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1. Introduction 

Scattering process at high energies w,ith Pomeron exchange · · 

are . elastic scattering . reactions and also for instance inelastic reac­

tion of the type/1/ 

with 

On the other hand, in recent time .in some of these ·processes 

;r W·,.n N , ·~p_., 3o p helicity conservation has been observed and it 

was found . a connection between Pomeron exchange and helicity 

conservation/2/. If it is possible to_ characterize the' S -matrix ele­

mmt at high. energies essentially with _the help of the quantum num­

bers of the participating particles then the question arise~: what is 

·. the ~eaning'of the mass, the helicityand the spin at. high energies? /
3
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/ 

We do not think that these are kinematical effects, but the first 

step in such a ·direction is the study of the transformation properties 

of massive particle ~tates at h1firute momentum. The states ·of a phy­

sical particle form a representation space of the Poincare grouJ3,5/. 

-· ·!hese states may be obtained by the method of induced represen-

. tations. In a· very formal manner this· means for· massive particles/6/ 

the following: 

First define the particle .states in the .rest system I rs~oo), 

second apply to these states a definite Lorentz transformation U (Lr) . 
. . .· ' - c 0 ' 

(boost transformation) . with . the property Lr r = · p . ·with r = ('w., c, o,or 

and obtain 
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lr,Lr,~i"'> = U.(Lr> I p,s,>-> 

Clearly there are degr~es of freedom in the definition of L r 

which distinguish the different basis systems, The application of 

<l:· general Lor~ntz, transformation to these states 'giVes 

U(l\.) ir,Lr,s.,;..') = \Ap,LII,.,!.,X) ;()~.,_ (Rw(IL,~l) 

R.,(A.,rF [~r l\.Lr 

(1) 

(2) 

. 2)~.,_ is a representation matrix of the group SU(1), W~ write 

down the known boosts L r in a suitable forrri for heliclty sta- · .. 

tes/6,7,8/ and canoruc~l states/9/, In the following sections we 

discuss Wigner rotations for helicity states and canonical states 

in. the limit -f'-+ oo , For helicity. states we obtain the weU known 

result/3/ (eq, (10)) . 

• H , . it •I I 
~. R.,.(A. p)= ~ LA 1\.. \.:p = 
·~~«> ' . ""co f' ( 

<.t.? 'f 'lAM 'f 0 ) 

- ..,.,.., Lnf 0. ' 

0 c ·1 

(3), 

This means 
o: r;-.S (' . U.)' , • """'- -v,.,_ (n~ )-: <l",: e,· which agrees wtth the transfor-
1"~ Qg . ...... . 

mation ·properties of massless· particles and includes the vanishing 

of transitions (induced by Lorentz transformations) between. difft?-. 

rent helicity states of the massive particle in the limit 1> _,.oo , 

Furthermore it shows the importance of the helicity states~ It is 

useful to note that the elastic scattering of massless particles 

(without discrete transfo~mations) includes the conservation of the 

helicity. For· cancmical states at infinite momentum such a simple 

result· can not be derived, But in the case >\.=Lei\ · (pure Lorentz 

transfor~tion) the Wigner rotation .is a rotation around the axis. 
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with the angle o<= (l: e' • where e and e' are the angJes 

occuring by' the abberation of light,· .The angle cp . apearing by the 

transformation of the helicity states is in a simple way geometrically 

related to the angle tl< • For a general Lorentz transfromation A .. 
it is also possible to calculate the value of the angle ~ 

.. 

2. Boost Matrices 

To get in a simple manner a determination of the boost it is 

customary to charaCterize 

of basis vectors· ( t 0 
, 'l\~ 

L I' by itS· action on a complete ·system 

" •. 'l\1 '1\ c. 
' l 

in the rest system 

(4'·· 

If ;"'e choose for t" "111" n~ , 'I'll the normed vectors. 

in the direction of the coordinate axis, then the· vectors ·t , '~'~•It!• 
'Y\llf'J ' '~~ltt). correspond to the column vectors of the transfor~ation 

' matrix Lp • We consider the . boosts. for helicity ~tates and can~ 

nical states separately.· 

a) Helicit'y states 

For heli~ity states/7,8/ the quantizatio,n axis -ri.HPJ is directed 
--t 

along the three-dimensional momentum~ 1' 'Y\.lli'J and 'nz lP) 

are perpendicular. to p . and '1'\~\PJ There remains an undeter- . 

, , .. mined rotation around the rn
3 

-axis, We fix the vectors 'h1<rJ and l'lltf'J 

· following/10/, This gives 

Po -1 ,...,. 0 0 1> "'"'-\ 

p:'·~-1 (P.a.l.t'f!.( pl.:.f') (p')
1+1 (r:·t>f.\ ( rl- p) r'r1 p" P

0 l,..1'f1 (5) 

pt. ..... L (rt t>>~ 1 l r1-:P) r•rl. (1'1'-t>f L (p1- p)(P')\1. 
'L •\ 

1' pC l""i>) 

~~ ~-1 • .,~.~. p1 - 1""1 r:a. rlrv ,..,.,./t 
J 

·, 
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where 
'. . ~ 

r = {f~) = ( P0
, P\ P\ P1J ': tpGJ1") J ~.-.: 1-trl 

r~ = lr'Jl. + < r~>l' . Pl = {r.•Jl.- f>l 

Spacelike vectors with simple transformation. properti~s are 
to,-r .. ,,.•,o>~{o,;r\r',o> 11.11<1. (c)l'',r1,c) ~ 1'·s.(o,r1r',rsr",·r:i, 

. b) Canonical states 

(6) 

Applying to the states at rest a Lorentz transformation Without 

rotations 

L~ ... ~ ~": --4-.-· -·•(&~.!~~+~~-m.pv+f'·~rv-(-H~~)r"'J~'tll) · (?) r , ""'"+""r~ .... 

we obtain the canonical states (Joos/9/)• Explicitly we write down 0 

~ t: .e: .f!. 
m. 'm. ~ ,'1"1\. 

~ (~ -1) ( ~'Y+1. ( e r•rl. (~-1) p•pl . ->\- . I (8) L'· .. =I Yt\. ""' 1'" .... 1"" ' 

r • , pl. v==--1) r'rl. . l ' " 1 · ~ · r"r1 

'W\. .... ' . 1'1. ';. -1){ ~) +1 ' l ~-t) -pl. : 

pl . (''' ) r'f'l t rG -1) r"'l>l (~- 1>trr+-1 ·--1 -
"" .... . ·1'" )>\ 1'1. 

Space-like vectors With simple transformation properties a.re the 

vectors perpendicular to "t0 and to the spatial momentum (they are· 

invariant) ~nd ( o, r ', r\ r•) ~ ~ { 1'\ r•r•, f'0 r" 
1 

r0 pl) • In preparation of 

the limiting procedure -f.~ fJO 'we introduce the notations 

p 14 ::' ()(·'" 1" -!. : ~ 
I n!, 

r~•lit(<(1)"-+{<(1J"=1. . 0(~;-: lH 1\·1' 
I \: . I .- (9) 
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In this notation free parameters are· . 0(, , r:~., t . , ·· (3 '1'1\· ; For 

remain finite and ~. goes to infinity. 

3. The. Wigner Rotation R..., in the Limit -r>~ uo 

Considering we use an indirect method.· He-
.'> . 

licity states and canonical 'states are treafea- separately. -

.a) Helicity states 

It is sufficient to show 

(10) 

'··.-· 
then it. follows that R.~ reduces to' a. rotation arouna the 'Ill-. 

· axls/3/. Eq. (10a) is ~a:Usfied by every boost matrix 

cA' A.l t(; ~ c· A.t .c. .. cA" 1\. .;. =t". r r . 1\r r-.... ,. ... (11) 

. RH 0 
It remains to consider w ".1 • For this reason we look at 

• t.J~ing eq:- (5) and eq. (9) we get 

If we use 
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then for L\ n~. 
. ,. we may write down 

II c II 1• • t 
.1. )' . 

L ""nl = l\.3 (fl.p) = r~ '! 6 

Now we can· derive 

'Y\.i (f\r) = 1\. -n~ (p) + E. H 

e_'ll = 'Av 0 :L + (~'-o<") ~lfy- ~ s~' 
{l . .• 6 • 

With the help of this relation eq, (lOb) can be written 

(14) 

(15) 

\i · H •1. H it-1. ll·l II -1 

Rw"'i-=LA.A.lrt~:=[,. "-"~'rJ=L,.. ('t!j<A,.)-tli)='rli-[" e.~~ (16) • . ,. . , I' •. 

. . . ,11-1 . 
A direct Calculation leads to L,..,.' E." = 0 which is 'the desired . result.. 

b) Canonical states 
1'""'" 

In this case the Wigner rotation. does not contract to a ro­

tation around an always fixed axis. We show at first: 

II' Re , - e. 
~ W(fL t>)~oc.-- lr 
~~"" , (17) 

where 
. . . 

e.oc.•(o1 ~·,0t..1.1 oi.'>=(01 -t>·1.jZ> flcr= t..-. e.l\ ~" ::(o1 ~) 
' ·~_,.., f' I . f \~1 • 

'l'o prove eq. (17) it is convenient to use a 0( -basis consisting 

of the vectors 
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time-like vector 

and two transversal vectors· et, and et& • In this system the 

action of l e,. on e~ is 

.. ' s 
For ·simplicity we assume that the Lorentz transformation " E · · is 

also given in' the D( -basis, . then we have 

(18) 

A[(. . ( i n. ~ n. 0) . 
f' ~ol. ~ . )\, o ~~ T >..:. I I~ 00\ • (19) 

. . c:. 

On the other hanct we mu5t determine l,. e.A • In the o( "7basis 
' ,. ,. 

p is given by p=lll.({!o-."·t•.-p.t"'} and Ar .. l'' by P'=(~~{'l'\'\),;. 

:'"m(~$0 ~0(0+.\&,~.The action· of the boost on the longitudinal vec­

Jor · Q..hr is 

J. 
J 

(20) 

~" = & ·i ( >-" o jlo1.0+>.0: ~) .,.1-t+ .... ~· 
. r•~ , . 

where ~L=I~I-= C>-"·Clo.;'+>-~1p)(·).:..~o.;'+)\'•f> 
It is now possible to write · 

c · e L,..,. e11,. =- Al:r q," +~e. (21) 

, (>." l~ -4) + >.o (.1..-aco)). E."= ~("'~lct'~0-1)t"' ,ll'-"'~}) + ~ • t• .' t• 
. "' 0 

" 
9 



--

It follows easily 

( \ ,.:. )-1 '- · . ·( ,·c · -1. 
'Lr t:A eA --=e01.'~' AL.,.) f.c. r. ,. . (22) 

. c. ·l 
Direct calculations show (1\.l..:r) E. c. =.0 • ~his agrees with ·eq.(17). 

·1' ... ~ 

4. Determination of the ro~_tion angles 

Every Lorentz transformation may 'be reduced ·in the form· . 

A::. R L\ where R is a pure rotation and L\ is a pure Lorentz 

transformation. First we consider the Wigner rotation corresponding 

to .. r ~ and second we complete 'our result by an examination of the 

rotation R. 

a) Canonical states 
-~ . 

It is "easy to see that the special Wigner rotation 

.stt"r L\. ~~ .... 

where 

-? 
leave$ the vector ~-

Rc. t ...... 

w ( 'L~c p) JI.,\A, =­
. I 

_..,. 
-'\fill, ::: 

..... _.,. 
~)('r 

\~ v,¥1 

~ 
MN 

invariant 

Rc ¢ ) -"" o:.,.r -

(23) 

(24)_ 

'"" because ~ is a transversal vector for all Lorentz transformations 

in R~(l'~a,P} 
_..,. 

• Therefore .1\W is the rotation axis. The rotation 

angle is then given by 
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where 

~ 

is characterized by Vt:(it0,~). 9t,l. .. w 
An explicit calculation gives 

. (~;<A.,,..,. ( ~"+)-~){~;"' ..-M) 
t q,~"" M).( ~~~ -t t .OZoe) 

The same result is given tJ/11
/ for the transformation of light-

(25)'. 

(26) 

(27) 

like vectors. Another possibility of obtaining this result is the use 

·of horospheric coordinates introduced in/12/, Now it is very easy to 

prove 

(28) 

where· G and e are, two angles which are well known from 

the abberation of light. Using the formula 

em e'- p .' 
(29) 
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.. ,· ... , 

. and taking into account ~"' ~ 
. ~" 

we obtain the' result (28)~ Now 
; . . ·. . ·, 

VIE have to consider the Wigner .rotation for a pure rotation R . An 

inspection of the explicit expression for 

in/9/ shows 

the Wigner rptation given. 

c . . 
Rw (.;R,f'): R • (30) 

b) Helicity states 

The two Wigner. rotations {for helicity states· and canonical_ 

states) are conne~ted by 

R~l";r~ =· L~~ A.~,.., ~~-~ ["-P Rcw(l\.1p){;I.L; (31) 

where 

lp'l · (P4r (p>_ ~ ~~. -¥" 
., -1) P~_ + 1 . 1' 1 

1
_ rJ.a. --.,.. 

- -L·~·C. -I (~-1)~ ( ~ -\)~~r~~ - !.'1. 
(32) \._ l- "f 1. -~ I .P ~. p p.l. 

I L r. .£.! 
1' 1' -1' 

~·l [·c • · tat' d th · 1s a ro ron aroun e axrs 
. p f . 

-'1 ~G • :-r )( l\~ wrth . the angle 

l 
"~. 'U.. - -~ -- .J l ....... , -. - r-"' ' 

. . .. ""> 
especially it transforms the. vector ~:: J\o\..ot ·into 

the vector ~~ • At first we consider again the special Wigner 

rotation. _With. the help of eqs. (32), (17) the vectors 'Y\l , l\~ , 'T\~ 
transform in the .limit ~-+co in the following W('l.Y: 

12 
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~ T~. .. r .. 
c - ~-l ~ 

~0 -'> . R., (L£o<.
1 
r ... l ~ < _ r .. r .. '""'o 'Y\l Nil! 4 -~.., 1\3 

~ ... c ... - ·-+ -+ 
J\\.r')( -n;l ~.,()(At '1\.j X J\Y"' a:ICI.s 

Cf?'tl "tl "'1 :- 01. 
l 

Ul:7'1!-,"' «: . Cl.'fl~~t._ (33) 

Geometrically this looks on the sphere as follows 

'!he transformation of -;.~ . is now a parallel shift along _the three 

circles. For this reason· we may write down the value of the angle 

. . (34) 

An explicit calCulation· gives 



For a general Lorentz transformation A.: R~ R1 L'l( the Wigner ro­

tatii::m reduces 

R~ (A.,r) RH .Rtt. ~H , . 
= . w (R 1 r;,) w(R1 ,P1) "w{l:"

1
r) 

. J . . 

T c 1-"1 DL ·T-" li = p,1f'" RwtRz.,P11) r·i rk "w(R,,r'> 'r' R.wl\.ft,r) 
(36) .. 

= R11; .{ <\>,) Rr~; (~,) R. '!., (le"·,r) 
1 

. 

"T '"""lc. . ·C ~ ,.. R . 
where: 'r' ': '-r• !-Pi I r'=l:~o.l' I r" R,p ·, -n:('+> l!O 0.. rota-

tion around "tt.j -axis with· the . angle ~ • Taking. into account 

H . . 
Rw ( ['k ,f'oo) = R 11.'; \f) then we have 

~m.QI) R~ (A.,rl = R"'~ (1\>,.) Rn~ t~,) R•:·<lf'l = Rl\.; <~-L'~,-tf). (37) 

It is possible to c,alculate · the angles . ~1 and 

manner if we choose 

~~ in the same 

. . . ~ . 
R 1 as a rotation which transforms 1'1 ~ -p" 

. • .-+ -+ ' 
around the aXIs #r .x. ~ 6 , 

R:~. as a rotation around th.e axis 

angle t 

Finally we have 

. ~ -+ 
'P-= ~~ -~(""'"'•""'t) 

4>-\ = ~ ~ l:,,:\tcf) 

~ 
' ·= t 

: 2. 
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(38) 
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