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1. Introduction 

.. ,._. 

It. is well-known that the commonly used classification 

of :fl.eld th~ories into renormalizable and_ nonrenormalizable' 

ones is obtained by usEi"'-o:f perturbation theory, 'and one may 

assume that the .'failure of perturbation theory for non­

renormalizable interactions is due .to the impossibility 

of expanding S-Iria.trix in a series· of powers of coupling 

constant C ilee ~.~Jil). ~t is therefore quite possible that 

by summing perturbative series one may obtain either 

·finite s-matrix or _that which may be made finite by 

adding a number o:f_ counterterms to· t'he Lagrangian. So the· 

distinction between renormalizable·and nonrenormalizable 

·.theories-may appear. to be the pecuiiar feature of pertur­

bation theory. This poss_ibili ty was clearly demonstrated 

in. refs/ 2.:_6 / which con-sidered the ladder-type .Edward/7/ 

equation for· the ve~tex function. Due to a rather c~mpli-
' ' 

cated structure of the eqllll:_t_ion these ~apers deal with 
the special caseof:vanishine 4-momentum_ of o~e of .. the 

--
three particles •. Here,- the most general .. case of nonvani-

shing momenta of all three particles is considered, vtith 

the: examp+e- of UlfTT vertex. The solution of the iiltegral 

equati.-on is sh<YRn to be obtainable' by using an iteration 

method~. All the ·:iterations are finite and enable one to 

obtain the expressi?n for ·the vertex in 'terms of a series· 

which· in fact is a proper modification of the usual per-· · 
... · 



turbative expansion ( taking into account the nonanalytic 

dependence on the coupling constant). 

2. ~~~!!~!_~~!:~~~~~~~~function 

The Lagrangian of the iU J>1f interaction has the form 

;fCOfTT = ~ CijKt. d.:Wj ()K_p;7r"' ' 

y.rherc d. is the inospin index. The most general 

representation for the UJfTI vertex can be written as 

o(~ ·. 'I F( ) cot~?> r~j (p.K) =(21f) i. 8. r.K o Ei.jK£ pjkt . 

(1) 

(2) 

For notation::~ see the figure. Our choice of variables is ~he 

most convenient due to the symmetry of F(p,k) under. the 

reflection k- -K. 

The ladder-type Edwards equation is represented in the 

form of diagrams in the figure. The factor Z defines the 

normalization of the vertex and in what follows it is 

omitted. The analytic representation of the equation in 

the Euclidean metrios is 

F(p,k) == i .+ Jd\ K(p,q,_jk) F(~;k)' 

J\: =·_[_ [ q}(pi<}-(P'l-)(kq.~[p'YK~) .,-.(p<t-)(pk)]+,b~Kq.)(K,p+q,}- (J) 

(2:1f)'t [(pK{- p2 1<2 ]( M2. -t- (K -~/2)j(M2+(K+'l,f.2)j[m2.+(p+'V)~ 

4 

K2(~J, p+q,~ [epk>Ck,r +~)-KYr.p+q,U 
' 

• 
where M = Mf. · ;.. J; 

. w .· 
mass of the' pion. 

In the Euclic 

te system with tl 

Jit = i3Jq_. d~ 

0 ~ lfi I ~'i-.·~. 1f 

and the invariant 

k2 can be written 

For ki=;O eq. 

rei:!2 1 and can be 

which is as follo· 

two IBrts K =- I\0 · 

for large p and q 

. .t . 8 
Ko(p,q,) =(2rr) 

Then \Te :solve the 

F(r2.):: 



l nonanalytic 

vertex function 

Jn hn.s the form· 

neral 

written as .. 

k r. ·• 

(1) 

(2) 

variables is the 

:) under . the 

1resented in the 

l · defines the 

Lows it is 

··equation in 

' - ' 

~K~)(K,p+q,.\_- (J) 

-4l.2)j[m.z.+(r+'t--}~ 

J,p+q,)-K2(p,p-t-q,il 

' 

l 
l 

I 
l 

1'-
1 

1 

.I 

where M"' = Uf = U is the vector boson m::tss and in is the 

mass of the pion. 

In the Euclidean momentum space we choose the coordina­

te system w:l.th the forth axis along K:_. Then 

J~lf_- = '}t3dq,. d~ 
1 
JQ~ == ~n2 'f'J, ~in-&~do/<t,J{T'!.dft; 

0 ~ l/',; I~~ ~ 1J" I . 0 .~ 'f '1- ~ 2lf I 0 ~ 'l ~ 00 j 

(0~ r. = (1<4) . 
'!.- JK•~.z. ' 

. 2 
and the invariant function F(p,k) depending on p , (pk) and 

k2 can be written as F(p,k) = F(p\fp) ( dropping k
2 

) • 

For ki=O eq. (J) is quiteann.logous to that of. 

rer!2 1 and can be solved by the sf!me method the essence of 
'·· 

which is as follows. ~'he kernel f< is broken up into 

two rarts K =- I\
0 

+ IC' , Vlhere K
0 

is the most singulw 

for large p and q: 

Then we.solve the equation 

5 

(4) 

(5) 
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······• 

, ... 

"'*.,,.., 

\'lith 

-f\p 2
) ~---1 ~1-jd~'t K' F x' ::..~ K -'-Ko (6) 

Intro'ducing the notntlon 

~ J?,, I< ( r. q ) ::c K co ( r·'-. 9/) 
(7) 

one may 't'ewri te eq. ( 5) -:>.s 
..... 

""' (8) 
F(r;) :.~ f\P~) + Jd£t. q3 Koo(P~(i2 ) F(Cf-n, 

" 
with· 2. >< 

1 
. . · . · · 

(r_:_ 3k" (p'-o:)F-to-'): "-{\tLj(~,t-2~)FC«J)t- · - _ · 
) a~ q. , oo ' ~ ~ 12 ~ - - 1:. oo -

o ,, . ~J (x~-_2L)F(~)1_(9)-
2 

+ \t uz 'J ~ . . . 
a . ... o ' 

'\2.- (J t___ 2 _·_ . /( . 

~ =- 32Tf:t I p - X I ~ "" ~ • • 

By differentiating,eq. (8) is reduced to_the differential 

_equation
1
the Green's function of Vlhich- can be easily 

found. The resolvent lcernel, R(p2,f), of the. idt.egral 

equation (8) may.be easily_cxpressed in tenns of the Green'·s 

12/ ' ( ) ·. :::·unction and so eq.- 8 is equivalent to 

F(p~) =I dq:!. R(pz, q/') f(<~_z) 
0 . 

or . co 

F ( p2
; - ~ Fo ( P2

) t-. ~ ol~4 R(r.t, 't-:!) -K' F , 
(10) 0 

Here F 
0 
(p2) is the solution_ of eq. (8) for f(p2) :l. 

F 
0 

(X ) :- ~ / ),_2 X. - 2 G :: (A2 
X I 2 ,1, -1, -2 ) J (11) 

6 

.. · 

.c 

:: · .. : 

·::-.. 

1,:: ·-:·. 

. . 30 
and G04 is the _l.i 

integral eq uati~ri ( 
..... . ~ 

by ·iterations. For.: 

;th~n '1;
0
(p2) .and·'??"-. 

p2 ·~ oe) .coincid~s 
. - - /2/) . ~: 
.:1ee ref. - · ... 

•·' I . • • • •' • 

rri: the case •. ~ 

name. method. . 

.. The simple at W< 

Jwrnei in the form 
. ' . ~·.. ~ . 

i.e. to· revirite eq. 

~ F(r~ fr) = f(p~ fr)' 
..... ~. 

'·Th~ inhomogeneous t' 

f(r~ 'Yr) 
•, 

vrhcrc .· 

:-_· ~4 1~-··~LF:·=j 

= ~ J~~ _Tc'F:: + 

.'rhe angular 'f.al 
considered· to be f:r1 

integral· eqUation i: 

!llethod qevcloped · fol 

(12) can be solved 1 

·. equation. It, 15 Il.ot 



'r '·' 

( 6) ' 

.. ' ' (7) 

(8) 

(~)+. ·. 

X~·~2L)F(~) r ... (9.). 
'iJ;t .· . 'J . ~I ' .• 

he differential 

be easily 

he. integral 
: 

nns-.of the Green'·s 
' ._ 

2) . . f(p -=1. 

-1 -2) ·. 
I • ) 

C1o) 

(11) . 

.·.· 

. •' 

j~: 

I 

'. 
.: .... 

i. 

.. .~ .. 
'· .. 

',. 
.. 

d G
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an o4 is the J.!eijer function/a~ .Unlike eq. (J), the 

integral eq uatiori (10). is regul~r enou~l1. to be aolved 
' -" . . ' . 

.. by iterations. For large p2 all iterations decrease f:wtc1: · 
;, . . ' .· 2 . . ,:· . . .. . . . . . . " . 
than F 0(]1) and S? the asymptotic, behaviour of 1-'(p'")(ns· 

p 2 ·_,.oe)coincides with tlnt.~f Jo'
0

(:r 2 ") (fa!" the details 

.n.ee ref/ 2 1.) • .. . 

Iri' the case K, ~ o· eq. (J) cnn be solved by the·. 

same method. 

. The .simplest way to do so is. to choose the ~ost ainr;ulr:l.r 

ker~el in the form K oo (P2
, 1}2 ) S t tf r- ~, '£-), 

i.e. to rewrite eq. (j) as follows 

•·, 

··The; inhomogeneous term now is 

f(p~ tr) -- i + Jtl'~q k~ F' 

v1hcre 

,· · ~q'~~Kj_F =jd\KF- )J't 1,
3 Ko~ Fj<~·r··.Y'J,-

= Jd\ _T( F +.~d\ Ko f - P-t l},~· K'oo F I '1-r-· tf'i, 

'.Phe angular va.rinblen tl• ~. r!l . in·e.o .• (12) arc 
lPI Pr "lp 

c~nsidere.d to be fr~e parameters oni therefore thin 

integral· eqUation is in fact one-dic~nnional. 'rhun, the 
' . 

method qeveloped f~r the cane ki =0 is ttpplicable and eq. 

(12) can be solved by reducing it to the differenti~l 

equation. It, is not hard to verify th:1t its solution .in 

., 
I 

(J.J) .,· 



F(p,~<) = f J{ R(r2.~2 ) f<ct·K) I _,,, J. 'Vr-•t 

Putting :tn here eq. (lJ) we f:i.nd the integral equation. 

f (p, K) = Fo (P
2

) + 

+ J d'~/ J~l R ~p·, '!,2) f(i. ( t. f) I" F_( ~'· l<) I (15) 
'!',- tfp 

which is equivalent to eq. (J) but much less singular. In 

fact, ail iterations of eq. (15) are finite due to the nice 

asjmptotic properties of ]'
0
(p2) and of R(p

2
,q

2
). The 

.iterative solution of eq. (15) can be written as 

00 

F (p, k) = f.o (pz_} + L Fn (p. k) 1 (16) 
n=f 

where for p2 ~ C><l F n decrease faster than F 0 (p
2
). So 

. 

(~ 
,l 

it is reasonable to expect that, at least for p
2

--;.- oo , '). 

the series (16) converges and the asymptotic behaviour ~ 
~f F(p,k) is identical to that of F 0 (p

2
) • A . 

J. Expansion of F(p,k) in a modified perturbation series --------------------
( 

/2/ . 
It is not hard to verify cf. ref. ) that all 

corrections of the order of A~ are inoluded in the zeroth 
I 

and first iterations· 

F ( p, k ) --:-- fa (P2
) + F1 ( p, k ) -

- F~(p2 ) 1 ~d\'dq,2 RKJ.Fo (17) 

b 

Since :r•
0
(p2) does not 

one easily. finds ( usj 

·~d~q/ K.t·F 

where 
. I , • 

K = K-I<o. 

1 d\' d~~ R(p~,12) K'(~,<t' 

and using eq. (17) we 

F ( p, k) ~ Fa ( P2
) _, 

No\'/ 
1 
employing e 

Fo (x) = 1 + /..
2

X 
f, 

where 'l( = 0.577. .. is 

the right member of e 

replace F
0 

by 1. So, 

:\2:. order term of the 

employ the following 

most singular part· .. f 

-K, =-1< 

and calculate J ~\ f 
is calculated approxj 

K~ as 



L 1 Elr! ua tion. 

(9-', K) I (15) 

: tfp 

s singular. In 

due to the nice 

,q2). The 

en as. 

. (16) 

. . ( 2) tmn F 
0 

p • So 

or p 2 ~oo 

c behaviour 

·bation series 

tha:t all 

led in . the zeroth 
I 

(17) 

J 

\~ 

Since F
0
(p2) does not depend on angular va~iables 

one easily finds ( using eqs. (14) and (17) ) that 

r ' rd'f 'K'F. j d1q_, KJ. F = J t o , \, 

vthere K
1 

= K -K~ • It is not difficult to checlc that 

j J'~' J~' R(r~ ~') K '( t·~')/ ~ ( {) = ~ d\ K' I r. ~) F. M + •rA'~ (lal 
\-~ . 

and using eq. (17) we find 

(19)· 

Now,employins eq. (ll) we obtain 
I 

where ¥ = 0.577 ... is the Euler constant. The second term in 

the right member of eq. (19) diverges logarithmically if we 

· replace F
0 

by 1. So, to calculate its contribution to the 
,~ ' 
1\- order term of the modified pertu;:bation theory we 

employ the following triclc. First, we extract from K' the 
. I 

most singular part Koo 
1 

K' =-1<' + K" . co 1 
(21) 

(Jr.qK" co exactly. Then the term J ~ II and calculate . J ~"q, K~ Fo 
is calculated approximately by substituting :'

0 
by 1.' Talcing 

K~ as 



·'' 

... .~ 

·' 

.· 

. 
'··; ., . .,. 

';" 

.. ,. 
·:·" 

,\ 

.. 

K' = - · /..2. .l K:2. (a.l. + M 2.)-i. 
oo . 6rr2_ 't v . . . ) 

_(22) 

' . 

00 

. one may easily verify .that, for culculatin1~ 

. 1J1q..K~F0 , ~t:is sufficient to find the ~n:!3e~/81 
~ . . . ' . 

.. '. . ·. . .. . .... -1. . 

(Ju -~~ _· 2. 

.. } d(~+W) 
0 . 

30 · 2 _ _ GH lt.,zM~ I · ) · G Cit ~l2,i,-i, 2)- 15' . 021-1-2 c23) 
O'f 1 1. r I • , 

. 2. 

. Por small :\ 

. . {y 4i(:\:tM2 1'· - 1 _ . ) = -f-- + ~ en A2 M2. +2r- f· + 0(>!). c 24) 
IS' 0 2 i -1 ·-2 A Ml. ,{_ . . -, I -. 

I , I I ' ' I . ' 

and finally vrc get 

. (J+u.,K; _F =~ :VK 2 (tnJ.2 M.t+'tt- 5 ~)+.o(i\2)._ 
- ) . v ~- _o 2Lf . 2/ . . ( 25) 

• 0 • ' • ' 

!low, substitutinG eqs. (20), · (21) and. (25) into eq; (19) 
I • • • 

YTC arrive at the modified perturbation series 
. . z 2 ' ·. \ . . 

f(p,~) =it'\!- (-fn ~'-p2.+ 4't --~0)'+' 
(26) 

+ 2~ A'K'( f.,~' M' + 4¥ } ) -t' I Jl 'i- K' (p, t) + o(?.") . 

It in of interer.t to compare this expression with that 

of triangle din~rn.m, c::t1culn.ted with a cut.:.;off for ·lf,z~.j\. 
'lhc latter is identical to the first· iteration of eq~ CJ): 

10 

~: _. ,. 

·, 

' . 

I 

l 
l 
I 

·• cl. 

.. :·r·, 
''I· 

~-
il .•· 

·i ' 
i 

·r· ,. 
' ·I 
. 'r 

~ ., 

.. ·~ 

.. _ .. !···:. ·. '' 

\' 
-<:1 

.' . 

·' 

·.·., .. 

., ... 

1\ 
~ ' '· .. 

. ~ J ~ r K ( p, '!t) · -:-- · · ~: 
.:-. 

. )..2 2. ~. pl ' . 1 ') 
=~(Crt--+~_-6 ··. A · .6. · 

; :-Comparing eq. (26) 
,·· 

where 

F(p,.k) , i 
.· 

·-· .. 
'·. 

. '·" flo=) 

Eq. (29). ·is in 'fac .. -

'from general consid 

The va:lue 'of C obtu 

lerm~ . -;~2 · · e~uctl 
terms x ( 'ile sup 

where).: 

How, it in not 
:1, • 

for the A-. order 

of eq~ (28) -'is cqw. 

thus it is,given by 

make sonsc to'discu 

-order tcrriw since .-------------
X Tho rnua1 tin{ tary 
which is not suffic 



•. -·'f 

'.' 
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.(22) 

~-I '"'-.i .· \' ' 
M_,_ o,2,i;l,-2}.< 23) 

. '•' 

2r- s __ +'0(>.2) -<.- ) 

. 'f . · I 24 
'. 

•<>,·. 

·ies 

(26) 

K"(p, '},:) .~- o(N) ~ 

~cssio'n with that 

~..:of~ r~r _·Cft~~:A . 
1t1on 'of-·ei1~ (Jj: 

.. ;.. . 

~ '•' 

.- ·,v 

_.,.· .. 

-_, 

r 
. '·1·: ' .· 

~ f •,. 

.-ri .-_, ·_. 
~' -~- '_,.' . .'' 

' .-

.Comparing eq. (26) with eq; (27) v1e find that 

- Ao 
'F(p,k) __:_ i + rd4't K(p.£t) + o(A:L) I 

where 

'· 

(28)-

__ Eq. (29). ·is in· fact the "unitary cut-off parruneter'' vlhich, 

' 'from genertil considerations, must have the form '/\ = e; r..:z.; 
The value'of C obtained ·above enables us to calculate the 

terms -:A2 
exactly and to ~_:>timate the highe~-order 

terms x ( 'ile suppose to exploit this 'possibility el.se-. 

where) • .-

now, it is not hurd to prove the unitarity relation 
2 ' .· 

for the' A..,_ order correction. Indeed, 'the ir.mginary part .· 

of eq~ (28) 'is eqtnl to tb..9.t of the triangle diagram and 

thus it is_given by the unitarity.relation. It does not 

.-:. 

make sense to ·discuss the unitarity relation~ for higher­

-order tenil.s_ since we considered_ only ladder tytJe ·diagrams. 

x-~~~-~it~ cut-off gives only the term -~'"A'- e,l )..!. 
which is not sufficient to cnt:tm.1.te t!te A2.- order correction, 

II 

.. : ; 

·.· ... 

·-

•. 

·: ...... 
'·.· .·~. 



Eq. (26) may be expressed as a ser~es of powers of 

external momenta. Introducing the notations 

pi= (p..;,k/2) 2 =x , p~ = (p + k/2)2 =x , we eet. ( with 

·m2 =0, u2 =1) 
. ~ . 13) .1! 

F(x1,><1, k2 ) =~[(en A.2.+4't- Z)<x,+X.t)+(3t.,,i\ :t2r- 2 K+ 

+ J...(x. +X ).2. + J.... (x,-X.:z).2. + -!-(.x, +X.._)K.:z. + t Ki + ·· J + o(A_z.), 
If I .1.. f2 . ...<.. 

.t 2M.2. . 
where J..ZM ==.:J ~.211'~ o.a. From this expression the important 

conclusion concerning a rather rapid variation.of the 

vertex function ( with ~xternal momenta) is drawn. This 

· fa~t was used in ref. /lo/ for improving the vector-dominance 

model for the decays 

.w~37r1 W ~1r({ ,.1fo~({'i{. 
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