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The quantum field theor,y_equations for the Green functions 

and various transition amplitudes 11-;/ based.on the analysis of 

the Feynman dia~am structure. are formulated in terms of the non

Euclidean four-dimensional variables. The presence of relative ti

me variables (or relative energies in the momentum representation) 

. leads .to the well~known difficulties of mathematical character and 

those connected with the physical interpretation. 

The quasipotential method. of Logunov and Tavkhelidze / 4/ 

which is essentially based on the equal-time description of .the 

two-body system does not suffer from such defects and is formulated 

only in terms of three-dimensional variables. In this sense the 

quasipotential equation_s are a direct generalization of the two

particle non~relativistic equations to the relativistic case. · 

Because of the specific features of the many-body systems a simi-.., 
lar generalization rigorously proved in the framework of quantum 

field theory has not been made up to now and all the attempts 

undertaken dealt·only with the solution of some particular problems. 

In the papers 15-7/ the approximations have be~ used to 

obtain three-dimensional integral equations for th~ relati!istic 

three-body problem. For example, a basic approximation made in /7/ 

is that the two-particle solutions for each subsystem are domi

na_ted by a finite number of bound states and resonances. 

In the paper/8/ on the basis of the quasipotential approach 

relativistically covariant equations for the N-particle wave 

functions·are proposed. 
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r:n/91 general properties o~ the quasipotentiaJ. equation 

~or many-body bound system are considered. 

The papers/11/ are devoted to the derivation o~ an equation 

for the three-particJ.e scattering amplitude in the framework of 

a three-4imensional formulation o~ quantum ~ieJ.d theoryi101. 
The equal-time description of a three-particle system al

lowed one to derive equations in terms o~ the t~ee-dimensional va

riables which determine the physical. relativistic amplitudes 0~ 

all 16 possible transitions/12/. An analogy with the non-relati

vistic Faddeev ~quations /IJ,I4/ oan be established, the proper

ties of the two-particle subsystems being given by the Logunov

Tavkhelidze quasipotential equations. Nevertheless, in addition 

to the purely relativistic ~eatures there is one more di~~erence 

~ron the Faddeev equations that the two-particle solutions are 

contained in the three-particle equation/121 as kernels in a 

rather complicated ~orm. This is due to the presence of the ad

vanced part of the two-time Green :functior/41. 
An approach to the three-particle relativistic problem 

proposed below is basjd on the considerations o~ the retarded 

part o~ the two:..time Green function (RGF). 

By means of similar considerations in the two-particle case 

the quasipotential-type equations have been obtained/151. 

In what follows these equations play the same role ~or our 

approach as the Schrodinger equations for that o~ Faddeev. we· 
will show that the three-particle RGF contains the necessary 

information about all the possible scattering processes ·and 

bound states in the relativistic three-particle system. 

4 

A direct generalization of the Faddeev equations to t: 

vistic case is obtained. For the sake of simplicity w 

aider the scalar particle case. 

2. Two-Particle Quasipotential Equations 

In this section we recall brie~ly the results o~ 

required in what ~ollows. 

The total Green function of·two interacting part 

masses mi and 11?;2. 

,... 

C {x,,x,1 ~·~'J.}<ol T{'trx.J 'l;tx,) ~~) Y: fJ}I o> 

in the momentum representation has the form 

. ~1iJr;(p./11f'Jf'A .l$fctf . ,e'i;,K,+iex~-'f.Y,-Ik~L~ ~.· 
(:.< "/ f r f.(jl-Tl~J1117wf~¥..,'f,,fv tJfYt ~~ 

where 

P=R"'/?. 
P?,· 

f.=t~.f,-)1,/{ J; = ~ • 
Then for the two free particles we have 

' 
02_ ~ z. • J(p.:... ()) 
lz '"z ~~c: I 1/ • 

5 
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A direct generalization of the Faddeev equations to the relati

vistic case is obtained. For the sake of simplicity we will con

sider the scalar particle case. 

2. Two-Particle Quasipotential Equations 

In this section we recall briefly .the results of the paperf15/ 

required in what follows. 

The total Green function of'two interacting particles with 

masses ml and trl.z 

" 

C {x,,x., y,,'J.)=(ol T('fr,.J trx; J ~ ~) Y: r;-. jt o> '(2.1) 

in the momentum representation has the form ~. 

P=f,"'fi 
M· 

I - ( . 
;-~ 

(2.,) 

Then for the two free particles we have 

(2.4) 

5 



Now let us introduce the two-time Green function and its Fourier 

transform as 

0-~x:,x.,y. rJ=(otT('frM'ffl,xJ 'l:ktl ~&yjo) (2.5) 

~~>tfps a)J/P-a)=~_¥4t~r:.!.:t~.·CI·. ~-vifo1-11.ix •• r,f:tf} (2.6) 
f''''J ~ tt71 'IJ{(j t ~ fo/z 1~X,/•JJ'tf/~ • 

Hence 
oO 

C(/jf;l)=/cf!J;;r)~ r.i 
_.,a ......, 

(2.?) 

According to (2.5) and (2.?) the symbol will denote 

the equal-time operation in the coordinate representation and 

integration over relative energies in the momentum representa

tion •. 

The two-time Green function can be expressed by the sum 
-~ -~ 

of the retarded L7 and advanced c· . parts. For each of them 

we have the following spectral representation/4/ 

C'Y?uJ=j-f._(E;iff,<?N£ 
. . 0 Po+£-i£ 

(2.8) 

C'(l;;,y)=jf.rE.i!PJ)t!E 
. " · !?- E -tiC. 

where · 
0 

(2.9) 
) 

(2.9a) 

l_ (!; ftf}::jf f J1E-I:J/1f1-f;);t,h f!J ~ J:~f tyj 
6 

j 

Xo,rp)) xo: rp) are the Fourier transforms 0 

-time wave functions 

r!r· -~) 2Vi; £ . -tf.i'-ip-:.;; \f! . 
d('P- /( ~Jf)?2ii)fjtlf:rt; e ' I (o! yqK.) Y;fqx.) /. 

f!P-. R)-~v~rp)= -21'i.f£~"" ef:x;ri;:~;(h l'f'i,Ji.J!ffc,_ 
{ t J1 /1.(/J. t'/ (Jij}3 I l 'J { '/ I 2 · 1 ' 

Iterating the Bethe,Salpeter equation 

C =C<)+ 4c KC 

we get the expansion 

G =G., -f Co kG., -f C..K (,,/{G.,+·" 
Integrating both sides of the expansion (2.12) ove 

energies and picking out the retarded parts afterw. 

- ' . 

C~ Ca"-+ (f:n-(1)~ (Go/(C.,I<t:~):- · · 
It is easy to see that 

r-1./p~-:!)= 77/lff""-{) . . 
~ (l,p,tf; 2~fi,)V._tg_,_;[Pa-~t;;/-~ftl)+ir] 

where U: (P:)= Vm ... +R 2 ' . 
I fj I f7' 1 

,._'( 

{; , can be ~eated as an operator in "t 

Hilbert space'; of functions ~f th~ vector p . T 

involved will depend on the total four-momentum F 

7 



ction and its Fourier 

lc> (2.5) 

• 

(2.7) 

~ 

L will denote 

~epresentation and 

~mentum representa-

~essed.by the sum 
' 

~s. For each of them 

~n/4/ 

(2.8) 

(2.9) 

(2.9a) 

1 

xonff)) xo: fp) are the Fourier transforms of the equal

-time wave functions 

f(P- K.)'X.Jfl=t{~,;,; e -if.i;-if;<~o' ~1>:J 'f/qY.) tP? 
(2.10) 

f/P-. R)"~f(p)= ~ff.. (& .. ,t e1:Xr/f.~;(h JtfJ()X) Y:(c, x)/t~). 
( t J1 'tllo I '/ {;iJY' ju. I l '1 (I I 2 ' L 

Iterating the Bethe,Salpeter equation 

(2.11) 

we get the expansion 

(2.12) 

Integrating both sides of the expansion (2.12) over the relative 

energies and picking out the retarded parts afterwards we find 

(2.13) 

It is easy to see that 

~"--1.1 ~-:'L 11/lft..,-r/ 
& r f!p,r;- 2~r1rJtl,_fflJ[R-~JLt;?/-U. f!t/1ic) 

) (2.14) 

where U: (p~)= Vm·'"#"R->z 
1 

I I; I ' ' . ' ' ' c't can be t~eate~ as an operator in "two-particle 
.\• ' • • ...., I. 

Hilbert space'' of functions of the vector p • The operators 

involved will depend on the total four-momentum P as external 

7 



parameter. Then we can write for the inverse operator (G~)-1 

(c;-~ (C:}-/t:J/(u;) r:;;-~ ... 
Introducing the quasipotential 

K-"--
.. 

J K~((J?c?C~J/G:J-;;ay·Yc-: k-e,.-k ~)Yc;y-!.. · · 
--r 

one obtains the following equation for C 

......... ~ '-'l i ·-z "l -z c -::c.. ~ jfc I{ 4. ~:.-

(2.15) 

(2.16) 

(2.17) 

Furthe~ let us write the term which corresponds to the 
~~ 

bound state pole contribution to ~ . 

Crl?t>l),_ ;;r Xe!f .. }el;_trJ. 
2E~ n.~ c ..... -

c IQ t::.e'#tc 

here fe-= Vp<,.~i:' 

(2.18) 

Now it can be easily checked that the bound state equation 

and normalization condition have the following form 

{w,tfN-!Jf. J-Ee}J/fl~~7'1'1f 1 /mt: ;) tiK 1; r?) , 
•J 

(2.19) 

jwtX4tf.Jlfv)/fJI;>~/;;0Y ;[Yf~';f' J)), f()rlfr!y·, tfs , .. (2.20) 

where Po-= E"a . _ ;z • ) 

If we define the off-shell amplitUde TYft-;ll as 

8 

l 
j 
1 

---z -z · --z --t ....... 't 

C = Co + :;,l C T ~ 

. then the physical relativistically invariant scatterii 

litude rrs;t) is defined by the relation 

T(s; L)=j(,J73 TY;;; t;JI _ _ _ -~ '/R: ~ 0 )+~ ft."J-= ~ (~ ),. 
Inserting (2.21) into (2.17) wd get the equation for· 

shell amplitude 

TlfM}= f{{t;M)r/11P. 8 Z) j{ 7£;, ;;') dt 
J2~(, -

3. Three-Particle 2-Time Green Function and Its Retar 

Let us consider here the total Green function of 

ticles with masses tn1 ) YtJ2.) YY1::, which are desc:rib 

fields lf:. J !J;) If; 

C ~ y)= <o,T (Y:(x.J'I:O<.J t ~J Y:~/1;/y.JY:~J}o> 

9 



(2.1.5) 

(2.16) 

(2.1?) 

h corresponds to the 

(2.18) 

the bound state equation 

'llowing ·form 

' (2.19) 

f)J;rl/~·tfs· . (2.20) 
~ 

,\'<. ,, 

de T(ft-;f) as 

J 

I 

(2.21) 

then the physical relativistically invariant scattering amp

litude rrs;t) is defined by the relation 

T(s;L)=i6J73 'T(ffif)~ ·~ .. . /R ~ ~ rt J+~ if.J: w, (? ),.cv, r~'J 
Inserting (2.21) into (2.1?) w~ get the equation for the off-

shell amplitude 

3. Three-Particle 2-Time Green Function and Its Retarded Part 

Let us consider here the total Green fUnction of three par

ticles with masses m1.) Yr72.; rn:3 which are descl'ibed by the 

fields lf:. / 1/:) Y: 

(3.1) 

• 

9 



··. 

X-:.. (x~., X,z} x3) and fj= ('jtJ ':fl.> ~j3 ) denote the sets of four-

coordinates of the final and initial states. Here and below the 

conventional notations are taken for the three-particle quantities, 

the two-particle quantitie.s will be denoted by special indioe3 (in 

case of need). 
" Taking into aocou&t the translation invarianoe the Fourier 

transform of (J.I) oan be written as 

f, 12(/, 1) -.;; ~ )~(;" . £(1:.~ ... -z..:; ... ) 
,2~ J rP- t1 tr'ft,u f;) CA tJe ftJf?J , 

( ).2 ) 

where (clx)= dx1 dx~ dx~ . , 
~R- o are four-momentum variables of the 

) i ' r; 
system· 

t-th Jaooby 

P·=t+e~~; ~ M·p ....... f::Jt- -f;) 
( J.J ) 

p }11• {. ) lr1,c. +Jn £ 

li.:: f1, ftrf"- - , 1'1 fl) 

f.-= 
L 

fr1e.f/.. - h1~:- fc 

h1(t:. """"~ 
) 

11 = h'li th1z.. 'fh1~ 

10 

J.. - -/)- "'K.p Mt: D f J) • 
II( - ;::t r ;;:;;;;./,· It ) 

. /<. 

-= ~pr.t!.L-1- F • ~ t1 . "'""f-l<tc. ,. t,· ) 

• 

j 

Here l' k t e represent any cyclic permutation 

According to (;).1) and (j. 2) the three-pa1:tlcle f 

Green runction has the rorm 

• '\ . - - N - ai c/(ft, -f) cfii~- '1:) 
Lr.Jf!Nr~~,cf)-rt-h1~,-r)(e).-tn; .. ,.t)(ft-h'l+ ,.J 

The total Green runction (.5.1) satisfies the Beth 

type equationf2 ,3/ 

C-=/1 ,_r: U/' 
((,, L:{(.) n l.r ' 

where K is the sum of all irreducible Feynman gra 

can be represented in the form 

/1= K ~x~ r/1~ t/1T 
with 

f<i(f§/?,f,z)=£--tT)fiJt;;;-h?,t;Xf2~i!f) 
I '/j . f I I I I ' 

Kr is the sum of all irreducible connected graphs; 

f\~l) is the kernel of ·Eq. (2.11) for the i.:.th: two-pal 

syst~m which consist~ ~f the K-th and ~~th partie] 

11 



he'sets of four-

:ere and below the 

-particle quantities, 

· specialindioea (in . 

ianoe the.Fourier 

( .3.2 ) 

.e (-th Jaoob7 

) ( J.J ) 

I 

Here i, k , t represent any cyclic pennutation of (1,2,;>). 

According to 0.1) and (j. 2) the three-pa1·ticle free 

Green function has the form 

.1 · _ -N- (i/c/@-f,)cfit~-ij:) 
[,Jfi.Vp~,c[)-(f{-'"'f~i€)(/{'-rn2z(o ,.r)(f/-h'l+ ;tj 

(3.4) 

The total Green function (.5.1) satisfies the Bethe-Ualpe1ler

type equationf2 ,3/ 

where is the sum of all irreducible Feynman graphs which 

can be represented in the form 

(3.6) 

with 

f< r.! f ~ ii, k-, r:)=h--i[}fi)f;/ -h?,) /{,f2~f t,) 
I 'I i I; I I, I I 

(3.6a) 

. Kr is the sum of all irreducible connected graphs; 

/<l~z) is the kernel of ·Eq. (2."11) for the i-th two-particle sub

syst•m which consists of the K-th and ~-th particles. · 

ll 



P is the 
L 

l-th subsystem total four-momentum 

{) In rh7t'p -![ ·=;:· 1- /) ': L ·r!? ' 
e l~e M ' 

(3."7) 

Let us introduce the ~-time Green function of three 

particles 
J' 

Cft-t;~y)~<o!T(Y;r~x,)tft;~)~r?Jr:/fkyJthj:)tkp;)/;o> (3.
8

) 

...... _ (""' -+ i) X- X,}X1
1 

.3 and f~ ry;, j:; y:) are the sets of 

three-dimensional coordinates. The Fourier transform of (3.8) 

is defined as 
. g 

. T'!J. r. 1L /'Ji. i/ f?t-L fi! (- fJL) 
{!ii)l:/ff;~~%~{)cJfP-¢/JL'(;1_f)l n.. {lt~/x)~j (3.9) 

(dx)=h-,-+ch7tlx;. 
~ 

Therefore it is not difficult to verify that the symbol 

tes the following integration in the momentum representation 

""'"" 

deno-

{(pp,ft f Jft·df· df·,ly--CffiMV · (3.10) 

.. .,..... 
By analogy with (2.8) and (2.9) the following spectral rep

resentation holds for (3.10) 

t=t·~+c~ (3.11) 

12 

J 
1. 
I 

·"') 

I 

where 
~ 

.C/ (~-lliv== a.(E,P;p;p,i(/f; cl£ 
{'Lin tl!], I -~ ,-t ...... -:') 

I"J • .,.£_ -iF r; ~-
0 

CYfti t1)~ r ~l rr iJ J;, tf )tiE 
{. 1-?-E+i£. 

and,in particular, 

·-z r 

I !FiJ ...... ..,1) l114\'t;: )r;~ .... )v-t-::V®l'..t 
7.1LJ;P,A0ff'= 2E Lct(E-1:..: ~(P-/<, A0 , f>;P c.,1 

It 3 

/rfik:)· X~Jr)p=:)= 21U ~-t[;£X:(c,;YJc-,n'hc;i 1 tfc!) 
1 1 (2ti)lh -;c · ' ·/ · z/ ~ -

(/ ~ ..... ~ = _ 2 r2E, LL !!..-~;., ·.,. ... f .., ,. -
f Jc:::'fe. ,• 2 -4 ... 

' (P-K~J~/f~f)-(Z;j9,;. :e ...... ('nf~ fq.r,)~fc;~)~(c;x,) 
Using Eq. (3.5) the three-particle Green func 

written as iteration series 

C =Co -rCa /((,c "C,_,;t' (;.,f(C-~ + • ·'" 

Now integrating over relative energies as is shown 

and picking out the retarded part from each term o 

get 

·"'=tz -~z· r==r r-r.. r, --: T'-C = c + L 4 r. C..:~ ..,. L C-, KG .. f. Cr:J ..... •' • 

lJ 



four-momentum 

1 function of three 

arethe sets of 

1r transform of (3.8) 

~ 

:hat the symbol deno-

'ntum representation 

(3.10) 

following spectral rep-

(3.11) 

j 
1 
i 

J 

1 

where 

(3.12a) 

(3.12b) 

and,in particular, 

LfE; ff;;5,~; )~ 2~): /lE-t: )/iiJ-1() ~/ll) ~1;,(,7 f) 
11 

(3.12c) 

3 

/( Ji f,) X;_ lf,'i)= / 'Jf ~-<[;,:>-:<i'l Y.f~{} $c, x-:J f,~,;)l'ft, 1 '2,i)v.. Jc (cfX/ (3.12d) 

(/p· _, K."" )D/ I~~)_ 2 Yii:_ t til-( U"' ... IU 4· VJ -). ,, /_l1'j 
't' - "Kc.,if,p;-(Z;t)~/e ... "'(nntqx,Jrrc;~)r;(c;t3 yo, <'nr/. 

Using Eq. (3.5) the three-particle Green function can be:·' 

written as iteration series 

Now integrating over relative energies as is shown in (3.10) 

and picking out the retarded part from each term of (3.13) we 

get 

(,3.13)* 

lJ 



It is easy to check that 

r -z.lp~ =- z :1) li72ii)-V 4-{.) 
lt, {1 • = I ( 0 (3 14) 0 '~'/f'~'~ 2t.~f!)fv{f;;/!.!/;f)/f:·t.l/!/')-t/J;;/-t~t(pt1g • 

Treating Cfl}j, /, t fJ as an operator in the three-par

ticle Hilbert space of functions of three-dimen'sional relative 

momenta [{f, p} 

k~IJ c· _jCY;:lf,tVdf<lfitttJ 
we obtain for the inverse operator (Cy·t 

(tJ-~ r~-1-(tv-i;t:FtJ'lrc:J-~--. (3.15) 

Introducing the quasipotential of three-body system K'l 

! z /~z )-t; ~ ~;;=-z)-l!/.,rlf. ~rr:"'rj 
JT2 /{ = rCo J LC-.. Jc:..}~; +('/ Lt;f'c; .. k~cjfr; ,..,, (3.16) 

the following equation can be derived for the R.G.F of the 

three particles 

C:::::z= }f'"l. 1. '? z/{ 2:c·-z 
lr.· f- J11. (IQ (3.1'1) 

.!!'rom the definition ot' 'the quasipotential (.?.1bJ ~t is 

obvious that i'li can be .L·epresen1ied as 1'ol.Lows 

/(~ I{+ i{T 1{-r Yr (.;.1ti) 

14 

t 

-~ 
I 

t 
~ 
f 

j 
., 
l 

I 
~ 

. I 
1 
Jll 
I 
l -I 
! 

where ~see Appendix) 

T / (p' _. ::! ~ ,:!) ;;,~ -o .,.) J/f2)"l./n fl ~ ...,.) 
·i. {l;f!~f/)7;J~ = f;{-t)C.!J;:/ fl£ (l;-'1;.f0!,~rt . 

is the sum or ali terms of (3.16) containing the 1unc• 

and corresponds to the pair interaction. 1{ is ana . 
to the potentia.L of the three-body forces. 

m~ . 
Here f(,. denotes the quasipotential of the · L 

body subsystem which is defined by (2.16) and occurs i 

(2.19) and (2.22). 

4. Bound States in the Three-Body System 

Let us now write the term corresponding to the ern 
. •7-

tion to (3.12) of a one-particle state / ~ KJ J. > ch; 
~ 

rized by the mass M, four-momentum K and discret1 
numbers ~ 

4fE;;;)ft7=J'Z i!d?E-~~0~~'~:t% 
where 

l/ ... "t) !/;---'~ j) 2 f5£:f -i2(!,X:.. 11~ 1L fl f.-,~.{s; i5/d ( P-f'/=_ _ 9.
11 'e ,t,:~i-t ;--'_.<of 7;f5'.t,)7;io,X:.)Jrr.;;;J I· I· /Zti}'-1. (ax/ . 

From (4.1) and (J.I2b) it follows that the pole contri 

to the R.G.F. has the form 

15 



Ltor in the three-par-

.mensional relative 

y system 

(3.16) 

e R.G.F of the 

(3.1'1) 

ll (.?.1b) ~t is 

whel.•e (.see Appendix) 

is the sum o1' alJ. terms of (3.1b) containing the 1unc1;ion c/{!f-y) 
and corresponds to the pair interaction. l{ is analogical' 

I 

to the potential. of the tnree-body forces. 

K(.z)'t 

Here i denotes the quasipotential of the i-th two-

body subsystem which is defined by (2.16) and occurs in (2.1?), 

(2.19) and (2.22). 

4. Bound States in the Three-Body System 

Let us now write the term corresponding to the contribu
·-+ 

tion to (3.12) of a one-particle state / /'1 KJ J. > characte-
~ 

rized by the mass M, four-momentum !<' 
r numbers .:1. 

and discrete quantum 

where 

From (4.1) and (J.I2b) it follows that the pole contl;'ibution 

to the R.G.F. has the form 

15 • 



I I 

'· 

• 

= . I '7:2 
C·'l.p ...... -+;) Ll 

I (~~f~?:1/= 2~ 
2- x.i rfip)®x~:;;J · 
R- JIJ5~rr~·+; E 

( 4.3) 

.?icking out the pole f!-= Vf-"1;._f1.l, from Eq. (3.17) a ho-

mogeneous equation for X.,~.(~ Jf) can be obtained 

f;,r;p·l-Y!{J,t.;t;; J-/?}X. rN)-t{~):!.rpt;,Ji&FJll/ffllr'4c •.• ) 
;; = rfJW' "E (M 

Here one should especially take notice of the properties 

(3.18), (3.18a) of the quasipotentials defined by (2.16) and (3.16). 

This again stresses the deep analogy of the equal~time Bethe-Salpe

ter ~plitudes (2.10) and (3.12) with the non-relativistic wave 

functions of two and three particles respectively. 

Writing the identity 

c/(a.:J-J- i~kJc~= cz ( 4.5 ) 

and picking out the residue at the bound-state pole from both si

des of (4.5) 1 it is easy to find the following normalization condi

tion 

fw!,JWf.J'VIf)l); ;i(tf/)<tjfqjr • (x; ;{l )/ = . .f 0; )~' o Yh=;:;. 
( 4.6 ) 

Note, that if the quasipotential in (4.4) correctly reproduces the 

spectral representation (3.12b) fo~ the R.G.F. of three particles 

by means of Eq.(3.17), then Eq.(4.4) has only positive energy apect-

rum. 
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5. Scattering Amplitudes in the Three-Body Systems. 

In this section we will show that the R~G.F. Eq 

tains the complete information ~bout all possible ti 

the three-particle system and the equations required 

structed by direct analogy with the non-relativistic 

theory. 

Thus, we start with the definition of the two-~ 

C
) 'r l-r7 

tors ..: and /z in the three-particle Hilbert 

-~ -=::::'t I .:::::::..oz •:=:::: C/ = ( + J=-fi c I{ c:. ·-c 

'T J(. . ='!; -= • ·1- l.. • 
i ( Jl~ l(. Co ' 

Taking into account (3.18a) one gets 

~ _._._, •I t~) -~ =n ;:;::: 't; _. / lt/ - - ·- ·- v'l . _. ....... 4 - ·-

I/ 'ftt, ~It)= C0 0-v ofj -f.) c; . ~'{, E;I!J 1,-

'((f~f.,~/ )-= t<{(//)Ji!-{)7;1~)-rr:-~-,;?, ~' {, 
,,. . I ,,. 1,1 It' .' I . It I 

The upper index "2" indicates that the operator bela 

two-particle Hilbert ~pace considered in section 2. 

numerates the two-:particle subsystem. 

Using (5.1) and (5.2) or (5.3) and (5.4) it is 

c'Z 7·l . i ::::::.'l.'T ~ . 
1i' "-' &.: + .;rz. 4 /i. Co . 

To construct the ~- matrix elements we intra 

operators M~ .. which will be used as the so-called tr 

17 



( 4.3) 

from Eq,(3.17) a ho-

obtained 

.ce -of the properties 

tfined by (2.16) and (3.16), 

;he equal~time Bethe-Salpe

• non-relativistic wave 

1ectlvely. 

·state pole from both si

.owlng normalization condi-

( 4.6 ) 

I correctly reproduces the 

!,G.F. of three particles 
i 

only positive energy spect-

[ 
! 

5. Scattering Amplitudes in the Three-Body Systems. 

In this section we will show that the R.G.F. Eq.(3,12b) con-. 

tains the complete information about all possible transitions iri 

the thi-ee-particle system and the equations required can be con

structed by direct analogy with the non-relativistic potential 

theory, 

'.rhus, we start with the definition of the two-particle opera

tors C/ and '"( in the three-particle Hilbert space 

( 5,1 ) 

( 5.2 ) 

Taking into account (3.18a) one gets 

( 5.3 ) 

( 5-4 

The upper index "2" indicates that the operator belongs to the 

two-particle Hilbert space considered in section 2. The suffix 

numerates the two-:particle subsystem. 

Using (5.1) and (5.2) or (5.3) and (5.4) it is easy to obtain 

c'l -::·, . i ;::.:.'Z.'T ='l: . 
~, "-' {,o -+ .JT2. c. It Co . 

To construct the ~- matrix elements we 

( 5.5.) 

introduce now the 

operators M-0. which will be used as the so-called ~ransition ope-

17 



:; 

rators in 113t141. To this end we recall some results obtained in 

the quantum field theory 12 ,31. In what follows we agree to denote 

by ci. ) j_ = C; 1, 2, 3 either the state in which the J -th ~artic
le is free and the two others form the bound-state (if j_;F 0) 

or the state of three free particles (if .J.. = 0). 'l'hen the part 

of the 6-time Green function corresponding to the sum of all con-

nected graphs .• 
1 

C ~ C- (' -2.· ( C~- r.) 
• /< .::- i. 

( 5.6 )* 

can be written as 

(Yp--,--,-)= _i f/~t. Y;t;) T(P.--)~ff.) ;;1 
I{~;:,;'!>) z) t ~·- h,.:-..iE: r 2£1'). /, '[?'- r,r';t'rl f1.i / fi, ~ 'i/7'' E ... h} .... )) .-(.f)+ 

. 1 1 . r L 13 t:·, •. ' / t4~--~v-,.,y.tJ ( 'j. 7 ) 
-+ Rer; 11?_ ,.___E/''), !7~.._ FfiJ)}~· =---,.l _ 

.1 r I(J _.1 ' 4~ ',{ 1 z2 -h,/~tE. 
.w . 

C1} -- ~)= (t) 
3 

· ' · fr (Av- "')•· 
~~~~f.,~ 'f. 1 -I·~'"Vf;;' )-M/t!£)(61-/J.,/-tr r) Ll"" , f3f, 't 

.. iii tt"'ltJ . !(.- .. //"•:_ v) J! {. 
2Pf'rrz'.EJ.1)~~9 f :J r lt.t E; /f t·-"·:~iE.-

( 5.8 ) 

£':'= 1~ • [t/J-:. jll'f"~.,.~'-<(/1'-' 
:/!' r !:, "0l · ; • ~t• ,~ . 

Here the poles ot· the channels ,, (? , j3tfJ and of.~{JJ 13--c-
~ f I 

are explicitly picked out. · ~ !;j) , ~~) are the 2-time 

Bethe-8alpeter amplitudes. The wave-functions (2,19) are connected 

with them in the following way 

vti.).;!)= (i;c lff/) ;\. ,( ft.. j {Ar;; " /;. 

DC' 

J"fJ'J= ~ .. ~f;J) 
o< r... .)"r.c " /.< -.... ·-e>C 

K ~ - S • e,r~) ,.o; 
-~~- .t ~~: where ~,.. is the 4-time Green function of the 
~-th two-particle subsystem. 

18 

The terms (5.7) and (5.8) can be pictured graphically 

The considerations of the cases .f.= 0 are quite similar, 

The ~-matrices are given by the,residues of ~~ 

the poles on the various mass shells 

S,-: ~;;; dir; -;rJofr;;- !l) + ii
3!iP- r; )~ 

1 
'I (Pn- ;;-~n~ ltw2 gz....~z. I& ) 'jJJ /,1. 'I> }'l 'f' . . 1

~ /') ~ M yJZ tl z,;., 2.. 
'r...- "~- /,1. '1. . 

. ' 

)( V~~; '(E;tl Jlt..t.r£j fE.t")' 
. I 

if ,t ~ 0 8.nd ; I"(') 

S: = Jr'fiP- Q) 't. ( ffJd;) t,, = m,'; r. ~ .,, '; a.'· if."'. 
0 

.L (4llf)j/t{,tf./(rJ3fJfJ'{t.{r;;_;'/E/il 1 
. · 

if l.i 0; 

and 

19 



,me results obtained in 

lows we agree, to denote 

.ich the J-th ~artic

.d~state. (if J.1 0) 

.J.. = 0). 'l'hen the part 

to the sum of all con-

( 5.8 ) 

3;(? , . and oLF£!
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/]::(' 
. f I 

, ~~)are t~_e 2-time 

ns (2,19) ai-e'co~ected 

en function of the 

1 

r. 

l 

The terms (5.7) and (5.8) can be pictured graphically 

( 5,8a ) 

The considerations of the cases ~= 0 are quite similar. 

The S- matrices are given by the residues of cl (5.6) at 

the poles on the various mass shells ., 

j 

)( Vl.fo'f%J t~ti)· ~~~f£) r s"). 
, I 

if' vt ~ o and j6 "CJ 

5 =JP/!P-Q) 7;,_ (ff,M) t.••m,';''!.~"'<'; (J'=IGw' . 
o .L t411JJY~.tf.l 1 r.Jj r,p 'lt.~cr;; /IE; v/ 

if' :.., 0; 

and 
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( 5·9 ) 

( 5.10 ) 



here 

S' ·= (l(p.aJ 4-_,; Jcf;-i?J'" c -c 't ~ tJ. tz. s t:s 
( 5.11 ) 

+!J73/?P-~)11 /l;z-r_;£ r fo(!}>;f-f;'l)k~ftl~~d · 
Let us now introduce the operators AA ( p 0 ii rT cJ) 

ff.y. I I ,t~ I 'f>' /(3 

/fz.= ;;z .i. ;;-z. M C:"l.. ; ( 5.12 ) 
lt f..t.t r JTz ~ I !tf-' ('l 

.;::;::" -:::"!.. • c. = r:.. if /.. = o. 
Integrating Eq.(3.10) over the relative energies and picking 

out the retarded parts from both sides of the equality (5.6) one 

gets 

.;;:" !:_ }f'l.,/-nC 'l +-Cry~ J. j"1"l.M -:;zz < 5.13) ? .J7z C.r,, L rf, I - ,J7l 'jJ I ft~ ~ . 
l '#(l .=-'0 

Using (5.7) and (5.8) it can be shown that C' /fjf,jf)has -the 

following pole structure 
1- . 

i:--:~ . /512 ~rt/ [7: 7 t5i
2 X r;J/ .. 

lt?·-f"_ft~t...L{JJ+)+ifl'2£fii.~- f.t_//1'1_£1/~t./~ .. >n"E t1_£vi;. ( 5-7') 
f'o !' ?J 0 / ~ f1 I cr, .t "''t'/ :r·"" iL 

.,. 
c~~ l"l72. . [z-]; li7l ;e: 0~ < 5.8') 

(!.fj3 -t,' fi'J-L: fp"') -t~Ut>')N~·).Z4-f"~ ''1 °"" I/ /1-£V}_t.J (t?·')+/E}p£1i),. 
C , It .. /t ~ /.1 / flf(, I( " '-' /.. ;( w-<. 

and final These are the poles corresponding to the initial ~~ 
states (f) . 

Here {!.,~} are the amplitudes ~ on the appropriate mass 

shell. Then, according to (5.13) we find 

20 

I 
1 ) 1-to i.f to 

I fv'6, M (p- " ;! ""'.ld.""' //tz)_i. -
.JTy~rtJilt 1¥' '(;~,z,'l.;, '£!.,( r{) D It) -

f3 f1 · '- lo = ~ ""~If})= E,_Vd.t 

·=[Tj . ~,t. 

2) cf I C' j j3-= o 

· 1 (v 1 /) ~ .7 ,.. ~~ -'-=- -vrl_{.% ~ ·{t}· .JTj flo~.,lff,f, 9;/t_ ~ A.tfgr; - co~ 

1:-=-w. (/)·c.w;),.c.,~r;;;={/;1., 
3) of.::O;j3=0 . . 

i AA (p-~:!~)1 - (T} 
Jiilfoc /P,f,'/1?/fPo~f ~~~;~z ~r1;)f 1ao ·r-

+}.. L Jfr{-r:JtJ~f;{J'l'Y(/!-~J!,t,tt)k-w~=" 
I 

Using (5.9), (5~10) and (5.11) ~e express !'ina: 

~-matrices in terms of ~f 
1) /.¥0 }0 

j3F-C' 

~+-~~~ ~ /(;1-tl)/?;t-f;)+t~j(p .. rJ)~ 
I 

~~fp, .. )E,ft)v,("q-)£9)7-;; 1::+ lt. ;c))/ 
,. 'fl p ,. .rJ. , J ( A.P ,'/l.: ;( jPo.; f.!,~~~ 

2) ;s= (J L. 7: (7 /} ' 

. _ . /(;)_ , ) !ia" k.~. I Po= qfj!)=t..~t& 
.S:~.t- LJT '/ {)/lf4ttJ'~ t.?t'jfJ ~ff)J~ 

, I . . , 

3) .J = o ; f =o 

S : c£-.._Q')&-Q/&-el) ~ /JT~-f? )J 
c-o 1/j IL 12. 1z t; /3 .·· . 

.1. ' ' 

'/[l<{t£)"1 'f.'/"'fto ~~£ W, IP:!=Z4;,• 
'jl;." . /(' ~ 
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( 5.11 ) 

( 5.12 ) 

' energies and picking 

.e equality (5. 6) one 

c::z .· ' 
1<: '. 

( 5.1:; ) 

~ff/f,#f} has the 

( 5-?') 

' ,; ·, ' 

l;f;/J '' 
( 5.8') 

~~it. .. J+k)1(~4 . ' 

1 the appropriate mass 

\ 
1) ,/. ~ 0 ;. f t Cl 

Jr~?YrfJI[/fj//j,~~{,{)clj{~:)~ It~ = ( 5.14a ) 
~ f3 · 'I fc = ~ ~t..jl t;p= f/1!. (.,~ (~"') 

.:= f·-;;:~J ' 
2) /I C' ; f: 0 

· l (J.J /f)~ :2,... .::- L1.: -vr~% ~ [t} 
JT~ tt.,~.,lff,f1 if;/l,J~ A.dfJ - c,t ( 5.14b ) 

E .. w. t;,' •t.: f!{ )..cv3 r;rJ = //11. (.,l,.r 1. J 
3) oi..:O;j3=0 

},.H./f/MY:fJ~,f "'~tP~t ">tf:J fro} < 5.,.., ) 

+ t L /7;{-r;}v,,J!f)~YP-t{,Jll..t!.)/,t;-e.~,.=01f.J•t1fi{J=w;.rp-t~rf.'. 
Using (5.9), (5~10) and (5.11) ~e express finally th? various 

$-matrices in terms of /"tf ·· . 
1) /.to; J3'"o . 
5;~.t =" c( /ff!-~;)/?;t-f; )+ ,J7JfP-r;;)~ . 

I I' 17 ' ' ( 5-15a. ) 

-k A )) I ~~fJ; .. JEft'J~rt)E/i!J .zf~+ ~").; /~= t.f,~~·£1t~t.{t. .. J~E;") 
2) j>= CJ .L. 1: Cl l'. 7-' ~ 

' HP ()) llo.Lk.(. !Po= qr;r)=(.,~ft_/~£")< 5-15b) 

So+-.t= t!i /1- :;·V4r,ri~ "'1~/ /10.tf)Yt:r;/ . 
:;) ,J = o ; f =o 

·S : c0t-c7)cf(p-Q/&-£l) + t'JicJ0-t? )y 
C+-0 f/t ft h, /z /j IJ ( 5,15c ) 
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fc? is put throughout equal to the total energies of the initial 

and final states. Now it is clear that /10 have the same mean

ing as the transition operators L~) /7,13, 14,16/ of the non-
-, ,,t-) 

relativistic three-body theory. The operators ~~r could be in-

troduced in a similar way. 

6. Three-Particle Equations. .. 
In this section we will derive some useful relations for~~ 
•r . ' 

and t7 following from the main equation (3.17) •. To this end 
'l: il I/ V we will consider the pair interaction approximation /1p .:: Y.t t r.z + 3 , 

In such a case the kernels of the various three-particle equation 

are expressed only in terms of the two-body quantities defined 

in section 2. The three-bo~ forces can be included in the fol-

lowing way. If C:,z. satisfies Eq. (3.17) in the approximation 

kz-= K/ 
~z. JF7. i "'"''l 't =-z cp = ~" r .J72 cp ll; ' . ( 6.1 ) 

Then the exact equation can be written in the form 

~ 

C·"'"z ""''l [ .:::::'l. I I .~>t. =c; + .Ji~ CP Vr c . ( 6.2) 

In any case the solution of the approximate equation (6.1) is in

teresting of itself in some sence. From (6.1) it follows that 

- ="l. 

. C"==' +tit.,?~ +y:J 
where 

. ()..- / jtt. I/ ~t 
(/' -.;r.z (,., ~- Cp 

( 6.3 ) 

~ 

( 6.4 ) 

Using (5.1) we rewrite (6.1) in the form 

~z :=:::::'2. ~ --~~ A:. 

/" = /'. +.!:.. c ''\ I I C. 't 
- 1.-{p Vt JTz. t L_ IlK ,. 

. K~L 
Consequently, 

·- l =z ·=t 11)2/t 1 / ;::; t. \ 1 / "'='t ~· 7;Jrz.Cc /1C:· 1- {Jf~ Uc Vi~· L. ~ Cp 
K~' 

Comparing (5.1) with ·(5.5) we have 

~'t. ~t ;;:::..~ =::::-
~ l1Ct ~ ~- 7l c(l'l. 

Taking into account the latter for (6.6) we finally d1 

system of three integral equations with three unknown 

ft· ·= )z.c:~r; 4~/t+ ~I.t:'Z. 7; ?x 
Kn 

These equations. can be rewritten in a matrix form. 

7; 

The relations (6.4) and (6.9) represent together the E 

R.G.F. of three particles expressed in 'te:rms 'of the t\'1 

off-shell amplitudes. 

Using the definition (5.12) for the transition OI 

and Eq. (6,5) we get the follo~ing equations for /1,~.f' 

2J 
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. K~L 
Consequentl;r, 
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( 6.6 ) 

( 6.? ) 

Taking into account the latter for (6.6) we finally derive the 

system of three integral equations with three unknown functions~ 

.. ( 6.8 ) 

These equations.can.be rewritten in a matrix form. 

( 6.9 ) 

The relations (6.4) and (6.9) represent together the equation for 

R.G.F. of three particles expressed in'terms of the two-particle 

off-shell amplitudes. 

Ustng the definition (5.}2) for the transition operators 

and Eq. (6,5) we get the following equations for /1,~.(> 
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'( 

i I . 

~ 

t 
I 
I 

~ 
~ 
I' 

I· 
I 
' r 
~ 
L 
I 

I 

It~=?: l{ -~ ~[ f(a (~!{ 
' . <.#./. ttf 

·or 

Jt, =? v: + J~r lti (~r 
tiJ. l 'If' 

We can also introduce the new operators 

way 

;:::::'l o(, ~'t i ::=z =t 
C = 'If C~ + Jiz ~ /lp ~ 

It is easy to show that 

X/fltlf ~ = 't+ 11~ ~ 

( 6.10 ) 

( 6.11 ) 

.. 
A.~.f /16/ in a symmetric 

( 6.1~ ) 

( 6.1.3 ) 

provided R is equal to the total energies of the initial and 

final states. In this sense the operators /1..1(3 are equivalent 

to /t.ts • The advantage is that the equation for /J..tp can be 

expressed only iri terms of the two-particle off-shell amplitudes 

JTz ;;:::::'l rt ) z ~'t . 

Al-A = r ( c~ ft -~ +-~[ fl.o"' r., 
f. -~ 

( 6~14 ) 

The authors express their deep ~~itude to_R.N.Faustov,_ 

V.R.Garse~shvili, V.G.Kadyshevsky1 _M.D.Mateev, V.A.Matveev, 

. c.D.Popov, V.A.Rizov, A.N.Tavkhelidze, I.T.Todorov for helpful 

discussions snd valuable remarks. 
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APPENDIX. 

Let us prove the relation _(3.18a) 

\ I/[).:... ... ) ~- r__, ... . · . 1/fz)"l. -t 

. V;_(I1J;ft,t~J='cl(l-f;) {0fjf} rt; (!;-t.J,-,~ f,{) 
Re•~iting the series (3.16) in a compact form ' 1 

),z /{ ~ (C: ;/'- ( Cj' 
we see that 

JL t{ ~ (~y-j- (c;y-J I 

where Ct is the 6-time Green function in the apprc 

non-interacting l-th particle. This is evident sine 

tion 1{ is the sum of all terms of (3~16) which are 

respect to the l. -th particle three-dimensional momc 

according to (3.12d) we have 

J!P~R)~ fl f 1= 2 Yii; 4>.e-tlfXJ<ot '/fr0XVIR:. It ~-r (JJ, ti Jtti (21[)~~P·Y 
.~...... ............ ':--# 

e-trp~-~x"(o/ ~fq~} tr~i;) I I( -K.; ht2;) = . 
~ -t ..,. .Z Jl.f£: {2if)!-f . X (zJ£, 

= c/(p;-K; J cf( El-k;..,.~) (2,vtz V2t;,1:.:J2 JKr:) "" f!J/ 
hence ' 

'V /.::! =; /-: ... -) Vii: t 1--a, ( fl. 1 IJ = o (D. - K: 11 . 1/lz) /..=') 
I I· fj I rzt/r."')'Jrr::-' /{.Oh ff} 

Similarly one gets for . /l!f f t:M>) · ' 

xo: . 
25 



( 6,10 ) 

( 6,11 ) 

II · . 1161 in a S"""'metric t"l.j.f ·. oJ- ... 
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J11p are equivalent 
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APPENDIX. 

Let us prove the relation (3.18a) 

( A,1 ) 

we see that 

( A,2 ) 

where Cl is the 6-time Green function in the approximation of 

non-interacting l-th particle. This is evident since by defini

tion l{ is the sum of all terms of (3.16) w]:p.ch are diagonal with· 

respect to the L -th particle three-dimensional momentum, Then, 

according to (3.12d) we have 
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( A.4 ) 



i· 

i.' 
;I 
! 

;t, 

!: 

t 
~. 

,r::;-;:-' + • 
')r'f .::;! :!)- J!t ... ~) V£c., [ f2)f() 

Acn W;/J - f/?-K'; Y2t.l·(p"'j 'Jil::. ~" ~ 
t ' t L t li h(l) 

( A.5 ) 

. ~ . 
Here 1dZJ' ;t_,tzJI are the two-particle wave functions of the L-th 

l"o~t ' "" 
subsystem which are defined by (2.10). Inserting (A.3) and (A.4) 

into (3.12c) we find 

I{E, #lt,i,iJ=? 2~-~;~(z)pi( ci!E-~(•)-4(A;~) 
f. !i '). + • dl/' - ... - .... ~ - - (2 ' . .;! (2) l .:' fttKt)~-K~) (p-f<htzJ K,J lo~, lfi )~~ .. (?,.} . 

( A.6 ) 

Then, integrating Eq.(A.6) over ~ one obtains 

l f[:p .... ;:!, ... ~ =)- JT lJi ' dit ,.. J 
'l (L') ' f1,8, ?o 1; - t.J,·t;/J 2E

11
ML { £-t./,·t;p- E;,c;z; ,c 

. I h~ ( A.7 ). 
-+ . . (-z.)t ·.::! Cz)l ·:=t /i

--+ • +• 

" f fl-/1,rz) X,~, r;/) tlb ;t.;, it-/ . 
Therefore J'l. can be written as follows 

l (£p=! ~ z ~l::/?/- 1 JT .. Jr~)i/;·_ ..... ::t .::!) C A.a > 
'l. ') ~f!,lj//;Jf,/ (fl % t{·t;p. ~ r'Ev.1~1t,1;; 

()t • ]~2 is the spectral density of R.G.F. of the L-th two-par-

ticle subsystem which is defined by (2.9a). Finally, inserting 

(A.S) into (3,12b) and comparing it with (2.9) we obtain 

7"-1? ~ _, ·'""' =') Ji . c~(2) 'l./; ....,. - ... )r£ ... .... ) 
Lt,· {I; fi, f?-, ?;) ft. = 41-f;{J i ( /!-(.{; ~ R I f. Vf 1; / 

~ 

A similar relation holds for C:,'r. 

~'t. - ,_ ~ ~ _:p C Yp;:! ::! ;:;! ::!)= J' /. (2)'/p_ . .::::! -? )M ... _ ..:;:' > 
d t ~ fJ,f!/ln f; t.{-t)rJ 0 " r t; ~; Iii}~ if/ 'fl! l/ · 

( A,9 ) 

( A,10 ) 

Inserting now.(A,9) and (A,10) into (A,2) it is easy to get (3,18a). 
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( A.,5 ) 

1 functions of' .the ~ -th 

~tuig' (A.3) and (A.4). 

( A.6 ) 

( A.7 ). 

< A.a ) 

: the . t ~th two-par

Finally, inserting 

9) we obtain 

( A,9 ) 

_, )M,.. ~.}. ( A,10 ) 
~/' fjf-g/ . 

~ is easy to get (,,18a). 
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