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.Quasipotential Formalism for the Two-Particle System 
with Spin . 0 and 1/2 

The quasipotential formalism for the particles with spins 0 
and 1/2 has been developed. The quasipotential equations for' the 

. scattering amplitude and the wave function have been derived. 
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l. Introduction 

Recently the Logunov-Tavkhelidze quasipotential ap
proac~/i/ has been· developed successfully. This approach 

allows one to solve effectively a number of problems con

cerning the two-particle. system, e.g. a determination of 
the energy spectrum, an investigation of analytic and 
asymptotic properties of the scattering amplitude (see for 
example the review papers/ 2- 51 and the references cited 

therein). 

In a number of papers16 - 91 generalizations of the 

quasipotential equations for the particles with unequal 

masses and for the ~any-particle systems have been consi
dered . 

Starting from the Hamiltonian formalism in quantum 

field theory an equation1101 has been derived which turned 

out to be an effective tool for the construction of an 
original version of the relativistic configuration re

presentation in the two-particle system1111 . 
Quasipotential equations for spin particles have 

been considered in refs. 112 •141. 
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In the present paper we consider the quasipotential 

approach for the particles with spins O and 1/2 in more 

detail than in ref. 141 . 

To make things more clear in the second section the 

case of the free particles is considered. 

In the third section we derive the quasipotential 

equations for the wave function and for the scattering 

amplitude. 

In the fourth section equations obtained are consider

ed in the Foldy-Wouthuysen representation. 

2. Non-Interacting Particles 

As is known the two-particle system in quantum field 

theory c:n be described by the _Bethe-Salpeter amplitudt 131 

in our case defined as 

X (x ,x )=<01 T(lf,(x )cp(x ))IP>, 
P 1 2 1 2 ( 2. l ) 

where ¢,(x
1

) and ¢(x
2

) are the Heisenberg operators of 

the fields with spins -½and o , respectively, IP> is the 

state vector with the total 4-momentum P 

In the case of the free particles the amplitude 

Xp<x.,,x2 ) obeys the following system of equations 

(;ya -M)x (x ,x ) ~0, 
"l P 1 2 

( □ "2 -µ2 )xp (x 1 ,x 2} = 0. 

4 

(2.2a) 

(2.2b) 

Using the translation invariance one ·can write x ~ ;x) 
P 1 2 

as follows 

Here 

X (x x ) -1PX 
P 1' 2 =e xp (x) •• 

X = ...!:.!_+ X 2 

2 
x=x 1 -x 2 _. 

Proceeding to the momentum representation· 

4 -lp1< 
xP(x)= fd pe · xP(p) 

we get from Eq. (2.2) 

p .. 
Ir(-+ p) -M >x (p)=0, 

2 p 

p 2 2 I ( - - p ) -µ ] X ( p) = O. 
2 p 

(2.3) 

(2.4) 

(2.5a) 

(2.5b) 

In the c.m ... s., where P~(E,0) the equations (2.5) take 

the form 

I J' ( Ji_ + p ) - y~ p➔ - M ] x ➔ 
0 2- 0 p =0 

(p
0 

,P J =o, (2.6a) 

[ E ·• 2 ➔ 2 2 : • -<y -p
0 

J -p -µ lx ➔ (p 0 , p J =o. 
. p = 0 

( 2. _6b) 

It follows from Eq. (2.6) that 

2 2 2 2Ep
0

=M .:..µ .,,,/j. ( 2. 7) 
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and the solution x ➔ (p
0 
,; J 

p =0 
may be written in the 

following form: 

where 

X P =/PO , P ) = o ( P 0 

The function <I> (p) 
E 

L\ 
2E ) <l>E- (;). 

obeys the equation 

<,) (p) ) ➔ ➔ ) ] ( ➔, 0 [E- (1 + --- (ap +{3M <l>E p = , 
W(p) 

w(p) =v µ2 +p2 W (p) = \J M 2 + P 2. 

(2.8) 

(2.9) 

(2.10) 

Let us consider the equal time Bethe-Salpeter ampli-
tude x ➔ (x

1 
,x

2
} in the c.m.s. 

p =0 

➔ ➔ -/Et 
X ➔ (t, x 

1 
; t, x 

2 
) = e X ➔ 

P=0 P =0 
(0, x -x.➔ J. 

1 2 
(2.11) 

In the momentum representation we obtain 

➔➔ ➔➔ 
➔ ➔ lpx ➔ ➔ Ip x ➔ 

x➔ (O,x)=fdp 0dpe x (p0 ,p)= fdpe <l>E(p). 
P=0 . tf=,O (2.12) 

Thus the function <l>E(pJ is the 3-dimensional 
Fourier transform of the equal-time Bethe-Sal peter ampli~ · 
tude in the c.m. system. 

Eqs (2.6) possess four linearly independent solutions, 
which correspond to the four signs of energies of indivi- · 

dual particles. This is due to the two-time description 
of the two-particle system. 
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In the framework of the one-time formalism, which is 

the basis of the quasipotential approach, only two solu

-. tions have the physical meaning~ 

The first solution describes the two-particle system 
with the positive total energy E=w +·w • The second solu-

tion can be expressed through the amplitude which desc
ribes the system of two antiparticles using the charge 

conjugation and the time-reversal operators. 

3. Equations-for the Wave Function and Scattering 
Amplitude 

In this section the equations for the one-time wave 
function and scatt~ring amplitude of two interacting par

ticles will be obtained. 

The two-particle Green function is defined by the 

following expressions: 

G( x 
1 

, x 
2

; x 
3
,x 

4 
} = < 0 I T( if, ( x .

1
) cf, (x 

2
} ~(x 

3 
)cf,(x 

4 
)JI O •>. (3.1) 

The equation for the F6urier transform of the func

tion (3.1) looks as follows 

' .., .., ' 

GP (p,le)=Fp (p,le)+fd ~d le2 FP (p,lc 1 )KP(le 1 ,le 2 )x (3 .2J 

xG ,(le ,le), 
p 2 
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where 4 . 
o (p -k) 

FP(p,k)=- · 

[y( '; +p)-M +iO][( ~ -k)
2 
-µ 

2
+ ;O] . ( 3. 3) 

KP(k
1 

,k
2

) is the kernel of the equation and, is defined 

as a sum of irreducible graphs in the two-particle sys

tem. In Eq. (3.2) the translation invariance has been 

taken into account. 

Let us define now the Fourier transform of the two
time Green function in the c.m.s. /l 4/ 

G(E;p,k)=fdp dk G ➔ (p,p;k,k 
0 0 P =0 0 0 ( 3. 4) 

and find the Green functi6n of two free particles, having 

integrated over the relative energies: 
- ➔ J ➔ ➔ dpo 
F(E;p,k)=-o (p-k) J . 

[y (£ +p )-yp➔-M+i0][(£.-p I-; 2 -µ 2 + iO] 
0 2 0 2 0 .. 

3 ➔ 

0 (p - k) = F ( E; l) 0 3 ( p - k). ( 3 . 5) ; 1T 

w(p) Ey -(I+ w(p) )(yp+M)+iO 
o W( P) 

~efine now the quasipoteritial 
following relation 

V (E; p➔, k) 
., .; 

.:._, ➔ ➔ - -1 ➔ 3 ➔ ➔ 1 ➔ ➔ 
G (E;p,k)=F (E;p)o (p-k) - -.-V(E;p,k) 

I 1T , 

by the 

(3.6) 

Proceeding as usually 121 we obtain the following 

equations for the one-time wave function 
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➔ 

w(p} ➔➔ · ➔ ·1 ➔ ...; .➔ : ➔ 
[ E y - (1 + ---)( y p + M) ] if, ( p ) = -- J d k V ( E; p I k) if, ( k ) 

0 ➔ (➔ ) W(p) wp . (3.7) 

and for the scattering amplitude 

T(p,k)=V(E;p,k)+f dJ V(E;p,q) 
1 

(ci ➔➔ . _T(q,k)_ (3.8) 
w( q) E y -(1 + ~ )( y q+M)+iO 

o W(q) 

The normalization condition for the wave function 
· I 15/ reads 

fdp dk ¢, (p) LG-' (E;p,k)if,.(k.)=1. 
. aE. ( 3. 9-) 

It can pe shown that the s~attering amplitude satis
fies the unitarity condition. 

The unitarity condition in the quasipotential ap

proach ~as been considered in detail in rei. 1161 .. 

4. The Foldy-Wouthuysen Representation and the 

Two-Component D.escri 2,ti on 

~ 

The equations obtained in the previous sections take 
a simple form in -the Foldy-Wouthuysen representation. We 

pass to this representation by means of· the follow,ing .,_ 
unitary operator 

yp+M+W 
u (;) = ----,--- ( 4_. 1 ) 

y2W(M+W) 
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In this representation Eq. (3.7) looks as follows 

➔ 1 ➔ ➔ ➔ 

[E,y -w(p)-W(p )]if, (p)=-fdleV (E;p,le)if,F(le), 
0 F w (p) F 

(4.2) 

where 
➔ ➔ ➔ ➔ ➔ -➔ ➔ + ➔ 

t/J (p)=U(p)if, (p); V (E;p,le)=U(p) V (E;p,le)U (le). 
F F . 

The equation for the scattering amplitude takes the 

form: 

➔ ➔ d➔ ➔ I ➔➔ 
T (p,k) = VF (E;p,le) +f ,!,vF(E;p,q) .·. , ➔, w, ➔, ·o T/q,le).(4.3) 

F . (l) q E-y -w q - q +I 
0 

From (4.3) one can obtain the scattering amplitude as 

a 4x4 - matrix: 

T F (p,lc) = ( 
T21 

T11 r,_2) . 
T 22 

(4.4) 

Here ~, are 2x2 matrices. 
However in the Foldy-Wouthuysen representation all the 

information about the scattering is contained in the 
amplitude T

11 
= T <+>· 

If the quisipotential is choosen in the following 

standard form 1141 · 

(

V <+> 

VF(E;p,k)= OF 0 (-} ) 
VF 

(4.5) 

we obtain the simple equation for the physical part of 
the scattering amplitude~ 

10 

! 

I 
! 

• i 

. (+/ ➔ ➔ . (+) ➔ ➔ (+} ➔ ➔ (+} ➔ ➔ 
TF (p,le)=VF (E;p-;le) +f-.!!.!__ VF (E;p,q) TF (q,le) 

. w(q) E -w(q )- W (ij°)+iO (4.6 

Expanding the quasipotential and the scattering 

amplitude in a complete set of the 2x2 matrices: 

where 

. . 
(+} ➔ ➔ ( +, ➔ ➔ ➔ ➔ ( +} ➔ ➔ 

VF (E;p,k)=V
1 

(E;p,le)+ iunple_ V2 (E;p,le), 

(+) ➔ ➔ (+} ➔ ➔ ➔ ➔ (+} ➔ ➔ 
T F ( p, k ) + T 

1 
( p, k) + i u n pie T 

2 
( p, le) , 

➔ 

n 
pie 

➔ ➔ 

[pxle] 

llpxlell
1 

( 4. 7a: 

( 4. 7b: 

one can easily obtain the system of equations for the 
amplitudes r<+J and r<+J 

I 2 

In the weak coupling case, using method developed i1 
ref. /~/, one can construct the local quasipotentials 

➔ 2 
v<+J (E;p, le)= v<+l(E; (p -k) ). 

1,2 1,2 ( 4. 8: 

In ihe case of strong interactions at high energies 
an ass~mption of smooth behaviour of the local quasipo
tential 1171 allows the main feat~res of high-energy had· 

. ron scattering to be reproduced. 

The formalism developed in this paper may serve as c 

convenient tool for the field-theoretic as well as for 
the phenomenological analysis of the rrN and KN syste~ 
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(4.6) 

Expanding the quasipotential and the scattering 
;' a~plitude in a complete'set of the 2x2 matrices: 

(+) ➔ ➔ (+) ➔ ➔ ➔ ➔ (+) ➔ ➔• 
VF (E;p,k}=V, (E;p,kJ+ ianPk. V2 (E;p,k}, (4.7a} 

(+) ➔ ➔ (+) ➔ ➔ ➔ ➔ (+} ➔ ➔ 
T F ( p, k } + T 

1 
( p, k} + i an pk T 

2 
( p, k} , (4.7b} 

where ➔ 

[p X k] 

l[p,xkll 

one can easily obtain the system of equations for the 
amplitudes r<+1 and r<+i 

' 2 
In the weak coupling case, using method developed in 

ref. 1~1 • one can construct the local quasipotentials 

➔ ➔ 2 
v<+) (E;p,k}= v<+)(E; (p -k} }. (4.8) 

1,2 1,2 

In the case of strong interactions at high energies 

an assumption of smooth behaviour of the local quasipo
tential /l?/ allows the main features of high-energy had-

. ran scatterin~ to be reproduced. 
The formalism developed in this paper may serve as a 

convenient tool for the field-theoretic as well as for 
the phenomenological analysis of the rrN and KN. systems. 
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In particular, an application of the equations consi

' deted to the scattering of particles.with spin 0 and 1/2 

can be found in ref. /l 8/ 

The aathors e~press their deep gratitude to N.~. Bo

golubov, A.N. Tavkhelidze and D.V. Shirkov for useful 

d~scussions and. ~aluable·remarks. 

Ref erence~s: · 

l. A.A. Logunov, A.N. Tavkhelidze. Nuovo Cim., ~. 
380 (1963). A.A. Logunov, A.N. ·Tavkhelidze, I.T. To

dorov, 0.A. Khrustalev. Nuovo Cim., 30, 134 (1963). 
2. A.N. Tavkhelidze, A.T. Filippov, R.N. Faustov. Interna

tional Winter School of Theoretical Physics in JINR, 
vol. 2, Dubna, 1964. 

3. V.G. Kadyshevsky, A.N. _Tavkhelidze. Problems of Theore
tical Physics, Na~ka, Moscow; 1969. 

4. V.R. Garsevanishvilli, V.A. Matveev, L.A. Slepchenko. 
Part i cl es and Nucleus . , vol .. l , Part l , p. 91 , 

Atomizdat, Moscow, 1970. · 

5. I.T .. Todorov. International JINR-CERN School on High 
E n e r g y P h y s i c s , E 2 - 5 8 l 3 , D u b n a , ·1 9 71 • . 

6 . V . A . M a ;t v e e v , R . M . M u r a d ya n , , ,{_-N . Ta v°'k h e l i d z e , J I N R , 
P.2-3900, Dubna., 1968'. A.A.; Logunov, ·V.I. Savrin, 
N.E. Tyurin, 0.A. Khrustalev. TMF, 6,_ 157 (1971)-. ~.. - .' 

7. R.N. Faustov. TMF, !, 240 (1~70): 

8. P.N._ Bogolubov. T[v!F, 5,_ 244 -(1.970). 
-.. I .- ;,· •0! •• 

9. V.M. Vinogradov. JINR, P2-5099, Dubna, 1970; 
A.N. Kvinikhidze, D.Ts. Stoyanov. JINR, E2-5646, 
Dubna, 1971. 

12 

,, 

I 
i 
I 
1' 
,I 

, .. 
I 

10. V.G. Kadyshevsky. Nucl. Phys.,~. 125 (1968). 

ll. v~G. Kadyshevsky, R.M. Mir-Kasimov, N.B. Skachkov. 
Yad. Fiz., 9, 219; 462 (1969) .. 

12.G.M. Desimirov, D.Ts. Stoyanov. JINR, P-1568, Dubna, 
1964; R.N, Faustov. JINR, P-1572, Dubna, 1964; 
V.G. Kadyshevsky, M.D. Mateev. Nuovo Cim., SSA, 275 
(1968). A.A. Khelashvili. JINR, P2-4327, Dubria, 1969; 
M.D.Mateev, R.M. Mir-Kasimov, N.B. Skachkov. JINR, 
P2-5605, Dubna, 1971. 

13. Ii. Bethe, E. Salpeter. Phys. Rev., 84, 1232, (1951); 
M. Gell-Mann, F. Low. Phys. Rev., 95, 1300 (1954). 

14. V.A. Matveev, R.M. Muradyan, A.N. Tavkhelidze. 
JINR, E2-3498, Dubna, 1967. 

15. R.N. Faustov, A.A. Khelashvili. Yad.Fiz., 10, 1085 
(1969); V.A. Matveev, JINR, P2-3847, Dubna-, 1968. 

16. P.N. Bogolubov. JINR, E2-4417, Dubna, 1969. 

17. S.P. Alliluyev, S.S.Gershtein, A.A. Logunov. Phys. 
Lett., 18, 195 (1965); A.A. Logunov, 0.A. Khrustalev. 

Partules and Nucleus. vol. l, part l, p. 72, 
Atomizdat, Moscow, 1970.8.M. Barbashov, S.P. Kuleshov, 
V.A. Matveev, A.N. Tavkhelidze. Phys. Lett., 33ij 419 
(1970). -

18. V.R. Garsevanishvili, S.V. Goloskokov, V.A. Matveev, 
L.A. Slepchenko. JINR, E2-5770, Dubna, 1971. 

Received by Publishing Department 
on September 21, 1971. 

13 


