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Under certain kinematic conditions in inelastic scatter

ing ~f. ~·lectrozis ~and p;sit~6n.·s in 'colliding beam.S the virtual 

photon iliteraction i~ vecy esse~t.ial/1 :...71. The ·kn'~;m ~onnec
tion betwe'en eros~ sec'ti~ns' of the r~~~tio~~ e+Q ·~ e+e + . 
badrons and ~+'(~hadrons makes it possible, in principle, to. 

derive an information' concerning the .,light-light interaction 

process/3~ 4,71. Probably, because of this physicists are de

eply 'iilteres,ted in ~h~ processes ~+y~ .. hadrons and,partidu- •· 

larly, r+r-7i+7\·. ' . '' ,''< 

In the present. paper the process, ·y+ '( 4 iT+7\ ' for· 

virtual space-like photons with. given four-momentum squared 

("massive"photons). is. ~escribed by• dispersion relation . me':" 
' 

thod.; Th.e .. description is correct in low-enertiY ·,region. ·. 

: . In .the dispersion' equations for the reac.tion.· amplitudes 

the two-particle unitarity condition is used, and the crossing-• 

channel contribution is approximately ,given:. by that. of Born 

terms and the nea_rest W and J' resonances• 

In this case .the partial .· 5 waves .ai·e analytically ex-:' 
'-·' 

pressed by' the.low-:'energy ph~ses of i'fif · scattering. D~ffe-

rential cros~;·~ectioh~' 'of'th~ reac~.ion~' cr+ ('-" n;7i '! and 

e+ e ~ 'e+e+ rr +7\ are obtained by·.using ·the analytic 

formulae for :the 7r IE •phases of scattering agreeing well with 

experimental points. ; • · 

r. Kin~~fics ~f the Re~~tion · .· 
;:.··.: 

Let 4-momenta of the initial pho~ons be 1<..-= (Ko ~)and 
I ( 1 -tj t. 12. 2.,; t , ; ~~ '' J' . 

K"' 1{
0 

> \< ; \\ '= K "' - 1:\'\d' ; ~ : ··and c.'/ tl:ie' ;polariza-

tion vectors and \< (\) ==(W,J 1<. 1 ( i)) ~d, K~(j) = ("-'J.)~·2.QJJ are 4-momen 

ta 

J 



of _the final :pions ( i J j -:projections of _the isotopic spin). 

Let us introduce in the . . 

the relativistic amplitudes 

c. m. r· . of the :process d't K'-" !' t-7i 

T r v l t 
1 
~lPr) in the following 

manner: 
" ' . . . . . "- . . I 

<1\S\i) =(K,ti); K:z.tj)\ S \ K.)t.J \\'
1
£.) = 

= ;,_\_. . I N.lf) . i 
. (27i)2.l,i 't; (K+K'-K,;..Kz.)'T. (fCJi•o)ct' "J (1) 

'1 W;Wz.k I<' KV 1 ...,.t v E c o I • 
.. . 2. I. Z. 

Here : ' t :::. 4 K;, ::. 1-i w_ • j w I ~ ~z. c 

lft is the scattering angle; · 

W· 
) 

I 
Ko = ko j 

i-= .;..j ··follows .from the charge conservation. 

The amplitudes 'rl)·(t, ~tft)' describe the 'interaction;of . ' 

two virtual :photons withdefinite :polarizations (l.ongitudinal, 

transverse,-·time). j; 

Mandelstam'variables have the form: 

( 2. j. 2. '/, 2. f:: K+ k 1
) = "-1 Kc, = 'i W 

s ~ (K~ ~~)' = - ~{~}'-l ~ ~ CDb_lPt ~lf+:~lA-=f). 
'U ~ (K·~·K,\z.:- m:-+. u~~ t+ 2 Ca&.\P.t.i (±.-+WI 2-)(:f.- ('{t)' ·. 

...• . J . , . Q I t;. . . .· lt' d" Jf I .J 

r·' :is the :pion ·mass~· .··. . . ... . 

The · cut in the complex t :plane of direct clicinnel is 

related to the t\vo-meson intermediate state: 

t) l.tp~ 
The time components of the :polarization.yectors may be 

: - 4 ~ ,.- • ·~. 

omitted by means of gauge invariance condition 

Tr~Kr~ ,o,, Tr~,K:\o 
' ~ : ~ .. ; -:~· .. : ~ 

4 

i .. 
and the relations (E K)·=(E/ K;) =·0 ) . . J ~ .· . .. (for .elEJ.ctr< 

:positron colliding beams: 

(E)K) =, 'Ur ~( p:)Cp-- p~)if(P.~):;CE~ K1=~:i ~e~~(p~·- p~ )'U rl 

here: ··;.p;)p:Jp)p! 'are mom~nta.:,of::p~sitrons and 

'Ur(pJ)J 'tts(p.~} are;the. corres:pond;i~~:s:pinors~. Le 

1: - axis of coordinate frame;B.l.ong_:the vector;' K 

the :procedure of excluding those components will. be 

that the l.ongi~din~l. c·o~:pon~t~,.;~-'-~h:~.~oli;i·~~tiori . z. . .. . 
must be, mul.tiplied by. KK 2. • In .what follows we, wil 

0 . 
that the. :polarization vectors as wel.l as the :polariz 

' ' ~ . . . ' '.: ! '., 
;; 

density matrices of virtual photons contain~only the 
l: '.· ' ..-

components. .. . . . . 
. ' ·. t. 

_The am:p_litudes 1J (f, e.c&lft)are ~uperpositions ,c 
. . ·. ··: ' n{T~) , (1=2) 

~s~t~~~-? -~!>~~tudes,_·,~~~~~J~:t~~:~-~) ~r :: .. (f;~'Vt )~"; 
1:~<t,~'Pt)~<t:i~,;~u ~o?1~ (f1CDI4\)t~t;l;t1-il2;o> \+ 

.. ~ £ ;·.,_,·:· _'•! t,..j'" ~'·j ,.'··_:· '../ -: ' " .,.. 

here indices <:( and ~;~ take :.::.three.,.:v:a:L~?-8. '·X J 1F" 
. (\Ji.j 1)-i ICV, 0). ar~ Klebsch-Gorden coefficient! 

The ampli~de, with.the;.lsos:pl.iJ. ~:::!._ is absen1 

expansion becaus·e C-:parity of the initial_ state is J 

and . this :state has . even; values :of e . ' but the . amp: 

with 1'= ~ contains odd degrees· of· cos 'P-t, • :. 

2. Dispersiori·Eguations 
' ' 

Diagrams presented in Fig. 1 a) and b) corres: 

the 'contribution' of cross:iri.g 'channels . t,O the reactil 

l.itude. The W -meson contributes only to the proc 

5 



;he isotopic spin). 

pr~c~ss (ty~_iit-iT. 
) in the following 

~--· ... t' IV (1 ) 
'100\lft) e t. • 

I 
(o ~ ko j 

... · 

tion. · 

e'interaction of 

ions (longitudi:D.al, 

~ect channel is ' ; 

1 v~ctors _may be 

Lon 

''···· 
; ·.; 

/ .·" ~ . < .. ' 

I 
I 
! 

I· 

I ' 

.. 
and. the relations (E) K )-=. (E/j K!) ::.0 , . (for electron and,, , 

positron colliding beams: 

(EJK) :.'Ur~cp:)Cp-;p~)~Cp~y..;'(t~ 1<~)~:11 ~p;)Cp+- R~)~,~cp~) ~,~:: 
· · I . · I . . . .· • ' · . 

here: .. ,·•-'-P+ P+'P.;; JD- '_are momenta,of:positrons and .. electrons, . ) ) ) ,.. -

1-{ r(· p~ )J tt"'( p .... ~' are: the corresp~nd;i~t s~inors~. Let. us dir.ect 

~ -axis of toordinate.frame along-~he vec,tor:' K i then 

the procedure of excluding.those components will be such 
' . ~ . ' ' '' . ' ' \ . :· : ' 

that the longitUdinal components of_ the polarization vectors 

must be. multiplied by Kz. • In .what _follows we_ will suppose 
- . - . K: 

that the, polarization. vectors as -well as the polarization · : ·. .... . •__;'· ': / 
' •' ~ 

density matrices_ of virtual photons.contain only the space:: 

components. · .. -.• ·. ·-. -- i. . . . . ; ' .. 
_The amplitudes 1J (f/c&lflt) are ~uperpositions _of the 

. . ··: . n\T~) ) ,q">(l::Z)(t ) 
~sot~P~9 8:111Pll: tudes:·~~~·lt1~~Vt ~'~. ·~r 1 ~ ~t; _ .. . 
i.t~ (t) ~'Pt)-:;.< IJijlti I q o> 1~'"(~1CDI4\)+<t;i j 11-\ l2;0). 1~=2~t)tt»4't)) 
here indices <X and P. .• • . take ;threci yal~es X 'U ':l • r J<JJ.J 

<l,ij 1/t \"P,O) are Klebsch-Gorden coefficients. 

The ampli"tu:de with the isospin -~~ J. is absent in the 

expansion because C-parity of .the initial state is posit~ve;. 

and this state has even-values-of e t but the-amplitude 

with 1'= ~ contains odd degrees of cos 'Pt- • 

2. Dispersion Equations • .· 

Diagrams presented in Fig. 1 a) and b) 'correspond to 

the contribution. of crossirig .. chrumels to the reaction_. am~ .. 

litude. The W -meson contributes only to the process'ot~-r7\~il~ 

5 



• 
Born term~ or the amplitude of diagr8.ms given ·in Fig. 1a), is 

as fol.l.ows: . ' . .. · · · · · · 

B;, (t .. )_;_;_ ~r K,i~H<Lf?(-i} + l<,~(i}Kz.oe(-i) _ .1.. S 1-.. 
. «p ,e.m~Vt- l{e l 'U- z.-+ it. . 5,;.~ 1+ a.--.-~ oe..p-J 
· · To cal.cul.ate:the .'(V and f resonance: contr~but~ons we· 

empl.oy. the effective interaction HamiltonianS:: H .: ___ co wotcx) ¥8~ · · _ · 
w ~"'"~ ~ . ."£ ~ F. <.x) Ectf>6'~ ~~(X)) 

· \-\ p = ~?ltt (")~:; F0~(x) ~j<X) E~r-ro~ c«pr~ is compl.etel.y antisymmetric tensor, · 

F~·b()l) .is the electromagnetic fiel.d tensor operator, 

Wot(X)JJ~ (Jc)J l/)J (x) ··.are the .neid operators of W ; f 
and· 7\ -mesons, 'respectively; J is the isotopic iildex. 

Taking into account the rel.ation 9j>l\~=! gwi\~ · the 

contribution::of resonance terms. is written ·in' the form: 

ni. ~t eaw )=-4 a 2.' .( S. !+ l)·•.{·EcitX~>. tid'tlx·I<~K'~'~:C-i)~f(-i} . 
t' dA \ I 'ft . .. (j "'ii~ tO 9 ·. . · 'l. , + 
-T..... . . , ( .. 1,f-~ +'Lt.-. 
' . . , ,, ... i . W: . • , 

. . ' ~ IC( ~' . ~ ' . 

+ ~¥~A Ep6
1S'>..; ~ \<, l-\) \<:t(-:-i) J; 

. .S -:-. Mw+ tE. _ .... • · 

( · t '· 0 • , ).. are four-dimensional.· indices; o(J J3 . are three

dimensional. indices).·· 

, Now we write the dispersion equation for •the ampl.itude 

i 4 (t) em~t) for cos 47 t -fixed : 

· ::;;a m i l·l 
orrr" _.J.. ( 'Jrn ·'cCf?'t,~~) ., "'\ , "'~ 
'ctr(-t,c.oNt)..,. 7\ J ~· t'-t -it. Jt+ B«rH,~\P~)+Poif'<t,~trt) . .. ~tr ... ._., .. ; ·:: .: .. _ .. · ... -· . . . 

• 

Tliis equation can be re-written for•the-ampl.itudes with given 
' • • -- ' >, • •"z ' < ' :; ·• <- ·' "'. '•,•, 

,isotopic spin: ·. ,; 

6 

I 

I 

I 
,I 

''!$ 

I 

JTl oo -t) '11 ~t. W\Pt) = ~) ~"' . ~ H\ ~\Pt) L"~t' + 

_I , 
S.e2 . ) c;, ...... 

~ l~ __ B~p(t~ 
4"t t'-t-l L 

2 I -

+ "32 ~wi\~ G ~ )~ P~(t,~lfr) ~ 
here: \: O 2. . 

J ) 

~ .(t ~<q ) : (1<,. 1<,~)"~ r• + ( 1(,~ K._ r f'. 
,.., i' __ ,- t. . ~~t~·. . . ··s-~:z.·._ .. J 

. Q & cm~t) J (l{ K') K~K;~+ ( l<,l<z) ~\(f> -t((~~<')( \<\~H 1\ \\)(ki<J)~~ -k·e~t 
~ , . . .. . - . . . 'U-:- HJ .· .... ·. 

+ 
f k, +-:". \(2 l. 
l- 'U~5 5 

. 'J'P(T) .. 
Next, we expand the isotopic ampl.i tud~s. '.<f> (t 

in the partial. waves. From cruirge' ~vS:r.iance it 'foll. 

the relative orbital. mo~ent of pio~s:isievez1,.i.e. 

T~'(t, e..iAtf t) =- T~>(t~+'i ~(t)d P ,( W!lftl+9 '#(I\ P,lc 

Two-particl.e UI1itari~y.cond~tion for partial._amplitu 

written _fu the -form: . ~ . (T) . , . . 
(T) -i COeCt) .. · tr) (TJ · " 

~~ L (t)e = e ··~·-~·be. (t) T~_.(t)e. 
~ r , J 

...lT) .· . . 
where ~e HJ are phases of the :partial._ wa~e~ of the 

scf!ttering amplitude with isospin 'P • Our conside. 

restricted to the case of l.ow energies when the loYief 

5 - wave mainly contributes to the amplitude. To p 

the s -wave in the dispersio~ relation (2) we put c 

·.In this case P~{~~"'tb) ._ 0 and ~f,~lpt=~) ~ 

.7 



• 
·'" < 

given in Fig, 1a), is 

; ~ ' 

toeC~i.) _ .1. S ·1 .. 
+it. 2. "'F'J 
::e', contributions· we 

:mianS: 

~'3 (x)) 

~~.p-(c;· 
. J 

3or, · 

isor operator, 

3r~~ors : of W · t f 
~ isotopic·iildex• 

~f,.'{ i gwii~ the 
tn::in the.form: 

K~K''O\~¥{'i)\(t(-i) . 
I Z + 

~ +, i E. 
~' ' 

are three-

for the amplitude. 

,;·, h' 

,.-;---: 

• 

mplitudes with given 
·-! ' • . :· • ·,·. 

l 
f, 

I 

J 

+ .•. { 

Next, we expand the isotopic amplitudes, 

in the partial waves, From charge iD.variance' it follo~s that' ·· 

the relative orbital moment of pions is even,. i, e.· 

(T) . (i) . . . (I) . . _(t) . . 
T~ (t,~~t) ~ T~ (t~+ 5"-~~(t)~ Pz {~tft}+9 1~(t)~ P'~ (~((It)+· .. 

Two-particle.unitarity condition for partial. amplitudes .is 
'• '> '· • '·, • : t • • ... 

written in .the ·form: . (T) . 
(T) ~1 CO e Ct} .• · trJ (~J · 

~W\ T~ Ct)e = e ~~ e (t) T~.HJe, 
1 

..J:TJI. J , Oe \'f are phasesof,thefpartialwa~e;'l of the· Jf7L. 

(3) '_ 

where 

sc~ttering amplitude \vith isospin ~ • Our co~sideratio~ is 

restricted to the case of low energies when the .~owest partial 

.S - wave mainly contributes to the amplitude. To pick out 

the S -wave in the dispersion relatio'n (2) we put cos~=~ • 

. In this case P2. (~~~~) ... 0 and ~(+ tmlfl =I ) ~ 1 tO(i} 
o I 1 f'~ " S. 

7 



The final equation is: 
I-) :>d) -l. ~){t') -~tn I :T(T) · I 

T.\1 h) ::: J. (2 ~ Os (i' hoLpJt }S: I N . . "" 

d.~ s 7\;, z. - -t'-t- it . dt ~ Bo~r~1)5-+ Pg(~t+ls) 
r I t'" 1. tc; -

e,x~(t)5 '= s;; l-fz) 2 s ifi_,-r + f-: ~z 1. g_. ~ (t) = o. 
,3 l 'U-:--r '0-~-z.J .3) Y'l , ) 

tU(i~)== Ml. · stf•_):: t-tl.· · - \-~. -~--- · 
7\ . I l '- '' \ , ,---.,.:-----:~ ...... 

Px:x (1)~ = · 16 g::,;rrt __ .. ·.-- 22 -)I_J 3 (~*~J){t~-f)-l ~~Q\{~~~~)(~~~~ 
. '3~ \ 2-{i l '·_ 'U-~U)~ (4) + 

+ ( s ~ -u) -+: ~ t~) Q ~-Q)) . ' - ' 

P. H' '= \6s~ii'(- 22 )l_ l (~H"·at)( t~-i)- ( 1t+ Qi(t~+w!X~~-u~)·J . 
w ~ 9~ ~{i. I . · Jf <\ .q L t 

. ~ 'U;.. M~.e 
' . ' ' 

+ ( <:,~uJ+IN~4<-)+~, a~-(Q)\:. 

~(-t~)~Hw2.i s(t~)-=H~; QaA 
Here the contributions of transverse photons to _the 

, v L < •• '. } ' • ~ 

process _ ~ + ( ___,. ii. + if are written. 

: If one or both · ~ ·.-quanta' possess the longitudinal po

larization, then Eq. ( ( 4) includes :X: ';l; and l ~- . components "' .··· . . '"' 
of matrices B1 (tt and P «t(t)5 i . 

"' (V "' 

Bi!~'(1\ = .~ Bxi(t)s = ~ j)~x(t) 5 ~ · 

;, : •" 

' • • ~ • '-# ~ ~·: I • • ' ' .-.. ,_ .. 

.• 

~-·- -:-. '·/ ·- . 

8 

I 
,. I'' 

I 
j 

·\ . 
r 
f 
I 
I 

P. (*),. 16g;:\rr_ 2_z )
1

j ~t~-tY"- t;\r;-~t) 
~~ s 9~ \ g..rz: l '«:- H .. 2 + S.- H~• 

N ' ' ~--·'· . I.· .• .,i.'-'·-· It' . --~ 
Pxi!(t\ = \6gw;;-sr/ _ g_)z.{L ~tt2..,"'~~l.)(t:::-wt)+a~t..,~" .. 

s _ _ g-{3 \ '2-.Ji [ • ., r . lf 

l(o) .. 'I . ' ·. ,'. ~'U· 
. ~ .i ~- ·. . ' ··-· -.- :· s.-- ::. . -

• ~ h;·+ Q -(t~ +"'<')(~·f))1A'li-U~)-!;{, · Q', 

Eq. (4) is singlilaZ: integral equation~ 'It ia' ~ 
. . . • ·- -· - .. - -. ·/sF 
transforming to the Riemann boundary problem • 

-If .the_ phas~S ~~-.ott) : ~d O~=Z)(f) _ asy~pt~tica: 
zero, then the integral ~qu~tion-(4) has the unique 

- tn - + 1-· 

T"t (tl, = l((t) A'tlt) + 
._l'o . - . "' 

_, B~(~t,,_+ :P~ lt\, 

' . (i) . . -~ . : . . 

~ . \ 0::,' (t) . . .~ ~tT)(· ·)··· '; 

X (!) . · · ·· t ) os . )C. • ~-
.I '=e ·· -P cl.ll .. . ' ·-~ \7\ k /•.llC-t) ...•. 

·...J-r) . r . .· 
oc i(f~U) .. {r)~.· ~- . <v 

A • (t) = *I'~ e ···• ~ 'b ,0<)( ~~Ct\+ P, 

~ .· ~( (x-·\-) 'f '\l) , 

.-' ~ 

The region of applicability 'of-'tbis-sol~tion i 

ned by that· of' the urti tarity_ condition • (3) iii v1hicl: 

intermediate state 'is two;;.pion state ( zl :•' ~ 
te states-must give·small contribution); 

9 



, photons to the · 
,, i • . 

;he· longitudinal po

td l ~· ·components 

~· •' . 

l 
1 . 

,, . 
r 

l 
I 

.) 

Eq. (4) is singtilar integral equation• :It is solved by 
~ . . . . . . ·;a;. 
transforming to the Riemann boundar7 problem • 

If the.-p~ses co~~o~t) ~:d ~~=•9ct) asymptoti~ally appro~ch 
zez:o, then the integral. ~qU:~tion-(4) h~s the _unique solution: 

The region of applicability 'of''this.soiutlo'n.is uetermi .. 

ned by that"of' the unitarity condition-(3) i.il v1hich the;lower 

intermediate state' is two~pion state ( 2:~ 

te states must 'give.'· small contribution). 

9 

~ . ~ ~ ; intermedia-



-I • , z. 

i ;..,_· 
T...., .\t> ~~•. The natural limit of ,appli7ability is 

'; ~ 

3. Cross Sections of the Rea~tiohs (+ y ~ ii + 7l and 
e+e~·e ... e.+ 7\+ii ..•. ,-

~ ~ 

'c -' - ~-~-, 

The differential cross section of~ the pr,oc:~ss __ r•r~ir+if 

. rela:tes t~ tke -~Pli,tu?_:s}ttf(t),:~: ~ ~he f?llow~g ;way: :_' · 

d - .--.· , lK.I , _lt'··.-.) oiot''r~' 
. d"Q.

0«:'13(t)= 6~it\ .\KI. t \~(t\ \~(t ~/2~ • ~ . J_ 

here e. and e p~" are the p.olarization density matrices -~f 

virtual photons. It represents the. ~r-oss -s~~tioil of ,p~odu~tion 
~Y two:.~· q~~ta .of pio~;pair: K7i(Tdo);~ii(T;2)1 i\tft:. _;;'or . 
~-·- t. c, .. . .. < ·' -> \ •• ' _,_ '· ; .-.,_. '. • ·'"- ., - '··' 

1\ T\ f. in accordance with' that either one uses the amplitu-
-~.,T"C\,t) _(T .. 2.)r~) .. : . " 

des ~~ ~}' ~; ~~ . \Tf '(~jheir :rrb~atll~r , ';i ,, ... 

-:I~ 1\ l~) -;:: _!... T : ~t) ~ J..: _(T )(.1...) " 
I~ 1.1 s {'?> ~ l ~ .g I~ \. 5 

· ·~ ~li." . 2. ..,..(T .. ~). \ _,(T=-o) 
T ~if' l1\,,:= .{6 }*: ~t)~,- ~i: ~~ .. (t\ 

' . ··- . ' 

) ~:: 

If in the reaction e~e~'e+€.+7(tli 'electron and ·positron 
' " 

scatter in the i'orward direction then the densitY polariz~ 

tion.matrix of virtua~ photons ha~ th~ .for;/?/ 

(

· . .!..: • 0· .. -0 •. " ··)' .· ~- ,· .. ' 

0 1 0 2. " 

0 0 ~('t) J 

0\.ot I 

e 

-: ~· .'· where- K(t).; · \b ~..l(sE:.{f}E,·r:.~~J 
" J 

and· ~) 12-.\<
0

.:->') V\'\e.. is: supposed CE.:is :the ;energy,of e.lec':"',: 

.. trons .. in the c<?llid~g beams, Ko ,the:~energy, of virtual~ .... , .. 
l 

photons). The 2-pion production.·cross;section-by;,virtual;,. 

10 
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ll 
) 

I 
\ 

·1] 

! 
I 
l 
I 
'I 
1 
t 

photons is written as: .. < . . 
. . . ·. . .. :1-.L : .. . . .l. i\ ·. . . 1\ \\ 

5'b'6'....,i\1\ ~t) = 6~....,1\i\lt)+ \<~t)6"~~1\J\lt)-+:K2£\)6"~~,; 
here there .are introduced the notations: ..... 

.. ..L.L " .. ·. ,·- \~\\ '\·-'' i~·,·· : 2. 
. 6"~~1\7\(t) ... 16 '\ J~\ 't \ ij \\lC.xlt}s\ • 4\\""h\\ 

G-.t ,, \ · \~,\ , \T., m .i lih, :-< ·· ·· \'K, 
. W-ti\1\lt): lb i\. \\<:\ t 'Y-"i s.\:;6"~-1i\i\tt)-=\~i\ \~\ 

F~r. f>~.ll energy loss. by electron and positron (for 

ted~).,the. masses ~6~ of. virt~l,p}lo~o~~. ~r~. smal 

.red :to .E~+J. r~. and m~_be neglecto~d in,t~~-fo~ 
it is sufficient.in.the cross,section.to take into 

L '( 

only .the transverse amplitudes. _.(! 

The cross section of the process, e+e.~.Q.+e 
- • \ •• ? :,_ • ~ .,I ; • 

; eXI>,ressed.'via ;the cro~s .s'ection '·oE{ ~~7. re_a~tion ~-t 
/3/ . . "i \(t 0-~ as : . .. .. - 2 . . . .. (a( z.~?_ E. • \ .j 4Et . Jt ~ 
- ,.~e~ee~i\(E)~.2 7\1 .. ·~eJ .• . ... t:' .. ~· · .· 

Here ~(1.) '=(2:+ xt )~(7_) ;;.., (\- x7.)('?J !f;~) -~~. ~· function 

number of equi.;,alent ;hotons; .E tlie. enere;Y of col 
. ) ·,_:-~:~~·~ : ~~ . 

beams. q 
- ~-. . ~ ., 

4. 
·' ·~ <<I 

For• calculations> the:• if.·/\ •::scattering phases \1 

iri· the. form" . . . : : · '.· . 

·. ~>~~~*)~ · Q "tet~U~-~t.W'l tJ ~; 
. ~~\y~ ·l·~(~gJh'Y~r«<P{osH,. ;;*:~ 
'• '·• .. ·. 1 "·1_ .. J ... , L.' '< 1 • ·t· 

· -to ·(-t- toot"t~ l(l{t. 

. . G7-2 f)+ l 1 
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~ \6 ~~~ ~ 
/,..,:' \ t "', ,..·,' 

~:Pz.'.0~.(3~S r+r:.ii"+ij 
following 'way: :' ·. 
i!_ • : ~ol/ I I' 

-t(t) e e. r~ 
~:ci:.~:.~ .' · J 
i density matrices of 

~~~tion. of p:X.oau~tion 
i(r~h i ~ tn.:. or 
, ;·:: _J .... :.·:· ') 

1e uses the amplitu-

!;ions: ·' 
~;2. )~;. 

. (\-)5 

.... (T.:z.c) 
\~ i (t)5, • 

.'"'\ • f ~ 

ectrori ~d poth tron 

'density polariza

'/7/ t'm 
' ~· ( '. 

tJ. 
J 

the :energy. of' alec~.: 

ergy, of virtual~ .· .. , , : 

tion-,by_virtual-::: .. · 

)1 
,J 

. "1 l i. 
'to 

I 

photons is wr~ tten as:: . • .. . . . . . . 
• • • < , •• :.1...1.. . ·. . . . . . J. 1\ . 1\ \\ .. 

oao-;nr\t) = 6~~1\i\lt)+ \<~t)()a-(~1\}\lt)-+ 1<2ft}6'~~ii~(t) )'' ' 
here there are introduced the notations:._.,, . . 

.. . .1..1.; - ·.··· .· . I , \K \ . \ . \ ·~ . i I . . · , 2. . , 

. 6"~~Fildt):. 1,61\ . rir 't t ij ~'~xlt)s\ 4- ~\'T .. "t(t\ \ -~) '' .. ' 

\S~:.li lt) ,;,.< ~~ -f I \,.lll.( <S~:,.lt\· ,;;; ~~: :f IT,, ttl/ 

.· F~r. s!!W..ll energy loss_ ~y electron and posi:-ron (forward scat

te~ing)i the iiiiB.sses \"1\~~ of vil':'t;ual. Il~oton~. are_, sma,ll a,s compa

red ~o>E~·+J ~~ ,and may be rieglectttd in t~e fo_~ulae~ Then 

it is_sufficient.inthe cross_section.to take into account_, 

only the transverse amplitudes •. 

The _cross section of. the process, ?+e ~ Q.+e. +:i\tii . is 

expressed-via .the cross. s'ection of _the reaction.· v-;-y~ li+i\, . . . . ~ Et - t . l . Q ll . . . 
as/3/ • · . . .l j(- \~) . . ("' 2.t{E. (i ·l 1 ~E~J J clt <5: . . -·(1) 

~e.~ee/\;t(E)-:=2 7\) ·-:. ~e-~:: •. t; .. ~~AI\ 
Here -\(1.~;(2.-txt)~l-9.)~.(1-xt)(~+f)l..t),i~ B: function of. the .. 

number of equi~alent photons; .E the energy of co~liding 
• ' "" t 

beams. 

11 



The parameter +c, = 7302 MeV2 defiD.es· a' point 'where the· 

phase· 'i{~)(t) plis.ses throu~ 9ool'' : . 
In Fig. 2 curves· (5) are given in comparison 'with experi-

menta~ poi.dts 'tak~~ 'fr~~ worli.s/9;: ·, . 
.·· 'if_I...O) 

s (=) In accordance with the choice of 

have ~itb.er~·above-written so~~tion' f:o~ 'l)(i'=o)( ... ) 
: _s: .. ~- -= 

we 

o. or .. this 

so~ution mu~tip~ied by some first order polynornia~ for 

~":.<.)(()0)'-:: 7\ . At present time we are not ab~e to deterf!line 

the constants of this polynonliai,- so the' case . s~:.o)(oo )'::::: ii 
we' shall' ifiterpret as the ··. ''Orr;o)(~)-=0' case, ·assuming.· 

that forlarge energy phz:i.se shUt goes backto'zero~ The con

tribution of the second resonance, whic:tl'appears·in such a 

case wil~ be slllEill; obvious~y~; because the integrand is small 

for ·t ·large;-~hus inboth·otZ"'2)Coo).:o·aild s~r~)C~)=ii' 
we sha~l use above.:.de.sci·ibed solution. 

' ' ' ' . . < ' . "' 

. The constant gwi'\~ of electromagnetic decay of ·the 

meson' has been found from the relatio~11/• 
, r gtw~~. ,. (u 2_ ~')o . .. . - "= J.. . •I , j.1 ~. M(c) , . , 

. IV , LV~ 1\-T~ '3 J.,'j\ w H ' 
with the width w_.- v= 1.2 MeV. 

. '7R*6 . 
The numerica~ ca~culations of cross sections have been 

performed at a computer. Calculation r·t;'su~ts for 'the iri.terac:_ 

tion cross section of;the·transverse photons are presented in 

Figs 3a) and b). In Figs 4a), b) and c), d) thereare plot,

ted the behaviours· of photon:uiteraci;ioncross;sections with 
: . . ,- ~. ' . ~ 

produced pions in those .ca'ses_whe~-one or both photons have 

the lo~gitud£n~~ poiai·i':i'~tion~ ~he: curves 6f cro,ss sections 

for the proc~sses € t- e~ e+ €-+il:-t'ii' ~. are given in Fig. 5 • 
.. 

'! ~~ ~ ...... 

12 

"· .-

· It is interesting to compare these resu~ts with 

of workl101 in which this process has been considere 

real photons. 

In our. case the cross- section of 711\ (\ = o) pa 

tion has a resonant behaviour. generated by the .0. m 

( ff meson is the resonance state of 7r /l system wi 

isospin and zero spin) •. The resonant enhancement is 

in _the. cross sections for production of Tt-r7l- pair 

pape~10ith·eae peculiarities are absent which obvious 

to a parametrization of, pha~e .shifts. 

In our work the. differentia~ cross section of.t 

e+e~e~e+i\ 0 -f-7l" proves to be by two orders g 

than that of the reaction e +- €. ~ e + € + 7/t- i(" In t 

the;situation is opposite~ This is due to that there 

taken into account the contribution of w 'and f re 

( ()) meson- to the process Y""t--.>i\"-;. i\""and f~ meso 

both processes), of which the:constants are linked v 

relation ' ;z, ' g 2. 

gwiir-= · ~yr.;( 

The.valties of cross sections of the reaction K 
at the maximum .of the resonance and the approximate 
this resonance are: 
.i.l 

O'W-tii+r.- ~- 3.6.10-3° cm2 ; r G" ~ .450 MeV 
~'I.J.. . 

crt('-tl\tlf- ~ · 7. 9.1o-31 cm2 ; f (, ~ 450 MeV 
ll II -31 2 IS ~lit/\- ~- 3.2. 10 em ; r 5' ~ 440 MeV 

· ~ conclusion we express our deep grati~ude to I. 

and Prof. D.IJ. Shirkov for discussions.' 

lJ 



.es apoint where the: 
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'*· 
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), d) there are plot~ 

·cross sections with 
'" 

~ both photons have 

s 6f cro~s· sections 

e given in Fig. 5. 
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• It is interesting to compare these results with those 

of wor~101 in which this 'process has been considered for the 

real photons. 

In:our.case the cross section of TiT\(\=-0) pair produc

tion.has a r~sonant behaviour. generated by the ~ meson 

( 0 meson. is the resonance state of if7f system with zero 

isospin and. zero spin).·The resonant enhancement is observed 

in the .. cross. sections for production of 7rt7r- pairs. In 

paperl10ithese peculiarities are absent which obviously is due 

to a parametrization. of pha.se ,shifts. 

Inour·work·the differential cross section of the process 

e .. e~e+e+i\0 +7\ 0 provesto b~ by two orders greater 

than that of the reaction e +- € ~ e+ e + 7/.,. i(. In the paperl10/ 

the situation is opposite• This ls due to that there ls not 

. taken into account the contribution· of W ·and p re·sonances 

( (J) meson- to the processy+(-.>i\"·#- i\" and ~p~ meson';.. to 

both processes), of which the'constants are Hnked via the 

relation 

The values of cross sections of the reaction tt-r~ 1(-f.+ ii

at the maximum of the resonance and the. approximate widths of 
this resonance are: 

cr.' J...l 6 10-3° cm2 ·, w~ 7i+r.- ~ 3· • 
,...~Kl. ..., -31 2 
'-'~-tlitlf- ·- · 7.9.10 em ; 

ll II -31 2 
~ ~ 7i+/\- ~ 3.2. 10 em ; 
~n conclusion we express our deep 

450 MeV j 

r <>- !Z: 450 MeV j 

440 MeV. rs- ~ 
gratitude to I.F.Ginzburg 

and Prof. D,V, Shirkov for discussions.· 
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