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In: a. recent· p"aper fl/ an· operator technique for building the : ' 

dual N-point tree diagram with the aid of N-2 five~imensional 

oso~lators·has been proposed. The factorization of 'the amplitu

de, that takes place· in this approach' is related to the m.unber 

·of the external particles' as the nt.unber of the os·cillatori-i used 

is related 'to the latter,· as well.· This· connection- does· 11ot ap

pear to be· a formal>one. A more det~ed ·consideration shov.·s, · 

that the contribution ·of any particle to the i'i..:;point amplitude i'n·~ 

·determined by the appropriate osc1ll~.tor. This fact is:manif<luted 

in the possib~ity of factorizing automatically the dual amplitu

de .in the osc~lator operators. In this additional fa.ctori~ntion .. 
each multiplier·contains,oril;Y.one exponential faot'or, whioh cor-

responds to the ext~:rna.l. particle;.· 

·The above' mentioned corre'spond.enoe is observed ::;till further' ·· 

when onebt111ds the N-part1cle coherent states which niake it :pos~1.: 

ble to· fa-ctorize •the N-point amplitude in both external mo)llenta 

and oscillator• (see §2).:.:· · · 

In principle, the osc~lators corresponding to each particle 

can be build up, proceeding from the field operatorS of·this par-

ticle.'Such a~ossibility is discussed in ref. 2 •.. 
'\ 

In the dual fuodels.one·constructs loops in ord~r to get an 
'" 

imaginary addition to the linear Regge-tr~jectory, which leads 

~ ~ ' -.. . . ' : ' ' : . •, 

n-loop diagrams with four external particl"es has been· derived 
I '? 

in IJI.· .Similar diagrams with arbitrary number of external par-

J 



.ticlel'l WP.re obtained by means of factorization, proposed byFubi

nl, Gordon, Veneziano/li,S/ (see refs/6' 7/ and for a mor~ com!llete 

lint 'lf·reference:; see ref/81), but they turned out .to be expo

nP.ntially. divergent. 

·rn·the !lresent paper we build planar one-loop diagrams with 

r>.n arbitrary number of external: particles, using a finite set of 

five-dimensio~l oscillato~s C§J). The particular feature of 

this factoriz'ltion, namely the number of the creation and annihi

lation. operators is finite and there is a correspondence between 
• ' ·' '· ' J•· -··" 

.oscillators anu exte't'nal particles, leads to the integral repre

sentation of these di<>.r,rams being convergent. 

'• 

1. £2!!£E~!~f!.ill....2f an ~-inym~!!i....2..!lcitiill!.!. 

'rhc five-dimensional U(J, 2) -invariant oscillators were. intro

duced.in ref.' 1 in order t~ factorize the dual· U-point scatte

ring am!llitude. The ~reation and .annihilation operator~ (a;,,!)+ 

and a · , b : ·cspecti~ely), corres:pondin~;. to such an oscil,lator' 
/' . 

satisfy t~e follov1ing commutation rel'ltions:. 

[f!• 6]= 1 
/ ' .. 

·. (1.1)· 

.fl. --q· --q -'"! = i 
~""- f'' - fJ.J.- .· )\ . ·:. '• 

(the all remaining .commutators are equal to zero)._ In this case 

the Htlmiltonian has the form: 

J'.. ·.t:' 

4 



(1.2) . 

It is easy to check, that the eigenvalues of this _operator 

are positive integers n • For. every eigenstate of H one can 

... find five positive integers ni (i = O~l,2~J,4)' such that 

.J 

?1 = 71. ,. n, ,.. nL +-71_1 +- n: = L ri · +- n · . ... ,AA.~c. ..,,.... . ., 

and which specify completely the stat'.}. so, the st~tes .can be de.;_ 

• noted by I -r~., 'YI,, 11..t, -n'~, yj~ > . The explicit form of these sb.-

tea has been written down in ref •. 1 . At:the .. same. time one, 

usually considers the so-called coherent-states. 'Their advantage 

is due to the fact that many relations, concerning th~ quantum 

mechanical osoil~ator tn.ke the form· analogous to 'the classical 

one. Moreover, the coherent states are characterized by continU:~ 
ous complex IJ.Unntumnumbers. Therefore all the discrete sums, 

thA.t ~pp~ar when \'IC ~SC the states /no) J10 hz.) J_?'!>) fl.,) 
• ' ' ! •• 

turn into i.ntegr~>.ls, whi.ch nrc more convenient to. work~ 

In our case we define the 'coheren't 'stat'es t!~ follows:. 

(l.J) 

where to> is the vacmun state, i.e. the. s'tate ~ith the lo-- ' ' . . 

5 
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' ' 

west eigenvalue of H, ~n = o'; fJ~ are the arbi.trary complex 

· n~.b~rs and ?i. their compleX conjugates~ lt :is Ollv1.ous, that 

' : . i}s > and (;51 are not connected by th~ opera~on of hermitian 

·-~~njugation. However, :Lt is easy to shew that ihe :followi.ng i.den-:- ,., 

·tuy holds: .. 
, . ,, + 

\f3\ .. (tf3>) .· G., 
I : • 

. (1.4) 
'~ ; . . . 

':\'here 

. G=rl(-q )~o..r(;_-~)"t"!J 
~~o d~.r · ~ ·. (1.5). 

"lnd ~the .!lross denote.s the usual· hermitj.an conjugati.on. 

We o.,_n olil.culate also the norm of the states (l .• ·J): 

... 
<(31(3 > == i. (1.6) 

,I •1' :·, 

. We note 1.n addition, that in the sp:ice of. states of our os

cillator, the .coherent states form a cot.rrlqte set, i.e;; 

: , , ' "~-· ; ' 
~L:.1fi><P.f nJkA-c/:JmA. =I :ffs :.J'J- . '/- .c...c 1-< , r~t , .. 

(~.7) 

whe~e. I denotes the unit o~erator in this space and for 

,every . ~-i·: . the :integration is taken OYer the Whole complex 

plane. 

· . X·;.· (1. 7) becomes obvioU's when we tak.e 'into account; t~t': 

, l) If, instead of a_;.' ~ and -~ ' ~ we' define r~ and \0. ·:as r <- • 

6 

. ... ;: {.ff~~·.· 

•: 
[YJJ= {-

t'fJ= l, 

then these new operata 

' tions: 

( 'f1 

2) The'exponents 

follOVIS: 

. - qj.;." ;s ·a 
~ F/"·~ 

J . 

J;.;B_,..a~ 
./'"" . I 

In these new nota· 

, _f P-~0;f~ i_ /1.-.A . 
1/.S" '- e .. ~r& ~ 

As 1 s known, owin, 

identity. 

Due to the comple· 

state } F) from the. : 

can be represented-in:: 



!le arbitrary complex 
J ,..... • 

s~ .It :is obv:ious, that . 

op~~on of hermitian 

1at ·th~ ,:following .i.den:-

~onjugation. 

states·(:i.J): 

1te 'setJ :l..e~ 

. '(1.4) 
-~ ... 

(1.6) .. 

. 'q.7) 

t.this space an.d :for 

rer the whole complex 

' . 

lnt'o accolint; ·t~t:.:·. 

and.~ ·.~a 

\ 

(1.8) 

then these new opcrato::.-s will obey the common commutation :::ela

tions: 

(l.:J) 

2) The ·exponents in the definitions (l.J) can h~ written 1\!l 

follows: 

(l.Hl) 

In these new nota.t:!..ons eq.(l.7) takes the fo::.-:n: 

(1.11) 

As is known, owing to the relation (1.9), eq.(l.ll) is an 

identity. 

Due to the completeness of the coherent states, an 9.rb1trary 

state / F)' from the space of the U(J, 2)-invaria.nt, oscillator 

can be represented. in' tho :t:orm:" " 

7 



·,' 

·'·' ,. 

.,_ 
; .. 

/F)=/Fya)lj3>~ddf!.ej3;iJmj3 .. ·, (1.12) 

· where. F((J) is an an:llytic function of. ;(3 , for which we can 

find. such a constant 0< j ( I. , ., that: 

'f t l. 

lFf4)/~ e -:z:~/.fJ.t -t.f vs~l>> 1 "(l.lJ) 

• 77 
In_particular, :if F(jS) =~., "j3/''(3 ... "'Lj3/'~j3,m~ 

. ! 
with /fl., n,, !1.._, nl, n., ~rbitrary non-negative ;1ntegers, we obtain 

the states 111., n,, 11~, n); n~>. 
The. followine statement ha:'! proved to be v:ery .useful when. 

• onP. has to apply the coherent states: 

Let }(!3) be ,.a function of five _complex va.r~ables /li (1 = 

O,l,2,J,4). If it is an~lytic i'n the ne:lghbo'urhood ;~f: the po:lnt 

f'.: = .0 'lnd :if there is a constant 0 <.. ~ <. ;:i 
t 

such that 

. rE lf3,/J. 
I I tf3 ) I < e · =" if i;.l» J 

then the .equa;li ty 

t . . t 

j; 
-L.J~ I~ ~A-d· " 

..L 'j(jJ)e •=o • e .:.,. . 'ndf..ej3,cl1mp. = f(oL) 
1/s.. · · , i=D ' 

(1.14) 

(1.15) 

is ident.ically fulfilled. (For every / i the :lntegrru.·::f.s · 

·taken over the whole complex plane). 

Eq.(l'.15) can be verifi.ed· directly when.the Taylor's expan

Sion of f{f3J around the point~;.·=- 0 conve~ges for ~v.ery com:p-

8 

lex . ~~.! • If this expl 
' ' ..... ' 

f{ , the lntegral of .: .. : ' . ·. . . . ; 

ted inside the C~!,cle . 
l;>y means · Qf ·.analytica: 

,. •. ' ' '. : . \! ' • : . ; ., • ~', .• 

-~.1-~l.lY. we s.h~,ll, 

eigenstates or' ope~at1 

"t.• ~JJ 
. ~ . ' f .... •.•"' 

and respec~:ivcly 

~ly 

In the case o~ li 

all tbe above mention! ...... . . 

lar states were used ·j 

•lual nmplitude.) This 
,:,· : ·· ... · 

these oscillators is = 
. ~ .. 

spaoe.s of di:f.ferl'nt 'o1 
: 4!. • J • 

2~ N::I!articl!_g,!!hel 

In ·this ~section;.~ 

herent states, which :1 

amr>l:itudc prorosed .in 

to.rization can be fori! 

The dual·&<;: ·,2 -

momenta with the ·•aid c 



•' 

s. (1.12) .. 
for which we can 

J ·_(l.D) 

'"LA.,.,., A'"., 
.l. ,-~ ,.~., 

~ve ;integer~, we obtain 

l. be very .useful .when 

?l~:C va.r~ables /li (1. -= 

~b~;urhood :qf: the poi.nt 

such that 

(1.14) 

(l.l5) 

. the 1.nteernl •1.5 · 

•hen; the Taylor's expan

converges for ev,ery comp-

lex -~£. If this expansion has a finite rndius of conveTgence 

/{_, the j.ntegral of .the lett-hand side, of (1.15) ,can· be compu-. 
C.·'·· ., .. ' . _,: ; . . . .:. ' ·, .. .·· ' .•• 

ted inside the ci;X',cle. wj_th .radiust:f< ,K ~ •. _Th~n (1. l5) 1::. provcci . 
Oo ' 'o ~ ~· '• N' ': 0 '••• 0 0 0 0 0 ' ',. • ' .. ' ' 0 • 0 0 

l,>y means o_f analytical. cont.inuation of .the _res.ult .in .M .. • , 
- •• · .• : '. .' ;· ; ; . ..'. • • '-·· .~ _1 • ; ' t· .. ~ ' ., '• ' •.• . . .. 

I:~.n~;llY: we sh~.~l. ,_no_te _that t_he _ c?he_reD;t. states,~:, :/3 > 
eigenstates of operators lfi (cl. eq.(l.8) ) : . ,l 

... -·; .. · ,;. 

.. -
' 

. ' . ~ ,. -Cl~·16) 

and respec~ivcly 

.. ' 

(1.17) 

In the case of rr unconnected osc'illators one can generali:.:e .. 
all __ tbe .. ~bove ,mention~d _propert:!.~s _of the ~ohe:r;ent \3btt~a •. (Sim~:... 

lar states were used in-~~~~ .1 _izt -.order to _.fa~torize the H-:-pnint 

•lqa~, _amplitude.) ~~~s ge~_eral~z.ation is' trivial,: _o.s. t~o :tJJace of 

these oscillators is a,direct product of all five-dimensional 
.·-:; 

spaoe.s of differt>nt oscillators.· 
.I< -· ) 

, . 

2~ N::I!arti~l!L,2!!~!!-U!nt:s• _:. .. , , " ..... 

In this _section •.we iare -eo.ing ,-to ih~roduce the·- N-par.ticle go.,o 

herent states, which rer-IUlt ~rom thP- factori.zat:l.on. of the dual 

am:r>li tude prorosed in r.e{,· Ill. ·,k' ·i~;d~~S:~t pro~~rty of. this fac ... 

to_rization can be formulated in the followi.ng manner. 
. -........ _-: ·<...... ;': . . . "<.· ..... . . '., ,· .• ; ·•. : ;·' '. k .. -:· .. , ••• 

The dual N + 2 - ~oint amplitude is factorize~ in external 

momenta with tbe·'aid of'.-:5N,:creation- C5<1' .', '·b~ ):and annihUat:lon. 
' . . . .1.,_. ·. . ·.· 

' .,. .. ~ ,. :· ·: ., .... .... . . . .. 
1.; ·• 

9 
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C~i~. b_(· o:pe~ators y=O, 1/.2~:.3; l = { ;Z); .. _At ) ; 'Moreover, it Call 
. . . 

be t\ddltionally factorized in these operators too; ·· · 

This additional factorization :allows·u~: to formiilate·e.nother 

(but equivalent to that from ref. 1 ) procedure of building the 

ll+2 - point amplitude. 

First of all, we construct an operator T.;. , using only the 

creation and annihilation operators of the i-th oscillator (~ .. :' 

b~ , ~"- b .. ). This new operator f; corresponds to the diagram 

!~ ... ( ... lP). ~P1 

· .. 5 ..,_ f 5-l ,sf 

.. 
and' is build- up· by successive multiplication of its elements. 

The rules of correspondence' are as follows:" 

to every· node · . !P.. · there· corresponds· th-1, · o'perator 

VL,JJ. . -wP·-"' LD 

(p •. a,;~)=(i+6J . -y·~,; : (2 .• 1) 

where one should write the index: ·. L · for 1<;. > ;(." ·_.and D for 

K.. < -i. -' • The constants 0 L. are defined as <follows: ) ,.., 
··'. ! :'' l ". . "'.-- . . . . . ,;. 

·• .... .f<..i-r1 .= _-~~~(0)·-:-2ol'p .:> 

f ~~:~ :_.diP.~! 
"'' . --. . . : . . ; . 

.. , _,}<-j~o. jot. j> < .. .z 
'(2.2), 

( ...t'being .the slope _of the linear Regge-trajectory). \' :· 
.}) . . . 

The constants 0. are arbitrary. 
. ) (" 

10 

J 

to_,, the vertex: 
''•· I'' 

.. &• ·D .• ()! t b! . e· . .r.... , . "'· 

h 
(> •. ., j ,, l._ 

were J-i.i.=..c.:~P;.-; 

and ,_ .. H 
,, .. 

to every element _ 
li . . . t. 

:·X~:. • 
· · Using these rule 

fi in the form: 

II-~ (' ( . ·(n.x:9 r 
~'S(,. "t\': 

ti:i! t> •• a_r ,..e; . H· •· 
f< . - ~ ( ' .. e . . . . ' : e . : n 

,.. .. 
If '/O>. . denot 

" the N+2 - point ~unct 
' f 

5 ··'·jfi 
.HI"!J. (J i:1· 

' ''J •·. ·•·.-<:-· 
. //Y-( A' . I ' . -

=./17 f7 (I- fi.Ae): 
(J i: f 'I•<H l•< 

It is obvious, t 

is equivalent to that 

The addi tiona.l o: 

symmetry. So,· the· exp: 

torizaticn is given b 



');~Moreover; it cal). 

t's too~ 

s'to formUlate'another 

cedure of-building the 

r. . , using only the .... 
i:.;,th oscillator . c~., 

esponds to the diagram 

;:i.on o-f .its elements. 

c •. L,IJ .. 
:T 0 

. ) '" -

'> ;{.·<> --~and D 'for 

;as,::follows:: ,. 

(o~ )> <;.z 
' '(2.2)! 

ajectory) • -~. :· 

· lr. · 
~ ~-·<- ther.e. ~~orresponds .th~-operator 

'-· ... 

where 

and 

to every element 

(2. J) 

5. 
::~:.i. 

Using 

·,: :/. 

these rules of corre'sponclence ·,we 'find out the 'opera'tor 

·. '"'" •,. ',' 

. ~-
(2.4) 

If ·io>. .. 
the N+2 - point function can·be expressed in the following manner: 

1\ .' in~"'~-,~> fi>.tr;,,,,,;;, : . . , " - . 
- 1-.s. (J i•1 • t • <•I ~ • 

. - -
~' _,"'; •t •. -~--~~:.:"' . ''-.-·<" 1.. • ' ;';': . ' .: ": 

/:¥-{A' . . .J'..t'(p 'p,) r ,If'-( ... =./!7 17(1.-f/)C ):,., ~,';.' -_, ."?.'n- x:-:"'(~•):;4J).' . ... 
. t . . . e 1 • p • = , •• +-< t•• ·- i=-1 

. (2•5) 
·-:.·.:··. 

It is obvious, that the method ~:t·con~tru6.t:f:on of 8,¥-r.l. 

is equivalent to that, e;yen in re~-.(1/. -·-
~>~ "! \ • 

The additioru:l.l operators are introduced in 'order to gain 
~ ~- ... j, 

symmetry. So,.the·explicit· form of above mentioned additi'onal'fac-
. . -·,.;.,._,_,..:._ .... ,\ •• -,.~_ .... ~~--~-- !~~-- ,.;. ~·: 

toriza.tion is given by the fir.st:eq. (2.5)• 

ll 



r . . ' 
We denote the u..:particie cohert}nt state by /f..),) and de.;. 

.. fine it in th'e followine way: 

. . I . -·. 

/x . .> · .fifr.lo> f(,_-;~i:,;>-J,/,ii .. 
;• o·;.·{ " . •=~ • , 

Insertinr, . 1.· from e'l.(2.4) into (:f.6) we get: 
, ( .. . ", .·. •:. , , , , ~ :.:•. , . ' L 

1\1 >· rn .. ·f '' .o((~J-f RN-~nA'( ~-~ )--U'(p •. p,-)1-~ .... 
A/ -=II c/,.,_.,, · - · · · (- nK . · 

• ' (' • = f ~ .. • •f ..... t b< ' l 
,fo' t ,<'. ( ).• ,. AI:( 

v;;: ~ p,.L'l.: n . ..... +-2.. t. n ""' · e ·_:''' -~·· ··~ .......... ./ o > 
,fo'-1 •. ' 

n;c;... r "!. ,; 

........ 
Let 11:1 denote the inteerand_of eri. (2. 5) with '1.0. . (.,.,) 

. T /1-t-,z. 

Then (2.7) can be rewritten in_ the form: 

•• ( "' . . '• N' 

I 
/:"~'· . ... ;;:;;z:.:· .a~rl~t. "'' .. ,..., 

· x.f') = ./!7 dA · vJ ( )·e·- . i•l f,._ •, • .; _x."' -r-X:. -8l n A 
(J i = f ~ I ,v,.; A . . . ; •• t .... ~ 

. The. oonjueate states . ., • 
.. ·· : :. , . . . ... ..rc. 

I '. M" - ' 
<X /-' ;,n~o,.,l. -· -. . ·- ,u-E p., a. 7i'J\d: .p ". ,~l~f 

,.. -'./1 I ~. -~' c)\_> <o· I e . •··_ . ·..... ,L;:..- c i ...... 
('· ut •. I M•.J -. ; . . . , . i.t .... . ,. . .... · ' . 

(2.6) 

'' ,. 

(2. 7) 

(2.~) 

(2.9) 

,WhenU ,;, n, th~ 11b.te (2.9) is hermitian conjueate to (2.8). 
• J ·:..... • 

If we make in (2.9) the forma.I. substitut!on; , . 

.>\ p a . -'~, . P. . ' a. .. , '"·· ··. M1 M I·~ M ~· -~·,...,.,. N_•1f·· H.•f·":'· . '~ ,· ~. ~ 

' -~ ' ·. 

XM·oP,...,, a,..~·, -4);~;:.~:'/>,., .• :>t.i_~~; 
. '-~·· ·:.:;!~'-"!,\. . ; ·~-< . .7 :: -. ,.··: . •. .,... 

' -· ~ .. 

.'l. ..... -~ :_:· . . ~ 
.,.. . . . ... ~ ""' .,. 

···"<lr ·-:.:---~.-.· --~· -~·;_::~_.,.·~:·":·:~ ... ·"._,_if~~ 

.x,,· p,, a! --:-~1'~' P-t-;,.,,g ..... ,.. . , .. ,. 
·;,• ...... :=•.· 

12 
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~

j\ 

J\ 
il' j . 

then with these new I 

... ' ' ' ' (, ' -~ · .... : 
<X: I~ jh":i~; ~Htt 

.. • M I' t:/r~f _,: ·-. '· 

The quanti tie~·,. 

the account of the al 

'In this case . B. 
;A 

coherent states as'!( 

'8 ' ' <) 
· · HrMrJ.: ·-. 

where 

·_D .·' ) 
. M'; :-.-.. ~ ' ' .. h .. ·~· 

' . . -
Eq.(2.ll) is pre · . ._:·::: ~.-_; . 

...'/!hen t:· .. r.1 ;, 1, · 
\ . 

0'!•(~.12) coincides' 
. .... :: ,. ' ,· ·-~ 

Therefore. (2.12) i's.~ 

cq. (2~ii):\s corni:l~t! 
fou~~r.,oi~t · fu~c;u'o~~· 

. . . The fomul<i 'c~:~j 

in botli external m~in1 .. ·" ' ...... 

Il-particle "ohcrcnt • 

· i·~;ol~~{~n it. (~c., 
. •. ·~ ; :•,lf'! .,. ~i·: "; ' 

sens~, only to stres: 
-.. :·. 

o'n's of the actUal. col 



:e by /)();> and de~ 

I.e., .· .. 

..... 
·- -} ' 

•\ 

. ~~ - . .. : : 

(2.7) 

(2.9) .. 

ion conjugate to (2.8). 

. " ... ~· . 
'~...... · .. '· 

\ . 

then with these new notations we get: 
# ' ••• ;~ 

.(2.10) 

..; 

The quantities v1ith tilde a.re the sar.Je au 1n(2.9), but .with 

the account·of the above substitution. 

In this case B · ; .A'r-M,.,z 
·can be. written in terms.of N-p~rticle 

coherent states as follows·~· · . 

(2.11) 

where 

• >:· :·. 
Eq.(2.ll). is proved in tbe·Appendixo 

' ·~· ~ ... · ' ·: .... 
<tlhen l! "' L1 c l, i .• e. in the ~~se of the four~point rimotion~ 

C'l• (~.12) coincides with the. opera:ior D, dl!i'ined in. r.e:r. 1 

Therefore (2.12) i.s a gener:tli;ntion. of that operator and: tl1~·n 
eq.~2.~ii) is COIDJ:letely analot;OU~ to the factorization Of the 

. .... ~. ·-- .::··· ~-<·· ·~··; :•. ·,~ ,_; .. ·~~-'> 

four-J:oint function. 
· .. · .. · . The rormula'({j~)' :1'~ r~~~kable by ·.:!.'t.a :eu11 :factori~ation 

in botli external m~menta' and harmonic oscillators• An arbitrary 
.. _' ,'~_-__ .• , .. -- : ....... _-_·_- ;_. -~ ', ..• ~--:! ·: ...... ... ~ -~-- ·..... ~- . ' .. · 

i!-particle ~ohcrcnt state depends 'lnly on-,the external momenta 
·f,o'";" :L-_1·•.'·, • ' ,·: ,!,•;'·y>' . ..~ .. :;. :_:~~~\· • ..-:·:-_;.,·•, '• • '.;· 

. i~v'olved in it. (';;e usP. the vord •coherent• :i.n a very conditional. 
:· .. ·- .. • ) t ~ ;' ; " "' • ' 4.. : -"- . ~ : .1 •· ' ' 

sens~, only to stress the fact that these states are superpositi-
;' :. - . :, " . >• ~' -~·-. ; ·. ·-... " ·. ', ,. . ~-... ';. ;_·_ . •. . • .. . ' . . 

ODS of the actual coherent ·states); Besides that,'. only those crea-



tion c.ml annihilation operators survive in (2.11), the nwnbers 
· ~ • , " . r ,.. ,~ t f • · ~ · ,,:: f • ~ • 

of which coincide wHh the n~bers of th~ "parti~le~: ~Ther~f~r~ '· .. 
we can state, thti_.t :l,n':.t.h:1s mQdel d:iff.erent U(J,i) -,:i,nvariant 

osciilators ~;e ~-~r:ne-~ted ~1i th ~he par.tic;~~ .:az{~ thi·~ '~el~tibn-
• 

ship is reveal in a certain manner in the scattering of these 
'~: « '· .:. ,,' ~ • _;· \ .:. • • f'· '• .. • • -... t ; J ·.. . .. _:." ' 

particles. 
"; ;r '· . ~' . ), ~ ~ ····i 

::· .··J. on!!::122IL~~~~-w~~h u''.!l~.!l!:.!lli:L.~!'t!Icies •. ,. · ' ·:~. 
" .j- .~ f• ' • : !···. "/. -~-

It :b obvious, that the operator f{ (see eq.(2.4) ) ·takes 

into a.ccount the i.,-th particle contr:Lbu~ion to the N-point dual 

. ~plitude. '. T:1e fact,· that'·.(£.·. dep
7

ends o~ ·the mo-

menta of other particles should most probably be interpreted as 
.... -r ... r_:· 
a result of the operations made before the operator r; appears. 

. ~!?r instance, in some' second..:.quantized theo'ry one can consider, 

that r. does not depend on the c - nwnber mo;nenta of ex:ter-
• 

nal particles, but indeed on their momentum operators. In this 
. . ... ~~--·: . . : .... : . . .:· (:;. :. ::·. . .. ~ : ... ... ... 

·case. the indices of the.momentUffi·operators will o~y ~oint out 
1

, ·• • '·:,', ·, · " · • .• c· .: • · , ._ · .: - , 

that they are related to different particles •. The operator r._ 
.. ;• ' '-~ ... ': .. , ::· . .. : . 

takes the .form (2.4) only after. the-corresponding average over ' ' . . ' !· " ,f.. • . • ' ·- • ' /-. ·-~-' 

the second quantized states~of external.particles has been per-
.... ,. ;·, ._k_~· .. -: :-.~ ··~--.-~-· .·.-."' ,:· ,---:··:· ~ ·, ".,• f'"' • 

formed. It is clear from this point of view that the contribution 
' . - .. . •· ; . ·) ., '. : .. ~,.. .. ·- -•' ' . 

of a,giv~n partioJ..e to the amplitude is determined rather by.the 
..: •': • v •• ' • •'. ·.=: ,;, ::r :. ·' ' '~'- ;;. . . . . . . . • ' . 

·appropriate pscilla.tor1 than the-momentum. 
• ~ k: _ : · · ·" ~ ~-~"::-:,n :~;~·~:-::·.~~~:· -;~~.-:; ._'. j. 

Another-consequence of this consideration is the .finite 
.. . .~ . ' . •· __ . ,........ -~-,.~l~J..~--~(l~ c,J._._:~ 

length. of the chains ~--(if only the-number of interacting p~r-
· .•• :" •• ••• .• .::. • ·-·. ~1_: -~.- ·--:, •• .. •• " -:.:·~---=-~:;\t.;.~.t 

ticles is finite) .In fact, .the matrix elements between the states 
' :. .. . .. ... ' ' . . . ' .. · - '· . . .-. :' ' .. . . ·- . : ~- . . .. ' . 

~~i:t.h fi~~.te numb,e~.}f particles will_ ~r~duce,_ chains - (,,,· o.f t~-~ 
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type (2.4) with finite 

be defined by the numb 
' . . ' - . :< ~ 

· Now it is easy· to. 

up also with the ~id o 

considerations i't foll: 

ternal. loop momentum, ' 

should be s. P"r~auc't of 

terrial. partiol~. · u :,~: 

jihould get -~ linear ch 
lately the way ~f.cons 

., 
...h. (. )'+'.: x, p :-

Then the · •l 

be determined by the;: 

l. =/ r7 cp. (;. 
-+' i•f .• 

1<.. _being the inner fo 

ends in both sides wit 

tor on one of'the .ends 
. /j 

additiono.l factor x,... 
This method of oo 

to the factorization,( 
. : : ·, .' ....... ,. . .. ·:-

dual amplitude (~l > 1-r) 

part with rl external :p 

different oscillators, 



(2.11), the ntllllbers 
·-~~ ·\~: -~:: . .,;;~·: t :_, ..... ~::::~~-

articles. Therefore 

u(J, 2) -., :i,nvariant . ~ . ·~ 

;;~a.~d: th.is'rel.a.tibn-:-. ·., __ 

gattering of these 

, .· ~ , I '> • ' • ' .. :. \ :i . 

i· '•1 .,.-, ") •·. 0: ~ ·,.: H 

i~1es; 
;• • "· 0,~ '1 , • .~- r·. 

(;~e eq.,(2.4) ) takes 

L . to the N-point dual 

dep-ends on· the mo-

lly be interpr_7~;~. as . 

operator r; appears. 

Jry one can consider, . . . 

lmber.momenta of exter-

n operator!~~ ln tl;lis 

will o~y ,point out 

es,' The _ope7~tor 
... '. 

pond~~g aver11ge ,O"'f~~- .... 
rti;les ~-s been per-

·-~·. t'. ·. ~ .• • ·. f 

w. that th·e .oont:ribu~ion 
" .... -' .... : ,· ,.. .. - .·' . 

termined:rather .by.the 

j, 

.tion is the finite 
#~.'> -~ -~~'i#f..~,~{l' ~,.t .... ~ . :-,::_··. 
tber of interacting par-

._,. . . .. , ,,. "':.~'1,-~~~::;•.,:"~t.!" 

tents between ~he stat~s 

toe, chains 
·.·· 

f.· .6! the 
";··~~.'! ... :.~l~f;. 

type (2.4) with finite length• Besides, the.number of npde:J will 

be defined by the number of the external particles. 

Now it is easy to see, that the l?ops should be buil:t 

up also with the aid of the operators r(. . . From the aboVP. 

considerations it follows, that before int.egrating ove'i-. the in-

ternal loop momentum, the "loop with H-external.pa.rtioleR 

should be a.· r.·rodu(:'t of If ol~sed ohains, each ha.vin'g only one e~'"7 

tarnal particle. "if we cut ~ny o:f"tii.ese chains at any point, we 

should get :;;,-linear chain o:f'the. type r. 
-\ 

• This defines comp-

letely the way pf oonstruoting closed chains cp • 
. , . 

Then the 
"... . .. . . . 

with l'l external particles is to loop 

be determined by the formula: 

(J.2)·· 

1<.. being the inner four-momentum of the loop. (The. chain Fi ·. 
ends in both sides with a node. Then, in order to get a propaga

tor on one o:r'the .ends we have ascribed-to· ·r_, ·in eq,(J.l) an 

a.dditiODal faCtOr x;:;· ) I 
This method of oonstruoting·the loops well corresponds 

to the.fo.ctorization.(2,ll).Indeed; from the symnietrized N.!point 
I \> • < ' •• ., •• ., • • ' ', ' ,., ; ', _' 

dual amplitude (tl > ll) we. can always 'single out some operator. 

part with N external particles. Because of the commutativity of 

different oscillators, the trace of this operator chain is repre-· 
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li· scntPd US. the product Of the traces of the Operators X/1 ~ r; (;c)p)_, 

· ice. . " ~ '• H -v . H 
S [ 

H ~. C). ~ o. . -."' n v· . /1 )'. 
<., .• ·, ·e :": .. ,¥," •; f:' ····. (p··a>. c>:· ')C ~ . " P /\N . • ·.;sf .,. '' • h'-r 

,.. ' . H.. . 4,. ... 1 ~. ~-. ··~·- ...... • ··~·· ·;_ t ·.' ··-:.. , 

.f', .•. a ... ,tt ..... e- ~~-·.nv( .. g) ......... . 
e.i_.·. : ... ,· .. ~· .. '··. ·.•:c.~f· p..,_,.a,J ..... ,. 

1 

(J.J) 
... ~ .... ··;··· ···.·A,·· ·r· • c .._ -. ~-A/ .. ;·~· .... ·-:~- _ _., · .. · .. r.,:-·.- . 

H P,.tt,~8 .. · -H, nv(· 1 )J··-/l c:_ t H;{: . . } x, e ,,,. .·:e.' .: . , ' p,.(.l;,Qi ·= .. ._j'P·. v'l.; . ·:.:()<,p) . ; 
. <ot. -t•1 ,. 

~-~ ;, ... 

w~~;c 'Spi"'.:·~~· <:x;p )f 1~ ~he trace over t~~ ~tates of-~~~ -

1-th on.cn'it~t:'or, ~~1ng .. t~e c~herent s~ates iiitrciduo,ed :l.n sec~i. 
we. o'an write\i,~wn·. Sp [~j< ;~· (;:,J r· 1~ 0~a ~~r~. convenie~t tol'!D~· . ., 

1 ,; ,+ .. :. , :' : •, .'• ' ~ . ·.": : ·, • : ' : ~: ,1 .' , '::' l J :~ , ' I j. ' , ' 

Sp {x:•t~r",pJ}= )y,.l.x.:•r;;~~,pJlf.:~ (&~)ef)t>£;f3,.) ,~' (J.4) 

"v;her~ ( cl~: /), )= ,, ..... A)rl{(t /.)j~j3)J{Kc f.JJ(R<fl,) · 'and (dJ.,.,A):-

are defined in an analogous way. 

···". ··Aftc·; ·ii~~-e 'simp~-~ c1Uculations '·:r~ can get 
•• " • ~.:. ~ ? •• - ._, ,:... :- ~ ••• ~ -- ~- ' •• t' - . . 'P , J1 . . •J:.L....(J. A ~ ... , -..:!./ ~ 1" V. H,- . , _,..c. '/'1"'/'n{J /l - ).. ,13· J ...... )(_.. '.( .. ,p>~r..>=,;- e . .,~ 1 l/':,../,.,f3•, . ~·. ~ 

'· ~- • . . . •• • L. . , · •.. _ ~ -t' ·• ·n,.·· . ;-~ 
. 4 ... , _..:;.,.t (f •. p,) .. f;, . ?,.a, n ... 1- .><.,..c. n(1- n ) . e · ··• .. . ..... · ' 1) . . . . ·. )(( ; ..... ,. •. .. . ~ . ·:..- ... , .... · .. ·· f;[ . . .,= 1f'i ~ f.;.•. ' ,, . . . . .. 

~ ~ .. 

l:· 

(J.5) 

. _.,,_:.· ····· , .. ,· .. . 
~. '.. . : .; :. :. . ~ " ,_.,;.. .. 

,, · The A:i.agonal m::1trix el:ement·s•,;have .the· form·: · · ....... ~r_: 

t •. 
; _. ~ ; : 

.. S!JJ, I ~~~-·r. ~~~P:J~, > ·=;: e_-:;~~~~~./ · 
. . . . . ~ . .. . . . ~ . . .. - ' ' *' • · .• ~~; 

• , ... C .• , ·.; ·;..;' 'F.,/) • ,, Jj . 0 ,. cC. •' :> , .. ' • • L .J .AI ) •: ~ .,, ....... -~ ~+':fr :&.. . .· 1' ._.,_,~,A .p.+-f,· . X. '1 .. . ., (J.6 .. 
n(J.rn~ .. -1~).,, ,,4 ':, ... :o(~?:)j_..,) .... " .' .. ·~e-:.. .. ,Jl._.f'~~ •• " .. -;1~·-!J"". . .. 

n-&4' "'~' 1~-- · ~- ·-~-~ ·· · · .,u·i·;,,·- ... ,~.c·.' .... ~- ... -~- · ,. ... t 
·1· j _:_ ... ,. !. "" ; . • . . :: .... 

·~- :: t .: :: ~1 . : •• ~ • t 

. ~ . ·. "' ·'$:',· ~ 

:::. ;;~-:rc 

.... :•: ;~ ~:. 

cJtt~~ )·n 
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~: ,•·-~ _;:'.£ ~it~~.~-T~>: • > :.: '.· : ~-/ ,; • :. •• :: ~ .. 

: .-:. r. ·"' . ''•.- .; ~~ {~-~ .... _~-~~; 1 

.;.: 

'i 

·i 

( 
t' 
.! 
' 

.... 

j .. 
I 

..... 

': ' ' 

Taking into a~caunt (J 

5··f.k; :} p x~ r;c ... p>J 
.'' 

A' ~.:, 1 nu-n,..lj 
~:.,.. { ... -«.' 

Finall.:r, substitu 

.,, 

L .:../~ . ., . 

where· 
:.r ~. 

A~~t)=n n£1..:, 
' i:'' •=t 
/-1 A" ...... n n l-t-:-n;r;l 

.,': 1 rtz-iu , [:./'. 

we have a:trea.dy-.. ,,,. 

tel:r arbitrar:r. The fa 

· taining the N-paint. tz 

can not be .dete~m:lned 
• , . , \., ~ , '· I 

of.importance ~ eq.(J 
j) .· 

that f;, . are .. detez 

of cycl:1c · syliunetr:r of 

-~ 
-. 

l 

:~-~ 



H ; ~ ';: 
'-1 - '', 
"·,;. .', ,.,.' 

~ . - ,. ···' \ .. ' 
er the states of :the -

t;·. :·. : 

introduced ,in se_c.l.-
; -~ ' i,' ' ... \ 

re convenient form: 
!"· f: ,!··. 'I •'· ").' ' •.'. t: 

(J.4) 

1• (J.5) 

~~;- !o.) 

'form: ·• · ... ._-. 't'.! ~' 

~ ; : 

' ; ' -~ -·'· ~:. . 

I 
j 
l 
f 

I 
I 

-~ 

I 
I 

r r 
I 
i 

i ':• 
-I 

l: 

I 
I. 

, I 

Taking ~nto account (J.6) and (1.15) we find (J.4): 

' '\ J) f k; J ; ( 10-11 A' )-U (f..p., t- f;., 
5plx~ r;c".P>J-.!J I-!JJ(~!J)I:.. 

n#( ...... J- .. z.t'(p ... p;)-r f: .. 
L-n,t 

~:,.. {-:..; t. 

Finall.;y-, substituting (J. 7) :into (J.2} vre get: 

where· 

' .· ~ 

We have already- ·pc:inted· out that a11 

(J.7) 

- (J.B) 

; ·~ ' 

(J.9) .. 

tel;y- arb:itrar;y-. The fact :is that they- do not .participate when o~ 

taining the :&:-point tree diagrams and, . consequently- the:i.r Va1ues 

can not be determined fr~c the latter:. Nevertheles~ 1 -·_ f•~ , afe 

of ilnportance' in eq.(J~9). and should be det'ei'Illi.ned~ It turns. out, 

that ·OJ) ) ;,· ,, are ,determilled unambiguousiT ,from the' requirement 
. . .· ·,··' 

of c;y-cl:ic symmetry of eq.(J.B). Namely, we have to put 

'; ·:· 
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j) 
nnd all the remaining f.·= 0 • Then the expression (J.9) . v . 

takf'fl the following final form: 

A' ' l< )~] AI AJ: )- 17( )-~-..t P;•P... . n· ( )-.Z.X'(p;.P,,.Jr~(p~) 
(;< - .. 1-,(. 1- .x. )(. 

. f:f - .:::"' ,1 ··"~·1 < ·_. 

A/1'·.2( ...v )-..1-''(p..p.) ·n.-Y-1( A'~f ) -Lot'' (~·PI) 
i- nl( 1- n ,1( • 

.t'«..Z. ,..~., ,.. ·f:3 "~i ~ ' 
(J.ll) 

. rf,l{ 1.:. n~ n)( r~j'(f .. ·P~> H r1 (!- nA r.u,r, ... p..) 
i•T o:J I<•( "'f,4 e c :4 ruiH l:.(_ l 

This form of N(x) shows, that the integral rep:t:esentation 

of the loop converges in some region of parameters (fi·f·) 

' and hence fo:r N > 2 the integral (J. 2) can be regularized by the 

well lmown procedure of analytical. continuation. 

Let us now consider, for simplicity, the loop with 

four external particles .J..'f • After performing in e_q.(J.a) the 

integration over j'f,:., , we get . .. . · 
t . ~· /...k~fw.K.y ot.'i J.,,~t,kJU _ /'tJ.J.k.k,-t.skJt.~if:s. 

L; --- I /J;r..-
I -. ,;l.)...t. . w- .!ttJ)-f e._ o<-.S (v ... J - Cv.w •()<- r . I'Vlv.i . 

·. 'I ·ot.•l. i•f ' f??lw 

.J {1- ,t;){{-x .. )({- )!•)(.JA.)( hr,)! .. x,) · (t-;c .. )(i--t,)(~-,{,.v3 )( 4-A,AJ)(•) . 
. l-1-~M~ . . ·r1.:..,£(t) 

t(t:-)!,Jl~)l~-x~;t1)(-t- xl.x,)( 1- "• .-~,). 1-x,.-~lX i-xV~,)(i-x3x~)( h<,.l',) . (J .l2) 

[ · · · ]-.z-.lcr->r, . )]h~().fJ (I-A,.~~J(1-;<.t-3X ~-x3xJ(I-,r~x 1 ) . j{i-A,A._)(_,}(i-;r.,xJ,(~)(~-x,;~~x,X 4-A,;~>j 1 

where W =.X,X:L)(J)(~ • 

First of all w·e note, that for ~(~J<O, v({l:) < 0 a.nd 

.Lto)( 0 the inteeral (J.l2) converges at the points x,. = 1. -
The last inequality provides its convergence at the points 

xi= 0 too. 18 

' j,' 

' I 

't 

' ' t 

.. 

~· ... 

~ . . ' ' ' ~ . ; . 

:'' 

Let us find the ·a.;;, 
To this. end all the p~_:.y 

be united in one expone: 
. ' . 

. . >-.·a .. ·e. 
wh~r'e 

f(){)=~.l,;uk~'! ,;,'t;:J 
, . (,.._w . · (1 

T~e function·· /(x) . 
(.1-J(l.x .(-;c .. )) .1 ~e. : 

f . .(· I ··. x, 
x= --;---

( ) kx1J<:1 (1-...t•l 

All the remailling n 

[ 
. ·. ·]-1-ol(l) . 

(f-x,.)( .f-x,) · :1 . •. 
fuuotions of Xl: and 

X2. = 1 and X.,;;: ·1. Beca 
• . t • 

I . 
1 A'· ' · · -alto)-~ ,..._- 1i · nJJC. (J(,JCl> 

'I . ,,-l .;:, . . • J ~-
()K. D . -~ x,;c~ 

. '., . ~ • , • I , 

. ·. · -uah.z.lup~) d.sj(.(, 
~ l•-;c,J()) . . e 

.·., 

l 



the expression (Ji9) 

.~' (f~•P,·). 

~ral rep~esentation 

of parameters ( Pi.· Pj) 
be regularized by the 

tion. 

ne loop with 

rm~~ in eq.(J.B) the 

6 .t.,;, iHJU ~.otp' .~,·Jn),IJ ./v, )(1& 

· · t--.."" · · I'Yivi · 
II.,' 

J ~(b)< 0 and 
1 •' . . 

t~ points x_. = 1.. 
:e at the points 

f 
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l 
I 
i· 

.[ 

I 
I 
l 

-., ; 

L 
I 
I' 
I 

l 

. ~· ~... '. 

.-
.-·· 

,''' 

.Let us f;tn;cl the asymptotic behavior of (J'.l:>) at 5--e>a. 

To this end ill the po.we](funotions in S in the integrand~ should 

be united in one exponential faotor . 

. ~'5 /ex) , e .. ,(J.lJ) 

~he function ·/ex) , 
(.f-;tLX .f-;c,'1)-' io e • . 

. . .. ' -~ . ~: 

oan be expanded in a power series in 
·;-_, 

f<~>= (- L.... Xt 1- ~).(f-~~)( ~-.x,)-t-"·· .. 
... kx1Jt3 (i-;(.}4 , (-i-X3 }'-

(J.l5) .· 

All. the remaildng mul.t:1.pl1ers but the multiplier 

[<(-~){.f-~~>T"-otCO in. the integrand qf (J.l2) are regi.tlar 

functions of .. x~ and 
' ,, 

)('f in the neir,hbourhood of. the po~nts 

xl. = 1. and x't ;;:·1. Because of this ':for larg~ S• . we ~ve 
' 't ·. . •· 

•··. 
.• . 

.. ~-

.~ ~~ . ·. . . 

.. · 
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.. 

,, .1 - •. . .r .-:. . ~ j(.:x· .:¥ )-- _f _ .Xr .._ ~ 
··· ·· f"~'~.trXJ. {1-;c1~ {4-;c,) 

The simplifications, that occur for large negative .S 

n.llow us to take the integral over X.z and .X.y • 

. / 
1 

pd·~J'(A".,x.J)('--"' .. )(~-x,)[ . · ... · · ]- .f-,,ao _ 
./d.-t..~•t..t, l.,.. . ' . . (1-..r.~.)(.f-.try) -. 

(I . 

,L(f) ,... c;! (t) . 
- Lj(x,,;c,)] I (-vtm){-ci'!,) k.(-ot~)+-

. . ' ,{(f) 
... terms of tha order. of,. (-~ !>) ·· · .. 

(J.l6) 

Therefora tha leRdine term in the asymptotic of ~~ has 

the form: 

L'f 
d{f} 

(J-ot.co)L).(t) (-,;L'5) in (-.;t's) , · (J•l7) 

where 
. . ' f • ·-cite).< -.;t.'f ..t'n.rJ'~-1-f~ 
t::. rt_J= -;.lJ~,r.,l.t,r ..... _t~) . e t-..~."3 

t> fl,.,. ;r, :xJ 

r, · ]-f-t-<(.tt> · · .1ttJ · · · 
• u~-~.)l(-x3J . L~ t-~ _ _j_}. (-t-)(,JC3y2"'(t)t.:,U(Jf")(J.la) 

(1-x.} '{f-;c3 ) (,,,x,;..~ · . · .. 

The expressions (J.l7) and (J.l8) have been obt~ined earlier 

(see for instanc~ ref. 8 ).Eq.(J.l2) is in accordance with. the 

general Kikkava, Sakital. Virnsoro formula·(ref.· J ), and ol)in

oidea with it if one substitutes the.a.rbi.trary :function n = 1. 

Thus by means of the proposed factori.zation one gets the 

simplest expressi.on for the dual planar loop. 
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The. authors expres 

A.A.Logunov. and also t 

R.M.Muradyan for many.; 
'~ 

!21!. ~ E-\!!t!. . 

:tnto (2.11). To ao thi 

tion ·and nnnih1lat1on· o: .. 
. There:f'"Jre f . 

: ]) f'v •> /fid.x1 cl? (; 
M..V. ~v CJ ;,. T..vt~ . 

.f.' AI·( , A-' -" 

1r;;; L. p. a; n_x,. +- L ~ ~ f: )( e -l=t ltU, .' t'cf (·.IU 

l.!ul tip;tytng (A. J) i 
• 4 ;~, 

I 

/. . - ~u •• ,; ;_ . 
. _/r/.,r ,{ . . 
{J ;..'. ~ .. 

l . ,. 

·1..-J' - .m;J-1 . · - ./rT~. x,.,. . w (;..)! 
(7 t:( . J.-¥~1. •= 

·. • . A-' ; •. ..., ' 

. . ,r;:; X::. o .. a. ; 17 .... ~ 
. . .7; ... ,, e. '•=f'" c 

. Finally, M•tltipl_.Yi! 

e:lo(2.10) we obtain: .. 
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!..-
:))~ 

l~ge negative 5 

ahd · x.y •. · 

>:c-~~) g((f! 

(J.16) 

.symptotio of .,i., has 

) 

.tn (-v!'s) ,. 

('t '.h.,., t~,-r~ 
.·· f""'.¥,){J . 

~ 

(J<l7) 

l(t() · ... )-.u<t>t-~(2/")(J.lS) 
' ~-:)11,() . . . 
,. ' . . \. 

have been obtained earlier 

• iis.in accordance with the 
. ,· '• : ·-· . .. ' 

tla (ref. j • J ) , and Min-
'r· 

Jitrary fun~.tion r. == 1. 

ation one gets the 

r ·loop. 

l 
! I. 
l 

I 
t 
r 
I 

I 

The. authors express their deep gratitude to u.N.Bogolubov:, 

A.A~Logunov. and also· to v.R.Garsevan1shvil1, v.A.l:latveev and 

R.M.Muradyan for many fruitful discussions. 

L12!!.~!).\!,1x. 

Let us c~lculate D / V ). 
M:'l f-.~· 

inserting (2.8) and (2.9) 

:tnto (2.11). To ao this •:re b.1~"! into account, that all the cre:t

t1on ·and r:mnibilation operators in (2. 1.:!) commute vrith one :>.not:he:r, 

(t •• l) • 

'(.: ... 2) 

,.., 
·Finally, Mltl tiplying (A.:!) 'f:-:om the liJft by<J.M 1 (see 

eq.(2.10) we o~tain: 

.. 
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< x:J j; ~ "'~~ ~{.SK)_;i 1 t- H :DM .J~ ~ >· .· 
(''·. . ,. _,..' 

{ ,. 

r . . - . . 
. ,, ,, ,, 1 I L 

·. -/.''1•.N'f-l -.Lb.,.)-1 · ..-.,. ..., n~l\1 # n-1 · -::-~ f;-'f,.rf.-., 

-j(.~f ,-/~; ~· f:V~/x)'fMr:t(xJ[f,[l.{f~!J-'~jJ~~,) . < (A.J) 

·;_ 

All· t.he exponents turn into ~tnity -because of 'the ·commutativi.:: 

.· ty of thnir operat~rs~ 

!low it is-~usy ~:o show,···that th~ ril)ht,-hand side of (A.J) 

coincides With the C:{pression for 8,Vr~l"..i·' We' remember, 

that ·'· 

-+'-f AI. -1 ,v - . '( ) L 
'f~~r~(xJ=(l,r;_o((!>,)- 1/j n. ( 1- fT-r r..t~ p ... pi rf.- .. 

• -of -1-1 ·~ .. , 1., e 

~ tx) {f~.-.t(s/>~1·/..v.7.-M·-In~ .. .-.( , ... ~---):-.z~·(~~;.a.)··;;t. 
(M+l <•.N'+I -< . -f-J'l)( I''' 

1
'" 

'""""~ .... ;.. ! .. .;; e - . 

(A.4) 

In~e-rtinc (A.4) 1nto (A.J) we get 
•: . ' . ·' 

,4',.M·1 Ai-( H , • .t'.t'f.,,..p-.)1-ol.. #.--'1·1#~M ;, . >, -..t.l'/p p·)-to" 

n n n( ..... ) ,. , ~ ... n·n·. M·f ). !J~·· J'., 
, .~.-1 _ i-n;(t .(4-nx . 

.. <=1 c•f ....... b-1 ~:,R~f n•f•• '/:i ,_l '. ' " 

, firr t1- n)',Jix r.L..<'(p,.p • .)+f,: (A.
5

) 

• «1 ~"""" .. ~4 t=Af.1 l 

As 

,A' ' .. ~ 1 . . 11-1 

nA~ nx'l ··. n X 
/f.=.. l=,ll'd 11-"'1 If, 

one can write down. 

22 
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fl r1 ( ~- FLlr.t"'trft.p{> 
-i:f ... to. . 't•( . . 

A/ A'rM 

= f7 n; 
.,~=1. ,.e(,.j 

Putting this I 
. I 

. < XMIN,f 
. . (J -A ., - ·.. . . ·--~ 

• /111-,v • ., - ccc'(s;) 
= Jfl d.ic.X . .. ; ; 
.{Jf~>( ~--,< ·._: 

This last e)C:pJ 

I'l+U+2 - IJ01nt ftin:c1 

ved. 



tse · cif the 'c6rnmutativ1.:: 

·hand sid~·. of (A, J) 

We remember, 

: ' ,~'; .:·'t. (A,4) 
ru'(f .. p,)t-f,,, 

. ·• 

can write down 

;·· 

l 
... 1 

.· .. ·.1 
t . 
I 

', .. ·' 

This last expression coincid'es with"' (~~5) for the ci:o::!P. ,of · 

H+M+2 - :point :fiin.cti6~. 'Thus_, :thil, _13:r~ation (:!<11) hn.s been :>_ro-:-

·ved •.. : . 
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