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MilKY M. E2 - 6180 

OrpaHil"ieHilH Ami napaMeTpOB pacnaAa K f3 

OnpeAeneH 3KCTpeMyM nnTerpana ['f(x}JNxJ:I
2
clx, ecnn aHa"ieHIHI l)lyHKU!!IlF(x) 

I 
1!3BeCTHbi B Tpex aaAaHHhiX TO"iKax. PeaynbTaT npi!MeHSieTCR K aHanl!ay K e3 
jpacnaAa, npll"ieM ljlyHKUilH F(x) BbipalKaeTCH qepea4(<fl)+IJq 2)q 2/(m2k-m;J,rJle 

I+ ( q 2 ) ecTb ljlopMljlaKTOpbi, oni!CbiBaiOIIllle MaTpll"iHhiil: aneMeHT oT Jli!BepreH

UilH HecoxpaHIIIOIIlero CTpaHHOCTb aeKTOpHOI'O TOKa, 

fipenpHHT 06beAHHelfflOro HHCTHTYTB S~,QepHhiX HCCJie,llOBBHMI.

,lJ.y&fa, 1971 

11icu M. E2-6180 

Bounds for Ke3 Decay Parameters 

The extremum of the integral r I( xJI F( X) '1
2
clx, is d~ter

mined for the case when the values taken by the function 
F(x) at three points are known. The result is applied 

to the Ke 3 problem, the function F(x) being replaced by th 
form factor l/q2)+1_(q2)qf(mt-m~) of the divergence of the 
strangeness changing vector current. 

Preprint. Joint Institute t'o1r Nuclear Reeearch. 
Dubna, 1971 
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I. Introduction . 
. The present experimental data concerning the parameters 

f JOJ, A+ and e I Plfrom, the . KeJ decay problem are sti II un
certain, large experimental errors being reported for the parame
ters A:+ and ~ ; For this reason, it would,be useful to restrict, 
in some way, through theoretical consideration, the possible valu-

es of these paramet~rs. . • 
Firstly, Li and Pagels '1 3 1 ·, using the facfthat the Fourier 

transform C.(q 2) of the vacuum expectation value <0\D+(x)D-(0)+\0> 

is known .'4/ atthe point' q
2 

"'() obtained that I J2.3.A+ + e I ':S.. 0.29. 

Later Okubo I 51 ~nd ti and Pagels 16 /, using the method of Mei

man /7 / , gavea bou~d for the parameter f + (0 J: The method was 
improved by 'okubo I 8 l who obtained a lower bound fo~ MO) in 

terms of the formfactor f+(q 2
) +f_(q 2

) q 2l(m~-m?rJ and of an ar
bitrary number of its derivatives all taken at zero momentum trans
fer. 

Rec~ntly Radescu /_9/ , by using a method based on a di

rect application of the principle of maximum for holomorphic func
tions, has obtained new bounds and rederived the results from pa-
pe~s /5,6 I ·· · 

The Gall an-: Treiman relation/ 10 I gives for zero mass me
sons the. form factor of divergence of strangeness changing vector 
current at' ~ 2 ~ m~, momentum tr~nsfer. For physical rr ~e
son this formula is 

2 2 f .. 
f+(mK) +f_(mKI -r.;K +On mass shell corrections, (I) 

TT 

where the unknown on s~ell corrections ar.e expectedto be of or-
der m; / ~ ~ . Since the experimental, errors assigned to A+ 

and e and the erro.rs involved in the evaluation of 6. (OJ 18 I 
are largerthan these Ur;Jknown on shell corrections,_itW()Uid be 
useful to take 'into 'account eq. (I) in a b()und fo~·mula. . . · ·· 

'· The. p~rpose of.ihis p.ap~~ is twofold, firstly, to rederive by 

· using th~ n1~thod of Meiman I 71 · , all known bounds I 5,6;9 / 

3 



secondly to improve these bounds by taking into account the Gal
lan-Treiman forll}ula in the form of eq. (I). Section 2 deals with 
the form factor for Kf 3 decay and With the vacuum expectation 
value' giving the' basic ·inequality from'which all the bounds a~~ ob- ' 
tained.i • In· section' 3 we ob.tain a formula to/the bound when the 1 

form factor is· known atthree points. ln'seetion 4 the comparison ' 
with: the experiinental data ·and with the result from papers I 5, 6, 9 l 
is made:: :, ·· i:' 

. ~. Form Factors and. Vacuum Expectation Value 
" ; ' i " ' ' ' ~ - ~ ' -, • ' ' ~· • 

The Cabibbothe6ryde~cr'ibes1 le'ptollic'dec1ays of' i K .·me'sons i 

i~:t~r~s ·of the 'tohri -f~c.toi-s'; f+( q 2J · definecLby the rilatrix 
elem~nts of .strangeness changing \J.~ctor 'curre~ts . . . ·.: . 

> . . - • ,,., ' '1 ' . ;· ·, i . '· ' ; .· 2' ' . 

<~+(p,J).v:(oJ:\Koc~J> =- v~ [£+fq2HfJL+,JLJ;;SCqH·".JL-.pJLJ1~ (~~ 

where k . and: p represenfthe momentum of. .K 0
. , respectively, 

+ 2 2· . -
.11 . meson. andq .=dk":"'PJ. IS the square of momentum transfer:;· 

The form factor ( m ~- m;) f ( '' 2 ) · of the divergence of vector ... 
currents o\xJ =all vt"(x), used in tl1is.paper;is expressed in 

~ . 2 
terms of.the form factors : f ± ( q J as ~ 

f ( ,fl) ' ~ < ( q 2j '~- (3) 
' 2 

f ( q ) . ' ··.-

The experimental data concernirig these :form ·faCtors are pre
sen.ted as•' the; firs( two·t~rms in 'their series 'expansion ·aroi1nd 

q 2=0 . vaiue' . f (q 2) = f (0') [ 1 +·~·A .] (4) 
;t +. 2 .+ 

m -
TT 

2 

·f(q 2J ;,>voJ [7 + · q n2.n++.f J 1·,· 
' . m 2._ m2 

. K TT 

(5) 

where .; = f (0)'/ f (OJ·. ··. · · · ··. ·• • · · · '· ' 
.... '. - .. . + .. :; .. :.. . ... '. : . ,:.• .· : . . 

lri order to obtaiQ boimdsfor otheseparamete~sit is'necessa.:.· 
ry to introduce the' J~cu~n/expedation ~alue oYtt1e' time ordered' 
product(_o,+r~r o..:(oJ)+~hose'f:·b~-der t'ran'sforrr-. is':~!(q 2) ; 

' .·,,~ ... <-t.::\· .. ~~··;.!·t"<!4/ -.. ' ... ;_.,;·~~:;' ;2 <; -' 
M q 2 ~ = -i I e I q ~0:1 (D+( x) v-(o))+l 0 ·> d 4 x = J p( q ) clq -2 

q'2_ q 2 (6) 

:4 

with the spectral function 

p ( q 2) = (2 TT) 3 I, < 
n 

If we retainin'eq.' 
state I n ·> the spectra I f 

rrK- 2 3 1 -2 p (q)=-- -[q-
64rr2 q2 · ' 

The contribution of 
positive, it results 

f 

Combining this res 
equality 

~ (0) 

( m~- m2J2 
K TT 

3 "" 
·> 

64112 J 
. (mK+m11 )2 

It is convenient to rewri1 

~ (0) 
----·>-
(m2-m2)2 
: K . . TT 

where 

(I) 

F( x) 

Mathur and Okubo I 
mi ltonian, introduced by 1 

tained a value for ~ ( q2) 

L 
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with the spectral function p ( q 2 ) ·· given by 

p ( q 2) = (2 1T) 3 ~ < 0 I n+ ( 0 ) I n ·> < n I D ""(0) I 0 ·> 0 ( q- p J . 
n 

If we r~tain in eq. (6) only ~', K system as intermediate 
state I n > the spectral function / K (q 2) _ is given by 

(7) 

;K{ q2) = _3 __ l_ [~_-(mK+mj 2] ~~ [ q2-( m l\mrr)2] !?[( m~-m;)l( q2)] 2; (8) : 
64rr2 q 2 · : . · . · . ·' -

The contribution of each intermediate state in eq. (7) being 
positive, it results 

~ ( q2) •> p" K ( q 2) • 

Combining thi~ resuit with eqs (6) and (8) w~ find the ,in
equality 

~ (0) 

(;,;~- m;P 
2 2 ll 2 ( ) 2] lll f( 2)'!2 [q -(m..Lm·).] [q- mK-mTT .. q . • . K TT 

K 

It is convenient to rewrite it, by a change of variable, in the form 

j __:!_::_ (x-l}ll (x-c}) lll F(x)! 2 

I .x 2 · · · 

where 

w 
_!!!_;s_- mrr 

= 0.57, 

F ( x) = f ( ( m K+ m 
17 

) 
2 x ) • 

Mathur and Okubo 14 1 , usin~J the symmetry breakin!J 
· · · . - ' M ·o k . d. R . I H I mlltoman, mtroduced by Gell- ann, a es an enner 

tained a value for ~ ( q2) at q2 =: 0 momentum transfer-

5 
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but other evaluations 18 I give larger values. For this reason it 
is convenient to write 

!)'. ' ' . . . 
!J. (0) = 1.01m 1/~M, 

where M shows the departure frorri the ,value (14). All evalua-. 
tions from paper 18 l, give .. M sm~ller than 2.3., · 

The present exp~riment~l data concerning the decay parame-
ters are: . . .. . « • . • • . ., 

Chounetand Gaillard/ 1/ report 

A+= 0.045 '!:: 0,015 

~· = -0.85 + 0.20 • 

Collaboration 12 /·, with fixed 'A+ · finds .th~ value'for 

X2 Collaboration 121 

I :',c ••• 

A+= 0.029 as world average value, 

~ = -0.65 t. 0.13: 
·.J 

with A+· free parameter, gives 

A = 0.060 + 0.019 , + -

~ = -1.0 + 0.5 . 

At zero momentum transfer f/OJ has a value between 0.85 and 
0.95. From experimental data 11 lwe have 

~..,. = U8 
f17 f /OJ 

in the approximation of a single Cabibbo angle. 

3. Derivation of Bound Formula 
'.{ • ' 1• e ' I 1 t :: ' ! . 

The integral (II) forwhich it;is recessary to find a lower 
bound has the forJ:n . 

=.!._ j(X+ a 1 Ja 1 •• , (x +;cr Jan! F,(x) !2 dx , 
17 I .. n . 

6 

.· 

(15) 

~1 
(16) 

(17) 

(18) . 

,.. 

~ 
(19) 

(20) 
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or this reason it. 
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(15) 

(1~). All evalua-
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~ 
(16) 

~.value for 

rage value, 
(17) 

-
ter, gives 

(18) 

(19) 

y.,to.find a lower 
:, ,~, ', 

(20) 

. where it is supposed that the integral exists and the. integrand 
is positive. In addition. F (X) .. is a function satisfying the following 

conditions: 

analytic in all x plane except for a cut from 1 to oo 

bounded at infinity by some power of x ~ , 

nonzero on the cuh~xd:~pting a finite' number of points, 
its value is known at some points x, 

The conform a 1 .. transformation 

with 

z = -
t - i 

t + i 

t =(x-7}~ 

tg _fL~ = t 
2 

brings the cut plane into the interior of the unit cirCle I z:\ < 
the integral (20) bei::~mes . 

where 

I =•-1-· f.'p(O)\ 'G (e 10 } \
2 clO ,''. 

7T -7T .•• :.. ~ 

. -· ,o .G(e)=F(x} 

and 

According to ref. I 12 l the .function 'G( z} can be developed 

in a series of orthogonal polynomials p" ( z J 

"" G(z} = l 'G p (z} , 
_.- ·'n=O n n 

where the coefficients 'G" ·.'are given by 

'G" ~-1- fp(O} p;;·(~ 1 0) 'G (e 10) dO 
2TT -7T · ·• . 

7 

(21) 

(22) 

(23) 

(24) . 

(25) 

(26) 

(27) 
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. . 
because the polynomials p ( z) are, .chosen to.sati.sfy · .. 

. ., n ., . , . """ , 

f p(O) p* (e 10) p (e1e) c/0 =2rromn· 
·· m n 

-TT 

In terms of the coeffiCients 'G n , the integral (24) tak«:s the 

form of a series 
00 

I = 2 !. 'G* G 
n=O n n 

·.When we look for the extremal value. ofthe right-hand side of 

eq. (30) we must take into account thatthe function is 
not arbitrar:-y but it takes some value g;. at the points z; i.e. 

i 'G P ( z 1) = g 1 ·, 
0 

n n 
n= 

where the index ; takes the values 0, 1, and2; We restricted our

selves to three points because the exp~rimental data for the form 

factor f ( q 2 ) are not more than three. 
The values 'G" fo·~ 'which the e~tremu~ of the ri.ght-:han~ side 

of eq. (30) holds are obtained by using the ~agra~ge method, rrmlti

plying by A
1 

the relations (31), adding them andtheircomplex con

jugate relations to eq. (30), and equating to zero the derivative with 

respect to 'G and 'G * of the result. Thus one obtains 
n n 

'G = !. A I p ( z I ) • 
n 1 n 

The Lagrange multipliers A 1 can be found by introducing the 

values (32) into eqs (31) and finally a linear system of equations 
for unknown 'il. 1 is obtained. The coefficients appearing in these 

equations are of the form "~ p: ( z 1 ) p" ( l~ k) and it can be expressed 

in terms of the weight function p ( e ) from. eq. {26) 
1 12 1 

accord

ing to 
!. p*(a) p (z) =[(1-a*z)D*(a) D(z) r' 
n=O n n 

where 1 17· . 10 
D ( z) = exp [ - f log p (e) e e + z cl 0 ] . 

4rr -rr el -z 

8 

'(29) 

,.. 
' (30) 

1· 
~. 

I 
(31) 

.I 
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'' 
' - !j 
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where 
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For the particular form (26) of weight '·f~ncti-oris p( e) we have 

lfwe tak~ :Z
0 

= 0, z 
1 
~ . a and %;2 ~, b , where· a · and b · are ' · 

on the real axis inside the unit circle, the extremal value I ( g0 , g1 , g 2 ) 

is 

where 
y

1
=D(z 1 )g 1 • 

In the limit b = 0 theextrem~l (36)transforms into the extre
mal I ( g0 , g 0 , g1 ) that refers: to the case :when we know the fun-:; ·. · 

(36) 

(37) 

ction g (z) atdhe points. ·, ,, z0 = 0 ; 1 .: z 1 = a: and its deriva- · • 

tive g; at the point z
0 

= o. ··: .. 

1 1· ' .. 1 2 2 1 2 ' .. 
~I ( g g' g ) = y 2 + -~ [')t' -i-;~(y -y )] + ~(y ..:y J2, (38) 
2 . 0 ' 0 ' I 0 a2 0 . a 0 I · 02 0 I 

where 

If 'in the extremum (38) the derivative 
its. minimum value with :resp~ct: to g'~ 
I ( g

0 
, g 

1 
) when .we know the function G( z) 

i 
'- , .. 

g ' is not known 
0 .. 

gives the extre.mum 

at two points · 

1 ( ·) . 2 1- a
2 

( ) 2 2 I go ,gl =Yo + -2- Yo -yl 
a 

In the limit a= 0 the,extremum (38) becomes 
•;'' 1' -·. . .., .; ·2;;,-., ,2·'.."'1··'··;,2. 

' 2 I (go 'g; 'g ~,) =yo+ yo + 4 Yo 

which gives 

9 

';;, ; 

(39) 

.(40) 

,(41) 



1 1 ( , ) 2 ,2 7*2 go:•go =Yo/Yo 

when the seco,nd derivative g~' is riofknown. Taking the minimum 

· of eq. (42) ·for a g 
0 

.+ f3 g ~ fixed, one ·. obtains· the extremum· 

I (ag 0 +f3g
0
') =;2lci g ·+f3g' :1 (l)(0))2[(a +f3 D'(O) J2+{32]-' 

· o · o · · · · · · D(O) . · · 

which gives for a = 1 , . f3 = 0 

'and 
. l(gf=2g 2 (iJ(0))2· 

0 ., 0 

I( g ' ) = 2 g '2 ( D (0)) 2[·1 + ( D '(0) ) 2] -I 

for 
o . o D (0) . 

a=O, f3=1. 

4. Application to K e3 Decay ~arameters 
·Bounds on. the Kc 3 decay parameters are obtained .from 

ineq. (1J) when its right-hand side is replaced through one expres

sion from (38), (40)-(45). The formofthefunctionD(z)correspond

ing to the integral (1!] is obtained from eq. (35). 

D(z) =-· 1 __ 7-z [7.~z +(1+Zh/1-w2]l.J 
2..j2 ylu 

In the bound formulae D ( z) appears in the following combinations 

where 

eq. (21) 

D(O) = -
1
-(1 + ..jl.;_ w2) l.J = 0.477/, 

· 2{T 

D '(0) 

D(O) 

D(a) 

D(O) 

[ 
2 _, 

- . 1 + ( 1 + ..; 1- w ) l = -1.55. 

0.61 , 

a is the point corresponding to q 2 = m~ according to 

10 

(42) 

. (43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

i 
I 
I 

t 
I. ,, 
I ;;.;. 

l 
I 
I 
l 

I 
I 

I 
I 

I 

I 
... 

I ,. 
I 

I 

l .. , 

The quantities go·, g 0': 

··,;· I (0 
g 0 + 

, 4. 
g 0 ·= -;;;-

g I = 1.2 

, The extremum (44) give~ 

later by Li and Pagels I 

~~.J(O) 
•> -

m2-m2 
K rr 

According to e-qs (15) a~c 

The extremum (45 
in paper 13 I and now i: 

M •> _i_ 
·w 

The extremum (38) give~ 

~[___!!. 
4 f. 

" t ·~ 

~ 1.12.3.\ + +· 

where the left-hand si 

M /8/ . The right-he 

the on mass. shell corro 

the term - 0.09 must: b 

0.04 to - 0.16. Finally WE 



rameters 

re ·obtained from 

rough one expres
·D(z)correspond-

-v, 
• w 2] ·' . 

Ning combinations 

m~ according to 

··,;:. 

(46) 

(47). 

. (48) 

(49) 

a·= 0.235 • (50) 

The quantities g 0 , g 0'' and g 1 are:· 

go=f+(O) ·(51) 

g 0 = ·~ f+(O) (12.3 A++~ ) (52) 

g
1 

= 7.28 f+(O) + on mass shell corrections. (53) 

The extremum (44) gives the boulld first obtained by Okubo I 5 I and 
later by Li and Pagels 16 I and Hadescu 191 

~'lz(O) 
m2-m2 

K TT 

(54) 

According to e-qs (15) and (47), relation (54) becomes 

M ':: I f+(O) I . (55) 

The extremum (45)gives an improvement of the boundfound · · 

in paper13 1 and now it is 

The extremum (3~) gives the new bound 

~ [ ~ - 7 ..:. 7 -a 2 (7 - 7.28 D( a) ) 2 ] 'lz '> 
4 f2(0) · a2 D(O) -

+ 

~1_12.3>..++~ + w [_D'(Ot 1-a2(1-1.28D(a) )] I 
4 D(i'1) a D(O) 

where the left-hand side is smaller than 0.1 ·for all values.of 
M/8/ The right-hand side is 12.3 A +~ -0.09 butwhen + ' 

· the on mass shell corrections of order 10% are added to eq. (53) 

the term - 0.09 must be. replaced by some value in the interval -
0.04 to - 0.16. Finally we have 

-0.06 < 12.3 A + ~ < 0.26 . 
- + 

11 

(56) 

•. (57) 

(58) 



This bound can be improved firstly, giving for M a rea-
listic value, not the largest one as we did in the expression (58), 
and secondly, by evaluating the on shell'corrections to the Gallan
Treiman relation (1). 

The bound corresponding to the 
tained from the bound (57) in the limit 
discovered first by Okubo I 8 I . 

extremum (42) •can be ob-
a = l . This bound was 
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