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For studying.the asymptotic behaviour of the scattering 

amplitude and analy~ic properties .in the complex angular momen

tum plane Regge diagram technique has-been proposed /1 /..The . . . 

method consists in the construction of diagrams by oo~bining 

the usual Feynaaa propagators with virtual Regge amplitu~es •. 

Developing this approach P~lkinghorne /2 I has suggested to 

describe the r_eggecn ocntrib~tion by the Veneziano amplitudes. 

And here, as it has been shown I 2 ( , it is. not necessary to 

U.mit beforehand the integration region oy;er virtual momenta 

which must be done if using th_e rtggeon propag~tors. A. consist.-· 

ent application of this technique and first of all the unitari

ty_condition certainly requires the summation of the diagrams 

constructed in such.a way. 

In the present note we would like to show that for this 

aim in high-energy domain one may employ the functional integ

ration method, used successi v·ely in the standard field theory

for summing diagrams of various types /_J-6/. 

To this end, consider. the diagrams describi~g a scat~ering 

of two high-energy neutral scalar particles with masses m 

("nucleons") eJ.Cchanging virtual blocks o·f 11 meson-meson"1nterac- · 

tion (see fig•l) 

Fig.l 



The •mesons" in our model are also the neutral scalar parti~

les differing from nucleons b7 thetr aasses ;H on17. An analo

gous problem has been considered in the fr .. ework of the func

tional method /5,61 as well as perturbation theor7 ;7;, the 

virtual •meson-.eson• aaplitude being described b7 a sua of 

the ladder graphs. As a result the Bagge eikonal representation 

has been obtained for the whole amplitude, but·here we wish to 

represent the virtual blooka of •meson--eson" interaction 

through the Te.nanano aapli tude, and aum up all the di&graas 

of the· type given in fig.l. 

Now we briefl7 indicate the main steps in constructing 

the sum of these diagraMs b7 the functional method. (For de

tails, see refs./6,9/ ). 

The two-particle scattering amplitude relates to the 

corresponding Green function as: 
"' f ,(fJ I' (,br) o {j.L +.f., -'jrf.:~} 1- {fl.t,'J.P / )'.r,J.:~) = 

· = ,·frr__;J/t/-m·')(j/--nlJ c;c9.r. 9"/ f.f,j>.z) 

(l) 

·h·~ . . . Two-particle Green function c;.·(f.t•f.t/)-L>f.zJ can be found b;r 

the functional averaging of one-particle Green functions of 

the "nuoleona" over the external classic field 

{j.Cx1.Y,.j/3,:t~J= C"FjSf ext/-} ftC'/) cfZ>c-C9J'f(-9) olq} · 

.[r;cx.L.I:tf"f)c;cx-:z, _.-, /f?J -r q. CX.tJd"''Jc;cxJl, xsft)J .J;,(>"J (2) 

So C-f>) = e..rj:>{dlC'?J} 

qc)('(/ I 1') oan be repr,sented b;r the :tunotional 'integral 
~ J 

c;u(//'f) = c·!olse'-ISC:>- jdtex;(-<·1 o/j LV"Cj)-
. 0 . 0 /' 

(J) 

. s . 
' . . . ({.) .s 
.-; 7"(;t- 3/Yf"J)~)J} d (xy-~~YCJ)of.,). 

4 

~ 

I 

I 

j 
I. 

j I} 
•J 

i ' ' i 

Inserting (J) into (2) and keeping ·in the vacuum-polariza 

operator nc'f)only the terms up to the forth order- in y' 
the Green function for two •nucleons" corresponding to th . . 

diagrams ·in figa (see refs./6,9/ ). Taking ·the Fourier t: 

form of q.c!V,X.t/J<':J,x+) and going over in (l} on the mass sh' . . 

/J,lO/ , we find the scattering amplitude: 
f . (y) J'.. 

. {27/) ~ (h+)'-P-9C'/.:~) '/{fh9A/j}.j> .. ) = +""-

=~CffJ>bJ+)>I4£· q (~-~-)~ V7(/cl}~) .lci;f o('?~ 
J;' . (/ - ""' C£-?J__ f . ;..J/},.=1 - "" 

(/ ,. .- . .. r>,<" .• (" • ·. . 
d) Sj1 - .x.r) J() fjJ +Q..t -+-;:=.2) ou ~_.-.;y~_). c£J C/.t -ra-., -o<.v) ;/'fc~.x~,.r,, 

I . f 
Jc») ex.i. f, :r; )nCJdtc-.lc/Jc' )cfZJv.l' +b}- .Y_; ):U (-Y:r f- h -.:>-.. )_ . _· 

0 ~- (/ ~PI -0..:. C /7 C (/-

.ofZJ Qe_.+Y3 -.=r_,)£) iJ.,-rt;. -x.,.)!'f(....;,,,r_.,.,.,x•'• 
where j'1CY.r,/~,Y3,J1,) il!' the virtual block of 11meson-eson" 

teraction, and the notations 
t,· 

0,· = R JY-·1"7 )a7 - R(,·,k 
:/} OJ. 

{t"=!.,.P) 

~- = Rj(cl) a7- :<.~·/• 
are introduced. 

. (/-= :, .2; -z=_.f ,' c/~.s. v: -z = ~) 

The main point in our method is the calculation of f~ 

tional integrals ~ver S"v iO: the' ~traight-11~~ path approX:I 

tion 11 that corresponds to the neglecting of function• 

Tariables in the D0 -funotion arguments. In the language o1 

Fernman diagrams this meADS a linearization of the •nuclec 

propagators in the virtual "meson• momenta. Then the expre 

(4) in c.m.s. is transformed to the eikonal form /6/ : 
. . 

/ · I .r ,·~ <J6.rfr~ , J ( 
ff<J'h'/.t/jy.fo)=-·:sJd~e . (e -.£), 

where . 
' +<:>.> • 

. fr.~of..;: -2 d'.t'?L;: f.+'( . J!=rJ (~/;) .;df!L e · jC/tz.rc/z"-;ol.f_,r/~ e?!-~J.t'~".r/i · .:>.·/~-:, 
-c-o ( 

'l.~ .t) -..! r,r.. .l. ., _, 
l .t.f' Lt'-'l'.thfL)-~J -c-z/7"'J-J[("7.r+9.LJ"'-)H~! ·..! 

· If CzJ} 9.r ?..r 7 z-~") -'1-f -7 2) . 
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Inserting (J) into (2) and keeping -in the vacuum-polarization 

ope_rator n ('f)only the terms up to the forth order' in "f ' we get 

the Green function for two "nucleons" corresponding to the . 
diagrams -in fig.l (see refs./6,9/ ), Taking the Fourier trans-

form of CTC4,XJj~;xt) and going over in (1) on the mass shell 

/J,lO/ , we find the scattering amplitude:_ 
f (y) /_ 

-. {.271) b (jrt-J"'-9L-'j'.r~) 'frf-'•9Jl/fi,f.A.) = -+""' 

-=n(;[-J>tJ+J:c14f· (? ,~-~)))- iif(/cl}<:) fc¥;f c/~~~ (4 ) 
_j;, '(;I- c.., C£5() f J/,-~, -- """ 
ocVy.r:x>rJU'"Q'..L' :r·Q_,.<~ .. ) o0~_.-.:Y,.J .;.vy.~ -f-cr.t -.:.r_,J/'1c<J,""•·x•.'•,. 

)~ ex)/ '(f~;}(/d!::fci.J;:),xfr;y_r+i} -c.r_r ).:U ~f- t'.o.'"-<Y.,) 
o . o9 Qe_. _,_ ,g- .xg) £) c;_y_. -r .t;. -.x-.,.) X..-_,,.-,, ..... , •.), 

where )1r~,x~~,x+) i~ the virtual block of "meson-meson" in-

teraction, and the notations 
t. 

0,- = R fr<·'r7)d7- R(,·),- (c·=t, J) 

. /J f-

~- = !?!? C7) rY'!- .:Z~-1• {j'~ f,-9.; 'l~.f ,· /"".3, V; 'lr:i) 

are introduced. 

The main point in our method is the calculation of func

tional integrals ~ver S v in the straight-line path apprOX111&

t1on 11 that corresponds to the neglecting of functional 

Tariables in the D0-funotion arguments, In the l~uage of the 

FeJDm&n diagrams this means a linearization of the "nucleon" 

propagators in the virtual "meson" momenta. Then the expressioD 

(4) in o.m.a. is transformed to the eikonal fora /6/ 

I I' .~· ,-,r; <)_,.-~~ . , ;f . 
f t'fb'l.r/)?,,fo_)-=--e·.sJc/~e (e. -.f), 

(~) 

where , . + C\> -

f = 9 f ~.7/J jc1 t e/lt. j/c/t.tcl;_,_joiJ.fcl~ ey/-.1'JL ~ .. Ji · ~~. J,-:.t.,·j 
(7 _C"<> (6) 

I ic1j".t) -1L~ ?.t ·N?L)-!:._~J -1 (.rz./--;-"J -J'[('ZJ+ fl-'f/t~!-1 

· !1 Czf] 9.r 7..r" z.f J -'?.£ -7.,) 
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and 91 stands :!or the :!our-nctor with components (~9h9:~.,o), 
J. -1 . -1 -7-l IVf: 

9.!."""-?.t--r-~=-r...L;the block / t("lc.t>~-?J>'l.t;<fc3graph1call;r can be rep-

resented b;r the :following diagram (see fig.2) 

'l-! ~'(r'l~ 

1 -"-?.£-?.~: A. 

P'ig.2 

Following paper 121 we represent the contribution of 

this block to the eikonal phase. (6) b;r·the_Venezianc amplitude. 

With this purpose we put 
. . CJ I -' 

/1(~1 > 9L- "lh ~.t 1 -9.r'l.:t.)=c;.,JJ (-~-~('l:.L+Z,~.)-r:£,· (7) 

/-<".Z ) - e/o -1-,/ 9..t -r",! J 

where Cf is some arbitrar;r constant, ~ and .//are parue

tera of the Rogge trajeotor;r: /c.r)= o/o+,r's. As usual, we assume 

/o..( o, otSo. 

Kext, for the Euler B-funo.tion it is convenient to make 

use of the integral representation: 
CJ ' . ~ t!l-~ "UJ'-.f 
~ ('zP :> Uf') -=- J .x & -oc) Oh (8) 

0 

This representation is valid i.f the real parts of zP and -uP 

are positive. In our case, however, the fi.rst argaaent o:! the 

B-funotion in (7) can take the negati.ve T&lue, as t.£ and ~.rt 

are the Ti.rtual momenta. Nevertheless as will be clear later, 

in the limit S-7 co the basic contribution to the eikonal 

phase rill be .. de b;r the integral over o/oc in (8) onl;r near 

the upper limit: x_- 1. But here V' ma;r be negative, si.noe 

.this causeo no divergences. Reaembering it we insert. (7) and 
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_ _,·zcr-
(8) into (6). Replacing then the variable X by _ <!? 

. 1 + olt . we integrate over the virtual momenta . or .'>.1, '~" ... • · 

j =·q_j/f..t. e-,-~·~+ ]o/...-ol~olj.ro/J;{_ ~ ,-,::/<aiJJ-.t ·-,·£" 
. _ (,97!).1!. . (/ v _ _ C 1-~J - .f e _ e . 

- C'. . • . ;cj j j . f o/(o£)} 
' [-ex" r-(·f-y.rJ_, s}-+ exb{-·· ____£2 s 1 -ex.h ,· --r CC.<) I - CC.,) I . c c.,cJ -

bJ standard methods I 12 I . An as;rmptotics of this integ 

oan be found using the technique developed b:y Efremov 1 

Polkinghorne 1121 · et al. The main contribution to (9)_. 

from the region of smalll 'f~, J
3 
~ f which-corresponds, 

in (a),·:thereb:y the -'lise· of the integral represeritatio~ 

B-function is justified in our case. We put ~~.fJ=J3 -=-.c 

o/{«:f>~J and C C,t;j.~J, and in the remaining part of th 

grand we keep on11 the t~rm linear in ;:. • Following the 

ral rules for separating the asymptotics of the Feynman 

ral we must take CJf = f . 
As a result the eikonal phase takes on the form 

f
. c jol9. -/~~i: . . . 
((r,s)= s ~ ; e (/rrp)).z: 

t ;pJl) . 
~ «'cc~J- "'-'<f/J/- .1-11 [{dts) J' P + {-S) ('?:,r-s).J_ '. 

• .l ' . • 

/t .t !l.z-~ o//( . . 
~ )-~ .. 
f-1 - -r6"/7!1 (K-$.~}8/f- 'l.rf+ni'J , 

where 

Thus, the amplitude (5) becomes of the Hegge eikonA 

wb1cb differs only slightly from the analogous expressi1 

the earlier models /6,7/. Firstly, (io) has the additiol 
~ .. 

factors c/r'?J~ l:,s) , the appearance of which car. be easi: 

lained graphically (see f'ig.J) 

~ l 2 /eft~ 
~ __ ofr<?/} ~ -> s 
l -~- -. -{r'll) 

Fig.J 
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rith .componenta ( 0. 9.~>9:~.,o), 

~ ;'U1graph1oallr can be rep

see fig.2) 

~resent the contribution of 

.bT·the.Veneziano amplitude. 
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I 
t, ~ 'and ./ are parue-

olo+t/'s. As usual, we assume 

it is convenient to make . 

c?- .f . ~ (8) 

real parts of 'v> and -UP 

the first argument of the 

.ti .Ye value, as ;.t. and '2: I( . 
s~ as will be clear later, 

:;ibution to the eikonal 

ove·r ol oc in ( 8) onlT near 

~- aar be negative, sinoe 

tring it we insert" (7) and 

(8) into (6). Replacing then the variable ~ bf 

we integrate over the virtual momenta , ol t, olt'r ... : · 
_,_., C"Q ' ,. 

i=·~.Jorf.L e-,·!Jq=9 ;,Jola'c/~oljLc/jJ(_- ,-,:).,(~<fJ)-.1 -t"~ 
-...,: (tfl1l).t (/ v Ci-<LJ .i e e · (9) 

[
-exb {-f.;t..frJ, s} + e~~>{-:,· Y£.Es}J-exh f,· dr~)} r CCotl I CCot) l c. C<Ll 

bJ standard methode I 12 I . AD. asfllptotios of this integral 

oan be found using the technique developed by Efremov llJI 

Polkinghorne 1121 · et al. The .main contribution to (9)_proceede 

fro• the region of small~ ; y~, J.4 - f .which corresponds .to or-:- 1 

iri (8),~thereby the'use of the integral representatio~ for the 

B-function is justified in our case. _we put ~-JL-JiJ -"'".0 in 

o/{.t:f~tJand CCd;.t~J, and in the remaining part of the inte

grand we keep only the term linear inJ=- • Following the gene

ral rules for separating the asymptotics of the Feynman integ~ 

ral we must take /:if "" f . 
As a result the eikonal phase takes on the form 

f
. G joi9.L _,-it~q; . .z 
((t,s)-=: s {-PJJf e (/cr;;)J . 

.2.. ~'f./J .,(~f.l)// ,\.?1 

where 

[(£-,s) J' + (-S) (ff!r-.s").J - I 

. ,., 

·;: .t ~ r ol!r . 
7'f-i)= · ~6"71$J{;r~~J£(1r-r;.J+n-i'J ·' 

Thus, the amplitude (5) becomes of the 

(10) 

Regge eikonal form 

WhiCh differs only slightly from the analogous expressions 1n 

the earlier models /6,71. Firstly, (lO) has the additional 
.'1.. . 

. factors c/r?J~ IJ..s) , the appearance· of which oar. be easily exp~· 

lained graphically (see fig.J) 

2 
/rf/) 

ofrq/) -> s . 
.· {r?J) 

Fig.J 
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As S-> - the block through which the exchange procee~s, 

contracts as is shown in fig.J, The Venez1ano·amp1itude gives 
.iq/J . 

the factor S and the external meson lines trasform into 

the closed loops, to each of them there corresponds the fac

tor frp.f· !Its 

Second peculiarity of our ~onsideration is the restrict

ion on the Regge parameter o!~ < 0, the reason for which is 

that for the virtual "meson-meson" block the Veneziano ampli

tude was employed. In desor.ibing this block b;r the sum of the 

ladder diagrams the parameter c/, , in principle, -might be an;r 

positive number /6,7/, if the ooupl.l.ng constant is large 

enough. In this case however the Regge eikonal model, even 

in scalar theory ;t,;f= f f 3
, gives. the rising asympt~tios. /11/ 

instead of the falling one for the amplitude (as it takes pla

ce in the conventional eikonal model). But if· o!o <. o, as in 

our consideration; then when S -> => ·the amplitude decreases 

as the negative degree of S in the Regge eikonal model, too. 

From the results obtained (formulae (5) and (10)) one oan 

draw the following conclusion. The discussed modification of 

the exchange mechanism in the high-energy particle scattering 

does not change· essentially the Regge e1konal representation 

for the scattering amplitude. As s--,. c-o the virtual exchange 

block proves to contribute to the asymptotic region,where the 

Veneziano amplitude gives rise to the Regge behaviour. 

The_ authors express their deep gratitude to D.I.Blokh1nt

sev, A.N.Tavkhelidze, A.V~Efremov, S.P.Kuleshov, V.N.PerrJshin 

and A.N.Sissakian for their interest in the work and for sti

mulating discussions. 
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