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Introduction 

Well known are the results achieved by the quantum field 

theory with the help of the ordinary perturbation theory. But the 

difficulties which arise when one attempts to describe~ for example. 

strong interactions are known not to a less extent. These difficul

ties have resulted in the development of a number of methods which 

go beyond the scope of perturbation theory. Among those one of 

the most distinguished is the functional integration method in quan

tum field theory111. This method h~s further been developed in 
/2/ . 

papers · and later was successfully apphed to the study of the 

infrared asymptotics in quantum electrodynamics and also in the 

research of the processes of hadron interactions at high energies 
/3 4/ 

(see e.g. ' ' ). 

The principal merit of the functional integration method is 

the possibility of obtaining expressions of closed form for the com

plete Green functions and deriving with their help a number· of ge

neral relations. Thus~ the representation of the two-particle Green 

function in the form of the continuous integral gave the authors of 

pape/51 the opportunity to get the expressions of closed form for 

the elastic and inelastic two - nucleon scattering amplitudes. which 
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may be used, for example, for the development o{ various approxi

mations. 

The present paper is devoted to the derivation of the expres

sions in the form of path integrals for the vertex function and the 

amplitude of the elastic meson-nucleon scattering. 

1. Complete Nucleon Green Function 

We consider the quantum-field model of the interaction bet-

ween scalar nucleons and scalar me~ons Lin,= 9 : if!*~,, ¢ : x/ 
Let us introduce the single-particle Green function of a nuc

leon in the external field ¢( xJ without taking into account the virtual 

effects. This function satisfies the following equation 

[ O + m2 - g ¢ ( x ) ] G ( x, y I ¢ ) = 8 ( x - y ) (1.1) 

the solution of which can be written in the form of continuous integ

ral 
. oo ·r 2 T T 

G ( x, y ! ¢ ) = i J d r e - ' m f [ 8 v ] 
0 

exp I i g f d t ¢ [ x + 

e O r O (1.2) 
+2 f v(71)d71]! 8[x-y+2 f v(71)d71], 

0 0 

where 

r 
[8v]o= 

r 
8 v exp [- i 0f v2( 71) d 71 ] 

r 2 J 8 v exp [ - i J v (71) d T/ ] 
0 

(1.3) 

x7 The obtained results can be easily generalized to the case of 
- 2 2 the model L. =ig :A t/J* aµ¢: +-9- :Aµt/J*t/J: 

'"' µ 2 

4 

I, 
I 
\ 
• 
I 

I' 

and n, is the volume element in the functional space. 

Performing the Fourier transforms we obtain 

G ( 
. ) . d ipx - lqy G ( . ,./., p,q c!, _} dx ye x,y,y). 

' -;r(m 2 -q 2 J. ix(p-q) 
i .J d;e j dx e • 

(1.4) 

a • r e 
• J l <'5 I IO exp I ; g J de ch [ X -2 q e T 2 J I ( T/ ) d T/ 11 . 

0 0 

Now using the expression (1.4) we can find the complete Green 

function of a nucleon in the external field. We shall operate with 

the notations of the following type 

_IDAB fdx
1 

dx2 D(x 1-x2 )A(x 1)B(x 2 ) 

(DA) I a I J d x 
2 

D ( x 
1

- x 
2

) A ( x 2 , I a I ) · 
(1.5) 

XI 

where I a I is the set of those arguments of A which do not take 

part in the contraction x/. 

Let us denote, for example, the operator 
2 2 

[exp-1-· JD~]~[exp-i_fdx 1 dx
2

D(x 1-x 2) 
8 

] (16) 
2 8¢ 2 8¢(x 1)8¢(x 2 ) • 

with the help of which we obtain the expression for the complete 

Green function 

. 8 2 
G ( p , q ' ¢ ) -- [ exp - 1

- J D ---::---:--2 ] G ( p , q l ¢ ) S O ( ¢ ) . 
. 2 8¢ . 

(1. 7) 

x7 In the case when (DA JI a I as a function of x is included 
in the argument of a functional we shall omit, for the sake of sim
plicity, the symbol x 
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Here s O (¢ ) denotes' the vacuum expectation value of the 

s -matrix in the· presence of ,the external scalar· field ¢ ( x J • Sub

stituting (1.4) in (1. 7) we obtain 

- ., 
00 

iT(q 2 - m 2J Ix (p-q } T 
G(p,q1¢)=i fdre Jdxe J18v] 0 E(!a!I¢), {1.8) 

0 

where 
2 T 

E(I alj¢)=[exp~•-· JD-½]exp{ig Jd~cp[x-2q~+ 
2 8 ¢ o 

t . 
8

2 , 19 f¢ I , .(1.9) 
+ 2 J v (7] ) d 7J ] I S0 ( ¢ ) = [ exp - 1

- J D --,- ] e So ( ¢ ) 
o 2 . .. . 8 ¢ , ... 

la i,dx,r,q;v !. 

In formula (1.9) we have employed the following. notations 
T ~ 

j(z,lal)= J d~o[x-z.,-2q~+2 J v(7J)d77] 
0 . T . 0 ~ (1.10) 

f¢i= J·dz<f,(z)j(z,lal)= J df;¢[x-2q~+2 fv(7J)d7J] 

Using the techniques de
0

veloped in the p:per/5/ we can write 

(1.9) in the following form 
• 2 

E(lal!¢)=expligJ¢;-+ JD; 2+iil[<f,-g(Dj)la\t,' 

where· 

[exp _j_ JD~] S ( ¢ )= e ,TI[¢]_ 
2 8 ¢2 o 

{l.ll) 

{1.12) 

Nate that n [¢] co:n-esponds to the sum of · all the connected 

diagrams with the arbitrary number of closed nucleon loops and ex

ternal meson lines, all possible internal meson pairing being taken 

into account. 

-6 

I 

I 
I 

I 
·~ 

l 

Let us introduce the quantity 
. • 2 la l 
E O = E ( I a I ) = exp l - ,.!..!L J D i 2+ i Il [ - g (Di ) 1- rn [ 0 ] l . 

. ·. 2 ·.. , .. (1.13) 

Then 

E(!al!¢)=e;Il[¢] E
0
R[¢], . ·• (1.14) 

where. 

R[¢]=R(x,lall¢)= 

la l 
=exp I ig J <f,j +iil[<j,.:.:g(Dj) -l-iil[¢]-· {1.15) 

- i Il [_ g ( D j) { a 1J+ jil [O] l = exp I i g f dx 1¢ ( x I) T( x 1 , 1 a I! <p )I. 

It is not difficult to convince oneself that in the expression 

{1.14) the terms corresponding to vacuum renormalization, radiative 

corrections to the nucleon line and effects of interaction of the 

nucleon with the external field, are factorized. 

The functional T ( x 1 • I a I i ¢ ) can be expressed in terms of the 

polarization operator of the meson r'ield 

I 8
2 

P(x 1 ,x 2 1¢)=------ 11[¢] . 
. o<f,(x1)o<f,(x2) ' 

{1.16) 

'In fact, let us perform the Fourier transform in the fur{ctio-

nal space 

Il[¢1= J87Jil[7J] e-,J¢TJ (1.17) 

Then 

. la l la l 
Il[cp-g(D1) ]-Il1¢]-Il[-g(Dj) 1+Ill0]= 

=f D7Jil[7J][e -,J¢ 7/_J][c 19 JD;7] -1]= 
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I I -iAJ/l)7J ig A2(Dp/ 
g I d ,\ 1 / d A 2 J i> T/ 11[ T/ I e · · I 6 'I / D j 'I 

0 0 {1.18) 
I 

g I J,\ I 
0 

/dA
2 

jdx
1 

dx
2

0(x 
1

} (Dj}~al P(x
1
.x

2 
,\

1
6-gA

2
(Dj}lal}. 

0 2 

Substituting (1.18) in (1.15) we obtain the expression for the 

functional T( x 1 • I a I: <b} 

T(x
1
.lal'qd. ;(x

1
.!all- .

1 d .1 
. ( } l rd o' A I 6 d A 2 Id xi Di xi 

P(x
1

.x
2 

A
1
o-gA

2
(Dj}lc,I} /dyZ(x 1 ,y.lal l'>lj(y.lall 

(1.19) 

in which we have introduced a new functional 
I I 

Z ( x 
1 

• y . I a I . cp ) , o ( x 
1 

- y } ., f d A 
I 

J d "2 ( d x 
2 

D ( x2 - y } • 
ci O ,. (1.20) 

. la I 
• p ( x I • x 2 A I <P - g A2 ( D j } } · 

2. The Vertex Function and the Meson-Nucleon Scattering 

Amplitude 

To find the vertex function and the scattering amplitude it 

is necessary, first of all, to pick out two poles and to pass on the 

mass shell in the expression (1.8). Omitting the factor exp I ill[¢ 11 

and subtracting the free part of the Green function~ we obtain 

; F(p. q . ¢ ) 

·J dxe;x(p 

N 2 2 

/im (p 2-m2 }(q 2-m2 }i J dr e 
; ; t q · m I 

p 2, q2 • m 2 0 

' r 
q' ·t - I E i g I O I- 0 0 

I (2.1) 
J d) exp I i g y J d x 

1 
¢ ( x

1 
} T ( x 

1
. la I: ¢, )I. 

0 

· Jdx 2 </:,(x 2 }T(x
2
.la !'ch). 

8 

Using the expresssions ~1.19) and (1..10)) we pate that 

f d x 1 ¢, ( x 1} T( x 1 • I a I : ¢ ) =. J d f J d y o [ x ~y - 2 q f + 2 J v ( 1/ ) d TJ ] • 

0 0 (2.2) 
• jdx

1
¢(x

1 
)Z(x

1
• y.{a!i¢). 

Then after substituting (2.2) in (2.1) and replacing the ordi

nary and functional variables as follows 

➔ T +- t; 
e 

x ➔ x+2qf-2 J v(T])dT] 
0 

1,(1Jl•1·(11-0-(p-q} e<f-1J) 
we obtain the expression 

F(p,q1¢)= Jim· (p 2 -m 2 }(q 2-m2 }J dr r°"Jf. 
2 2 2 o d 

00 

p I q ➔ m 

;r(i-m2 )+ ;f </-ml) fd I x(p -q 'J[o ]r E . 
• e X e V -e O I 9 • 

I 

(2.3) 

(2.4) 

•f dy exp I ig yf dx
1
¢(x

1 
}T(x 1 ,{ al;¢) I Jdx 2¢(X;i}Z(x2 ,x,lal! ¢). 

0 . 

Performing the transition to the limit in (2.4) we have 

+oo m /x(p-q) 
F(p,q;¢)=igf[ov]_""JdxE

0 
(x;p ,q;v)e • 

(2.5) 
I m 

• J d x 
1 
¢ (x 

1 
)~ ( x 

1
, x; p, q; v: ¢) J dy exp l i g y J d x 

2
¢ ( x2 }T (x

2 
, x; p, q; v I¢ ) I 

0 

where E0m, Zm and Tm are defined by the expressions (1.13), (1.20) 

and (1.19) accordingly, in which; of the formula (1.10) is replaced 

by 

+ 00 

jm(x-z;p,q;v)= J d(olx-z-2p(0(-()-2q(0(()+ 
(2.6) 

' +2 J v(TJ) dTJ]. 
0 
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To find the vertex function I' ( P • q; k J the expression (2. 5) 

must be varied once with respect to cf, • 

(211) 4olq-p-k)I'(p, q;k)-.Jdyelyk ° F(p.q'cf,)'¢-0 
ocf,(yJ - (2.7) 

-,,_ . ix(p-q) ik 
i9J[o1·] J dxE0 (x;p ,q;v)e [dye Y z Om( X' y j p' qi IC ) ' 

_,,_, 

where 
z;(x.y,p. q;1) Zm(x,y;p.q;1 '.¢ 0) o<x-y) 

/ dA Jdz D(z-y)P(x.z '-A g(Dj) lx,p,ql ). 
(2.8) 

0 

Let us note that the functionals E; and z 0m are invariant 

under translations, i.e. E; does not depend at all on x. and z ~ 
depends only on the difference ( x - y) 

f m fm ( p • q; I ) 
0 0 (2.9) 
m m ) Z
0 

Z
0

(x-y;p.q;, • 

Then it follows from (2. 7) the final expression for the vertex 

function 

l'lp.q;k)~igJlii, 1_:E;(p.q;, )Jdze-;zkZ 0m(z;p.q;1,). (2.10) 

Varying twice the expression (2.5) with respect to d, 1 it 

is not difficult to obtain the amplitude of the elastic meson-nucleon 

scattering. In fact, 
4 (2 11 ) 8 ( q - r - p - k ) F ( p . k ; q . r ) 

2 
0 J dy dy ly1k-iY2' 

I 2 e 
F(p.q 6) 

odJ(y
1

Jo 6(y
2

J ¢,o 

c ig Jlo, rec E~(p.q;1·),jdxd Y1 dy2 _,._ 

10 

ix Ip~ q) 
e 

i y I k • ' y 2' 

•I azm(x,YJ;p,q;v:icf,) ·1 + oZm(x,y2;p,q;vlcf,) 

o cf, ( y 2) ¢=o o cf, ( Y1 ) icf,=o+ 

+ ~9 [Z~(x-y 1;p,q;v). r·;(x-y
2 

;p, q; 11)+ (2.11) 

+ Z ;c x - y - i p, q i II ) T m( x- y I i p, q i II ) ] l , 
2 , 0 

where 
m m 

T 0 =T (x,y
1
;p,q;vl¢=0) (2.12) 

and, because of the translation invariance, depends on (x-y
1

) • 

Introducing a·translation invariant functional 

Q m( ) [ 0Zm(x,y7;p, q; vicf,) 
x-y

1
,x-y

2
;p,q;v = - + 

ocf, < Y J 
2 

+ oZm(x.y2;p,q;vlcf,) ] 

ocf,(yl) c/,=0 

(2.13) 

we can write the expression for the scattering amplitude in the 

following form 

+ oc 

F(p,k;q,,)=igf[ov]. E
0
m(p,q;v)fdz

1
dZi 

-OC 

~-ikz 1+ ir z 2 
e 

• I Qm(z7. Z2 ;p, q; 11 )+ l [ zt<z1 ;p, q; 11)r;<z2;p,q; vh 

+ Z :, z 2 ; p , q i v ) Tom< z I ; p . q , v ) ] l 

(2.14) 

The representation (2.14) can be used in the study of the 

asymptotic behaviour of the meson-nucleon scattering amplitude 

at high energies, and also in the investigation of the automodel 

behaviour of the nucleon structure functions161. 

11 -



The authors are glad to have the opportunity to express their 

deep gratitude to N .N. Bogolubov, D.I. Blokhintsev, B.M. Barbashov, 

A.A. Logunov, R.M. Muradyan, M.K. Polivanov, A.N. Tavkhelidze 

and M.K. Volkov for fruitful discussions and valuable remarks. 

References 

,, 1. R.P. Feynman. Rev.Mod.Phys., 20, 376 (1947). 

H.H. Eoromo6oB, D.AH CCCP, fill., 225 ( 1954). 

2. E.M. Eap6aIIJOB, tK3Tct>, 1§_, 607 (1965). E .• c. ct>panKirn. Tpy/lbl ct>HAH, 

~ 7 (1965). 

3. f.A.MHnexirn, E.C,ct>panKHH, )K3Tct>, 1§...., 1926 (1963). 

E.1\1, Eap6aIIJOB, M.K. BonKDB. li,3Tct>, Jill, 660 (1966 ). 

4. B.M. Barbashov, S.P. Kuleshov, V.A. Matveev, V.N. Pervushin, 

A.N. Sissakian, A.N. Tavkhelidze.Phys.Lett., 33B, 484 (1970). 

Vi.B. AHapeeB, ll.A. EaTamrn. ITperrpHHT ct>HAH N960, MocKBa, 1970. 

5. V .A. Matveev, A.N. Tavkhelidze. JINR, E2-5851, Dubna (1971). 

6. ,\1.A. MapKOB. "He11Tp1IH0", "HayKa", M., (1964). 

B.A. MaTBeeB, P.M. Mypall51H, A.H. TaBxemrn3e, OIHH!, P2-4578, 

ily6Ha, 1969, 

Received by Publishing Department 

on June 28, 1971. 

12 


