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Po6arnHK .U., CMoponHHCKHl! H.A., BHuopeK 8. E2-5993 

npeo6p830B8HHe COCTOHHHH 6eCKOHeqaoro HMITYRhC8 

HaBeCTHbiH peaynhT8T1 COCTDHmHi! B TOM 1 qTO COCTOHHHH CITHp8RhHOCTH 

M8CCDBbiX qaCTHII C 6eCKOHeqHbl~ HMITynhCOM OOR81l9.JOT TeMH lKe C8Mb!MH 

CBOI'CTB8MH npeo6p83DB8HHH qTo H 6eaM8CCOBbie qaCTHUb1 1 o6o6maeTCH H8 

COCTOHHHH C p 2< 0 • 
8 cnyqae p

2> 0 H p2 <OonpenemiJOTCH K8HOHHqecKHe COCTOHHHSI. Pac

CM8TpHBaeTCSI acHMITTOTHqecKoe noaeneaHe rroaopoTa BHrHepa nnH aTHX 

COCTOSI HHH. YcTaHaBnHBaeTCH CBH3h MelKilY ITOBOpDTOM BHrHepa llRH 6eCKO

aeqaoro HMITynhCa If ITOBO;JOTOM B C:JOTBeTCTByJO:ileM rronrrpOCTp8HCTBe, Bbi

TeKaJOmeM H3 npeo6paaobaHHSI rronxongmero caeToaoro BeKTopa. 

Coo6.eHBB 06•eABH8HHOro BHCTBTyTa BA8PBMX BCC~8AOB8HBI 

~1971 

Robaschik D., Smorodinsky Ja.A., Wieczorek E. 

Transformation Properties of States at 
Infinite Momentum II 

E2-5993 

The well known result, that helicity states of mas
sive particles at infinite momentum satisfy the same 
transformation laws as the states of massless particles, 
is extended to the states with p 2 <0. 

In the cases P1 >0 and p 2 <£J canonical states are de
fined. The asymptotic rproperties of the l:igner rotation 
for these states are considered. 

A connection is given between the ~igner rotation in 
the infinite momentum limit and the rotation in the cor
responding subspace induced by the transformation of an 
appropriate light-like vector. 

Co••••ieatioae of the Joiat laatitate for Nudear Reeeareh. 
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1. In trod u c t ion 

In this paper we extend our considerations of trans
formation properties of massive particle states/1/to light
like and spac~like representations. We consider two types 

of states: the helicity states and the canonical states. 

The states are constructed using the statesl~s~in a stan

dard system and applying an unitary transformation U(~\' 

I plpu.~ .,. lt(L,.) lp~~o.> 
( 1 ) 

which depends on the boost matrix l~ .The boost matrices 

for helicity states with p\o are well known/1,3/-: For p""'o 
we define the helicity states in the same manner. The bo

ost matrix for the canonical states is a rotation free Lo

rentz transformation/2/. However the most important proper
ty of this matrix is 

(2) 

if R is an element of the little group Rr=P. Taking this 

property together with lLrlci as a definition of the canoni
cal boost in general we obtain unique solutions for Pl>o 
and p"<o. For l'l=o there is no solution with 11.,\•i.. The 
more restricted condition 

3 

t•• l1,o,•,11 

t• • (1
1 
•, o, ·U ( 3) 



f 
which is suggested by the property· of gauge invariance 

leads to an one-parametric set of solutions for the boost 

matrices in the case p'c-O. 
All these considerations are done for the groupS0(3.1) 

and its subgroups.The di~cussion of transformation proper

ties of states at infinite momentum leads to an inspection 

of the Wigner rotation in this limit. For helicity states 

we generalize the result that the Wigner rotation reduces 

to a rotation in the "'L
0

·TI
0

- plane to I 1 

the case p~Lo. It is explicitly shown, that the rotation 

angle is always the same for all three cases. The asym

ptotic properties of the Wigner rotations of canonical 

states are discussed. The results can be connected with 

the transformation properties of appropriate light-like mo

mP.ntum vectors. The projection of the transformation of 

t.nis light-like vector into a three dimensional subspace 
I 0 O O -t't' O t ) 1 d ( h • \n,,l\L,'r\

1 
or • 1 "',, 'r\& ea s toget er w1th one further 

condition) to a unique transformation in this subspace 

which just coincides with the corresponding Wigner rota

tion in the infinite momentum limit. This appears as age

neralization of the well known treatment of the abberation 

of light, which is just a three dimensional description 

of the transformation of light-like four-vectors. 
In the following part of this paper we consider heli

city states and their asymptotic properties. The canonical 

states and their behaviour are treated in the last sec-

tion. 

2. Helicity States 

a) Boost Matrices 
The helicity states 131 are given by lPS"">=Ll(~o",.)l;s~)' ... 

with the additional property (.S-p}( \p~»o.'.>:)..\ps") where 1' I 

4 
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s .. (~1 ,H1"M,1.), M_,..,generators of -he Lorentz group, P•tr"') 
• - .. ._ oo• .. L· 

;{p
0,1t> • (_,,,1 >,1'cl1"1,p"•P ~-1'1t. plS t.he boost matrix 

which transforms the four vectors of the standard system 
I " 0 ° O • t th t l "" ) , p 1 "• , ~~~ , "J ) 1 n o e v ec or s p 1 "'•'Ph "llPJ 1 liJtPJ 

of an arbitrary system. In the standard system the opera

tor M,:a. .. 'Wcr, is diagonal. In the arbitrary system we 
demand .... 

U CL,> \tJ' ~> \A. u·; > • \V <pJ • (51" !4o ( 4) 

Writing this in a covariant manner 

(5) 

It -" we determine -n3l.,,, t,, in agreement with eq. (4). The boost 
matrices are: 

p•,..-1 ·--·L .. 1.::: """- >O 
p" __ , 

H II , .. ... (111111')•1 L" • "'·', ... 1., .. } (6a) p ,~. --1 .. ~. ,. (W11')-l 

p• '*•L pl ,. < ... .,r .. 

.,,.-t. ,•,.-s. L 1. ,. ...,... ~. 
L" • •l .... JA•l "' ... (,..,., .. " (6b) 
, 

.~ pi (}"fl-L 
..._,,, 

""''" .. ~ ,.-• 
p\ p• (JA"')•L •"' JA-l 
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I 
! .( 

p0~1 p• •" , -1 r• t 

z,.~ 'lp•a. ,r =o 

" • 
LK = .. \ ~ 1 ... ,f) •up) 

~··~ ! ''l p -1. ,~ 
p 2 , .. 1. pl 

- pt (6c) 'l. .:a. 3 , , 

II I 
"'·cr>and 11acr1 are chosen to be 

,~_..,. & pl."" ,4 ) • , ~-.. 1 p'tp t.& ,a.) 
"':fP•. ( o, -it- -,:11. ¥.., ' -a ~ ~ J- :p , ,.&,,~·.;.a:;. r.ta I 't r. ... a..,. :11. J-; , ( 7) 

.a,.1' ........ ... 

where , ... a.. r.&• r: . 
At infinite momentum we expect relations between the 

different boost matrices. According to t•·t~t,•,•,•>-tlo,o,o,1)] 
the boost matrices satisfy 

L p • ~ ( L"p -t l~ ) + 0 ( -;;,) ( 8) 

,a=• r: 'i , .. .,_" 

This corresponds to the fact that at infinite momentum 

both space-like and time-like vectors approach the light 

cone, but from opposite directions. 

b) Asymptotic Properties and Rotation Angles 

Doing the same calculations as in I we can show 

• " o o_ • \" -s. A '" • o t,.M.. P,: { A P) l\1 ' U-""" L. II 1 
\. l .. "- l = 'nl 

.., . ---- .. ..,._... r 

(9) 

which means: In the limit~•· the general Wigner rotation 

reduces in any case to a rotation in the ... ~.,·- plane. For 
the representations we have~ O~,:llt'!.l·~,.,tt~"'f. This agrees 

1'~-

with the transformation properties of massless particles 

(corresponding to ~eo and the discrete series) and inclu

des the vanishing of the transitions between different 

helicity states induced by finite Lorentz transforma

tions/1 ,5/. With our choice of~"' and .,.:LI"J the rotation 

angle is in all cases the same and given by 

6 
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( 1 0) 

It depends only on the choice of "'~<pJand ~~~<rJJhis means that 
at very high momenta states and matrix elements show the 

same transformation properties for all values off. 

3. Canonical States 
a) Boost Mat r i c e s 

The canonical boost introduced by Joos 121 is defined 

as a rotation free Lorentz transformation which transforms 

r=lM,•,o,•l into I'. This boost has the important property 

, ,, -~ c ,.. '.\ R " a."' dt,_.b,\; ~ -lkt. t~t.Ut 
Rw(l,pl"L.RpRL~·" ~~•"'t' R; .. ;. ( 11 ) 

To get a simple generalization of this boost to the ca

ses p1.~o we take this property together with l~,l=t as a de

finition of the canonical boost. It is then possible to 

show, that there exists only one solution in the cases 

P"'>• and p1.~o and no solution in the case r=o. The proof 
goes as follows. Starting from 

( 1 2) 
p a (.4,o,o.~-t) .. ~ ... 

and using the notation ~l~·r,P we can write 

( 1 3) 

The general solutions of this equation are 

7 



1 l .. a a caMel j 
,. 

f'~(O: ClttpJ .. (J• 'P+PJ) el:( ,, .... ,.. ... , -,. 
p"=o : -.d. 

,. ( 14) 
.C.(p) ': ~·p .C.tpJ = r 

where r : ( P0
J .... p&) • 

The solutions.c,,,.; lead to matricesL,. with\lr\c-'i. 

Forr"'.,o the solution tCtr>=a.p is in contradiction with the 

transformation propertyr ... , The other two solutions give 

the canonical boost for r'~o /1,2/ and the following boost 

for r"-o /4/ 
--t 0 a. 
-~-rr .,-tpl+ ,., 

( 1 5) 

-1 - 4 fa 
~l,,.,., a. 

-~ 
, .. --,.. ,.. 

For the massless physical particles - belonging to the dis

crete representations - the translations of the El~group 

are represented by the identity (gauge invariance). This 

suggests us to use a weaker condition and look for solu-

tions of 

i . e . for pure SO(lJ rot at i on s ( 1 6 ) 

in the case ~=o. Here we shall obtain a set of one paramet-. 
ric solutions. H we aenote tne ~ect~rs~, ~"~"'" ~~ ~-: 
(o..labels the vectors, i. the components) then from eq. (16) 

it follows 

' ~ R~ \ 'Yl lo (.llp) "ba • 1 l\ at PJ ( 17) 
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with the solutions l 
' A'~+ r .. ; r, "Y\.~ -

• ) • 1,'&. 

( 18) 
'V\. -

~ - 'f, P, • ) ::0,) 

Taking into account the conservation of scalar products, 

normconditions and the regularity of the boost for p•.,l 
we obtain for this boost: 

( 1 9) 

I 

where~ is an arbitrary function. This boost contains se

veral well known boosts as special cases e.g. for la.:-S- ~ t•+r' r• 
the hel i city boost and for b·• the boost/4/ 

.!.tr•+ ..!:.- ) ~ £ 4 (p• 1. ) 
a. lP0 +f'J} r•+r' r•+r" 'i. - ;;;, .. 

!.. !.' (20) 
1 0 

l ... ~ 
~ 

p r ,~ 0 1 ~ 
~ 

• ( l 1. ) -~ _ _c 4(1 3:.-) 
'i. p - p.;p~ r•+r' P0+r' "i. ' + r•+rl 

with the important property -t"-.. ,~+r't• This boost does not 

con t a i n generators of the group E t&.> • 

9 



b) Asymptotic Properties 

In 1 we have studied the limit1'-f• for the Wigner 

rotation of canonical states with r">o. It has been shown 

( 21 ) 

... .. 
where "~'~••lo,~l,""J\•l•,~lA'WuQ.finite Lorentz transforma-

~ r ·~·· tion. Using essentially the same methods similar result 

can be shown in the case p1
lo. Denoting ;=(r~r·,p~) then we 

have 

... 
~ R~ (.1-,r> mp ... 

c-t:• ~· 
(22) 

where m,=( i. ,o), ~_-l4 ,o\ 
Iii ·-r lAp\ '} 

if A does not change If I 
I 

\ essen-

t i a 11 y ( i . e . i f 1-?1 goes to infinity, then lhpl s h o u 1 d a 1 so 

go to infinity). This means, that the result is valid for 

all states withlt11,.oo(fl..~=-r\., ,_ ... finite). In the case 

r=• the result depends on the type of boost, which is gi

ven by the choice ofb. For b•o(eq. 20) and the helicity 
t...;.. ..... 0 0 

boost •?•••1\"AL,t,.t is valid. But this relation depends 

onP . For another asymptotic behaviour of a, , we expect 

another asymptotic behaviour of the Wigner rotation. 

c) Relations between the Transformation Properties of 

Light-Like Vectors and the Wigner Rotation in the 

Infinite Momentum Limit 

The relations (21), (22) can be connected with the 

transformation properties of appropriate light-like momen

tum vectors. The transformation p:• Ar~ of a light-like 

momentum vectorrL•('ft,;) can be projected onto a rotation .., .. ~. 

of normed vectors '14-,•1!. .,..,,. 1.: in the space spanned by 
1' I .- 1>' 

the vectors -n,•,-.:,w; as 

10 



(23) 

where~ is a pure rotation matrix. To define~ uniquely 

we represent .t in the form A• L.·ll ( L" pure Lorentz trans

formation,Rpure rotation). The corresponding matrix-r~~, can 

be represented in the same way 

Clearly we have .,. .... ~.To determine "i.~~, we remark: 

a)~. is a rotation matrix with the property 

4 .. 1; ~"'•. Po s s i b 1 e i n v a r i ant vectors (ax i s of a..,... .. .. .. ... .. 
rotations) are ..., .. IC(4~""'*•' •fL(•~.cr"•,). 

b) The Lorentz transformation L_ has 

\7 w Q. ( 0 J • l", '-.4 , •) + \, l 0, '-.
4 

• '-.a. I - i~ ) 
as invariant vectors. 

(24) 

The condition that there is one common invariant vec

tor both for the rotation TLtt and the Lorentz transfor

mation ltt leads to tt•O and gives a unique defined matrix T~.c. 

On the other hand the Wigner rotation for canonical states 

with p•htt••"'~ . .;) satisfies for pure rotations R. 
~c;,tR,P) c R and therefore 

(25) 

In 1 we have obtained the results 

a) is a rotation around the axis 

b) 

for pure 

.. .. .. .~ .. 
"-. lf. 1' fP \. IC f1 IC 'f l 

· e ~ a· .. 
~ flw (. \.• p)*r • ~ *a..p 
·~- ~ ~4-

Lorentz transformations. If the former light-like 

vector P .. has the same space-like directions asp then the 

11 



normed vectors ~ 4t 
'~'·- "'~ 

and we are able to conclude 

~ A,.~ l~~e,p) a 'TI.oc 

·~-

coincide 

(26) 

Summarizing the foregoing we see that the transformation 

of an approrpiate light-like vector induces a full rota-

tion (in the space spanned by "".•,...,:, "i ) which describes 
the abberation of light. Furthermore this rotation and 

the Wigner rotation in the infinite momentum limit coin

cide. This is a more complete description of the connec

tion between the abberation of light and the Wigner ro

tation in the infinite momentum limit as considered in 1. 

In the same way it is possible to consider the pro

jection ofp~::l\.p~with P ... •(P~I;,J,P~(r~r:r',onto the space SJJan

ned by the vectors (•,•,•,•},1l~,ll:. This transformation is 
a S()ll.1) rotation 

(27) 

"'W tt .., ;, 
of the normed vectors--.,•1¥

1
,-.,,= 11,1 (as long as lplal~lt•). 

To get a definition of SA. we proceed in the same manner. Re---presentatingAsl:~tR< L~~ is a canonical boost matrix with 

"-'".:o,P: is a 50(1.4) rotation matrix) and SA.•S~.csc we have 

i._,• ~.sL.is again uniquely defined by the condition that 

there is one common invariant vector for the Lorentz trans
formation and the SOl&.·\) rotation matrix. The resulting -invariant vector is (;: JClocr). 

On the other hand the Wigner rotation for canonical 

states with P•{.P,1.,t•/"i") satisfies for the rotation 

R~tii,rl•~ and therefore 

(28) 

12 



For the transformation t~ the Wigne! rotation has quite 

similar properties: -t') f. -
""" ( '-~.,P) 

... -is a SO(I.\) rotation with 1'x<lt -.. '" . . or f"'~cP as 1 nvar1 ant vector, 
a) 

b) ~ Rc. tL' p)W. = ~ ~ . .-
.:;,.,.. ""\ •u P a.;,~ co ..... P 

An appropriate light-like vector has the property i.-~? 
'- I , 

~>o,Proceeding in the same manner we concl~de 

-nC. .. 
""' l L" ,, = ~L ICJ IIC • 

(29) 

In other words: In the limit \-Fl~• and p\o the Wigner ro

tation is Just the SOlt.l) rotation (in the space spanned 

by (t,o,o,o}
1

l\,•1 -ni ) induced by the Lorentz transformation 

A applied to the corresponding light-like vector. 
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