 simple. It follows from (2.9), that for this transforma

tion holds the equality: 

cly!f ..... J.(uc/"J1 t)·=clpM.i>_Ji.+3 (_)-',~). (2.19) 

The operator 6l-t-( o) , that performs the simple dual transforma

tion corresponds to the matrix 

h = ( t -1) 
0 1 . 

(2.20) 

Every element rJ E. 5L (..z1 R.) of the type (2.11) can 

be represented in the form: 

j= 9i h 
( 

_j__ ) 
v'4 -;c. 0 

34= 
-)C.., 7{-;; V 1 -J<o • 

(2.21) 

Therefore we can write down 
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• 

l 

B
t- LJ'~- +-. 
( Xo) = C7 ( 0) e 1 (X D ) 

M+l t-( -;c) e; (x.) =- i~fe-l -e., (~-x.)) 0) (1-: .. 
(2.22) 

If we denote 

111 .. 1 M+1 

J:- H1 L H. ei5 (x .. )= (-1/~/(+1 e: (.1(.)(--t r·=l+! t 

(2.23) 

eq. (2.19) finally takes the form M+f 

L H · ''P.z. 

< I \ I D l t' ... . ,..., 1 o< 
n,tM ="'-l),f 1\.(P)S(o)(-1)'" (i-)() . l.f ·i!.t'.2 'f M-1<.+-l. ... . o , 

.& )' + 3 
nt- ).:2i/i'Z.P .!!:u- ~+f 21/;iL p""a~ (2.24) 
o,_..(x.).({-X.,CA.;y /"(/ t-{t~ .n(~-x.a~) /"""At, tf;p. 

~= 11+1 

]) I I 
Hence the transition from <'tfM-JC.+~ I to ( '\{ M-1'.+2 is 

~ performed by means of two operators. The first of them 
H1'1 
E.. H, 

!\ 1" ( P) e +( o )( -1 ) ....... 1 
" 

f(. 
(2.25) 

performs a simple dual change of variables. The second one 
J 

ot.'~ .z,.,r;zp~arL M ..2'/;d.~a~ 
(i-x.) ()+-(xJ(~-x.o.:~) ..... :>0 6t"!;~ n(~-x.a~) I /'"ff aPv t-f<p 

I!> • • lv c -:Jf.+1 

(2.26) 

depends on X. and should be considered together with the 

20 

propagator (2.4). Taking into account eqs (2.24),(2. 

and· (2.4) we see, that all the x., · dependence is con 

in the term 
) . 3 ~ 

..<'f"-' .2t/;;,2_p.~>~ak_ M +- ,ji;;:z_p~ 
dx.(~-x.) e:~c..v->(1-,.:,) _,..aq ec~~.n(4-.t.IX•~) _,..., ~~·. 

-t:k+f 

J 1 "' -~(Pl.)-1+1-1 i<-1 M 1.L a~~..eat -f 
)( n n(t -a+- a. ),.. .. (/ tz!~ tt·~ ilt 

0 ~~ ~~ 
1~ 4 ":I<, 

+ )-ft ,..., 
If we pick the multiplier (~-a. .. ~ aA._1., out and 

further to the left we get 
3 P"' 

-«'(P")-1+-H M .2il,iiL --!I 
~.(_6_) e· n(1-a;.a ... ,y) r•tl e¥/lrl.,a 
(1-x.f ~-..r., . .l~"'" 

d_ ............ 
~?a, 

,..., M . - P· n n ( 1- a~y a,.) _.:g a:. a.-. (.11 

"" -f ""/( 

Here 0 = 0 
) /1.-f "' 

.,.. 
and (9~ denotes the operator: 

1'1~1 

e ;5 = eap{ ~f, a;. a; al]. 
We mention two significant facts: 

1) If one introduces the variable 

x .. 
d· = 1- )(., 

then _o/lP~)-1+11 -odi"')-I+H 

r~~. ·C~;.) = J,. J· (1-.x.r 
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propagator (2.4). Taking into account eqs (2.24),(2.1),(2.3) 

and· (2.4) we see, that all the x., · dependence is concentrated 

in the term 
) . 3 ~ 

~'pl.' .21/;i,Zp.~>~a.~" M r ~~..c-:z.p~a.l# P, 
dx. (~ -x.) 8 :~ (~)(1-a:,) _,..&(/ ~ ~~ . n ( 4 -.t. ~c'~) /" '' tl ~·v to .'P 

·r.: IW-f , 

_,<.(pL)-1+H~<-1 M l.J:.a:"at,...._f _(2.27) )(. n n (i- a;. a,~ )f•" ll:, tt~~ -1.., 
{• 4 " ..... 

't )-1:: t.-1 
If we pick the multiplier (.f-a .. , at._1 ., out and move it 

further to the left we get 
"") - .J p .... ,. 

o1 X., ( .x. )- Q( ( r -1+H M ..2i.(;i L a~" 
-· -- + T /"''fl Q ar (1-x.'f 4-x. eJ.5!](1-a,.a .... 't) ,..,. It¥ 

,..f M . d:_ JJ [J( 1- a~~ a,.) ~:(1 a,. - f· ... a.-~ "" 
(2.28) 

Here CJ ::0 JJt., j(. 

+-
and (:; .z.s denotes the operator: 

fl1rf 

e ;5 = eap{~f, a: ara(.J. (2.29) 

We mention two significant facts: 

1) If one introduces the variable 

x .. 
J. = 1-~ .. (2.3()) 

then ,< (P~)- HH _ ot(P')-I+H 

J~. ·C~; .. )- = J;., J· (1-x.r (2.·31) 
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• 

..... 

J 

and 'Jo varies from 0 to CO • 

2) To the operator j) a term is added, that 

shifts a.t·1.,)'t 

shift (/1.1 / 

to the vector P./'1 • Instead of this we can 

by - ~ • Thus eq. (2.28) takes the form: 

J + /< 

-,./fpz.)-~+-H .... ~ M ;I.. a,..a; 
dJ•t" G:~ .n n ( 1- a:~a• ).)'-20 a:, ac.~ 

• "~ ~ .,.. ¥ 

- f,., 
. (2.32) 

The constants 0. are obtained as before, but one has :lo, 
to take into account, that now thef refer to the diagram of 

Fig. 2.2, where the neighbourhood df the external particles 

does not correspond to their numeration. E.j·J l~t.-t 

and 11<. are no longer neighbours and therefore f IH "= 
-= o :: f' := 0, Simultaneously f/ u 

1 
and fl "'H are sepa-J,._, ... H ji.-J. Jl- /' ,..- yro 

rated by one propagator only and hence 

~ Mti 11.-t = 1- .,l(o) 

f M ~<-1 = f MP =- .,( ( ~~tl) (2.33) 

All these equalities are automatically carried out in eq. (2.32h 

In order to get the final form of the above considered 
+ 

expression we move the operator e .t.S to the right. (The 

vacuum state is invariant with respect to (:; ~s ) • Thus we 

get 
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iZ~ -~ ..... e
+ ~-~ M J a+ 
..t!. n n (1- (). ~ a ) p•IJ a~ .. "' "•" ~~ ,. ...a,. ..1!/Yn[·t.!i:l_ P·"a +-_ JV<p(L 

-, ./'... ~ !/' it:t 
J + ,., J ,..., ~·~ 2.L a,...,a.-. f. ,.,.-1 .t;: Z n n( 4-o.~,a:~) ,..., a:.,a,y- l-n n (~+a:~r..z ·~ .... 

-c'= 4 "aJ. )»:~ 

[ 
f<•1 J } [ ,.., J ...ea.p L(if.iiLa; q:"'+-a; .P/'Ya .r..a.-aj1:"'..., lo> 
l=t _,.."() "/'1' ., "' ··1 r.· • 

Further by analogy with eq. (2.16) using the opera1 

!\ (P) = Lea.p[<;;;LP""a;.,+-LZ CJ(:"tt; +a+ L -1 
J ,..., .J ) 

" ,.,... :/ 1=1.~2(1 • ~ ·~ 

one can introduce the oscillator a: + , which pel 
~ 

unite all operational tem. Thus, the operator .I) 

its final form: 
J ~ 

11.-1 H•1 .zL a...,..a1 -"" 

.D= n n(1-a+ a.)./'"' a;, a .. ~ 
.{.::. 0 Jt:.l( ,~ ,.~ 

_o, 
J ·f, 

I 

Finally the action of the first exponential in the J 

side of eq. (2.34) can be replaced by the operator ( 

where 

1(-f 

e co J = n t~. r ", --1) o) . " . -t:f 

Thus the expression for 15M]) takes a symmetrical fc 
rl. 

]) < I).(D I .. + H,._ i -"'(J 
51-f+z. = 'f ~-K+.t /\~~. (P)e Co)(-.f) /tlf,l" 

1<-f tJ 
LH, 

.D-{--t) ... , efo)/\)P)I1f,..>_ 

2J 



J a+ a.-" 
~-1 11 ).:l.L '1 . . -S'..... ] ~-1 ~ t ~ ,.,...., a ... a,. .J t-,_ e n n (1- tt,~Q.'• urnLt.!i:,Lp.J<a*-_

1 
up({-Q;Q, ::-• lo)-.z.s"f "'... --,- t ./'~ ~ ~ f._, ,,. 

J a+ ,,./1 M>-1 .] ""a·~ 
J<-1 M•l 2.L ~- ft . )-..t.WlZ.. f·~ nn(4-a~,a,~) .... •tJa~.a,. '"n(~+a:~ ./"'"0 e~.:, 

,·:., ...... b=k 

l 1'·1 J 1 [ ""1 ] ..eap L(<.f.iiLa; q/''-ra?' .PLYa L O..·o.t1:"..-, lo) 
1=4 /'0() Y"f' • ., v-, .'•1 r.. . 

(2.,34) 

· Further by analogy with eq. (2.16) using the operator 

!\ (P) = Lea.pfa;;t_p~: .. -rf..'j_ O<-:"a: -+a+ l).. -1 
o t _.,.._ "' l=t.J<•O • ~ ·~J (2.~5) 

one can introduce the oscillator a.,. , which permits to 
~ 

unite all operational term&. Thus, the operator .I) takes 

its final :form: 

J f-
t-.-1 ...,~1 .zL. aV<a.;.-'1 

.D= n n( 1-a+ a. )./'"tJ a~, a .. , 
.{:q ll:.l( IIY -<y 

f,, . 
(2-36) 

-.. Finally the action of the first exponential in the right-hand 
l<•f t: Hside o:f eq. (2.,34) can be replaced by the operator (-1) ..• '(}(o) 

where 

Thus the 

1<-1 

eco) = n 9.J v,--t) 0)-
'£:.1 (2.~7) 

expression for 8!} takes a symmetrical :form! 51 : 
rr+-l. 

J) ('1.(D I + + HI<. i -"'(p')-1+-H BH+-, = 'r ~-I(+J. /\"' (P)e (o)f-t) /d.r/u _ 
1<-t (1 

.L.. HI 
J)·{--1) .-.. , efo)I\(P)I1f,._>_ 

(2.~8) 
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Ill 

....... 

....___. 

In order to find the region of convergence of the in-

tegral over )'o one has first to evaluate che mat~ix ele-

ment (2.38). Then this integral takes the form: 

00 

j >< (p._) -1 ~-.z M [ ,2o1' 
c~< }- .nn ~+~~(1-~:,)(1-~)]- ti'f .. 
'} t=o n•~< ..)1 • 

p 

(2.39) 

The domain in which the integral (2.39) converges is determi-

ned by two inequalities: 

o((P~) < 0 

cL (( Prrtff'- 'f .. -,t) < o, (2.40) 

Outside this domain the integral is obtained by means of 

analitycal continuation. 

The autors express their deep gratitude to ~N.Bogolubov, 

A.A.Logunov, V.A.Matveev, R.M.Muradyan, O.A.Khrustalev and 

D.V.Shirkov for many fruitful discussions. 

-, 
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APPENDIX 

VIe will note two significant properties of the ope 

L (1. 29). First of them is expressed in the following 

lity: 
~ 

E. a.,. a..., ( 1-"') 
"""" /" 

ta;.a""{-t-jJ) /.oa;a:"'(-t--';3) 
: e . ~ e ··=· e - • ~ (A 

Here .,(_ and ,./.3 commute with each other and also with 

and a; (/= 0" 1/ 2, 3). 
In order to prove (A1) we rewrite its left-hand side in 

following manner 

.l 3 at-a-"'(-1-..1) a.;.a...,(-t-;1) nL =.n:e;,o< ~~e : 
_/"=-0 /"' .)":0 

Next we can expand L /"' in power series of a); and a 
go back to the normal form of the operators; 

• ~ rd"'(1-.• d 11(1-,ll)m ~ _....)""·"-~-. a;.a: (hi; L =. L- '( _ )I( _ )I {a..l"a • -. e . /" ,,,,J<. 1'., 171 J<. , 1'1 1<. • 

Multiplying all four ~ we get the r.h.s. of the equa 

(A.1). 

The second property of the operator L is 
.~ f l. + L e -1 a~ a.~ L _ 1 = e. Ia. a a¥ (A 

( a+a- the five-dimensional scallar product). Using e 

(1.12) and (1.30) we get 

- a.; a~ ..cat -'-~a-t f
,. .1.. 

i e F' e 1 o > = e 't fJ, 1 o >. 
(J\ 
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APPENDIX 

\"le will note two significant properties of the operator 

L (1.29). First of them is expressed in the following equa
lity: 

t a.' a."' ( 1-"') .1:. a+ a"'( 1- .n.) t a; a."'(f--'!3) ...... /" _...., /" /- e· "" : e : : e : =: : (A.1) 

Here ~ and~ commute with each other and also with a./1 
and a_; (J't= 0/ f.l 2, .3). -

In order to prove (A1) we rewrite its left-hand side in the 

following manner 

.J 3 a,.a-"(-1-..t) a.;.a.,....(1-fl) n L =.. n: e :.-' ~: e : 
..1""-0 /' _)"~ 

Next we can expand L./1 in power series of tr); and a/' and 

go back to the normal form of the operators; 

- L -. L... t-d~(i-..t) "(1-,l.l),., {a~ a.-"f"''-~ =. e e:t;ct"' (1-.,tfiJ. 
. :;!'- • m,>t,l<. t.!(-m-tc.)!ht-Jt..)f /" " • ' 

Multiplying all four ~ we get the r.h.s. of the equality 
(A.1). 

The second property of the operator L is 
.v: f l. + 

L -1 a~ a~;_-1 -Ya a a~ e = e.' (A.2) 

( a+a- the five-dimensional scallar product). Using eq.(1.10),. 

(1.12) and (1.30) we get 

fifi_r .t 1 -,-...a~ .ta+ - .ea-+ 1 e )._- I e I D > = e , t-f"Jv J 0 >' 
(A.3) 
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.... 

t_. 

To find the action of the r.h.s. of eq. (A.2) on a coherent 

state we use the formula 

raraa~ -ra;aa~ a.-e a,e (A.4) 
1 - ra~ 1'=(1;1,.2;3,4 

Applying the same procedure as in the case of eq. (1.15) and 

(1.16) we get 

-ra.t"a.a~ ~a.. _!£:!_ 
e e I o>= C(;~f)e 1rr1v (A.5) 

The' value of the coefficient C (2~,(J 
of the equality 

is obtained by means 

+ + r().. a. a~ -ra a a.~ +- ( ) e a~ e := a II 1+fa~ (A.6) 

As before, we get 

G (&,,() :=. :L 
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