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1, Introduction

:cattenng process at hxgh energ,xes V\nth Pomeron exchange -
.are elastlc scattermg reactions and also for 1nstance 1nelastlc reac-

’ tion of the type/l/

R - A3 BC
A+B->Arc ~with AR, =(_‘1),
On the other hand, in recent time in some of these ’ processes
L TN’I‘N , &P'>3 p helicity conservatlon has been observed and. it~
. was found a connection between Pomeron exchange and hehc:ty
conservatlon/2/ If it is posslble to characterize the’ S—matnx ele-

- ment at hlgh energies: essenhally ‘with the help of the quantum num—

“w bers’ of. the participating particles - then the question arlses' what is
: i the meanmg of the mass, the helicity and the spm at hlgh energles'? /3 / .
Y 7.We 'do not think  that these are kmemahcal effects, but the first

: “step m such a dlrectlon is the study of the . transformahon propertxes

of mass:ve partxcle states at- mﬁmte momentum. The states ‘of a phy-
s:cal partlcle form ‘a representation ‘space of the Poincaré grou}43 5/
o These states may. be obtained by the method of mduced represen—

ftatlons. In a very formal manner this: means for’ masslve parhcles/ﬁ/ '

: - the followmg
_First definé the partlcle states in the .rest system 1fsay, -

- second apply to these states a deﬁmte Lorentz transformatlon U(Lp) :
: (boost transformatlon) ‘with the . property Lr?= p s with: p=(m,c 00
:l'and obtain . ;;f ‘ ~ A




|p,LP,‘,‘.’\>'=;’u-(L}) I_F,S;X) ",' Sl " " . (1)

» Clearly there are degrees of freedom in the def1n1tlon of L )
,wh1ch d1stmgu1sh the d1t‘ferent bas1s systems. The apphcatlon of *

' a. general Lorentz transformatlon to these states glves

u("\)ip‘l“s’»t: “,\.“" e ‘\> ’Z)*'ﬁ (me m) : ’ (2) 2

Y)i ~ is a representatxon matrix of - the group Su(l) We ;V\An"'i:te
,down the known- boosts LP in a suitable form for he11c1ty sta-’

} tes/6 7 8/ and: canomcal states/9/ In the followmg sechons we
discuss ngner I'OtathnS for he11c1ty states and canomcal states

in . the limit 4o‘»m . For helicity states we obtain the we].l known ‘
result/3/ V(eg.,_(lo))‘ '

L ‘ @p Unyp 0 i
e.,,.,_ ka -b-. "C: A= ~wmy g o | ()
vy am Wyt AN Ay

. : E c [ 4 :

' Th1s means ?M'm QSX(R- ’- ‘SMQ, yw}'uch agrees w1th the transfor-

~mation proper't1es of massless: particles and 1nc1udes the vanishing
" of transitions (1nduced by Lorentz transformatxons) between diffe- -
rent hehcxty states .of the massive partlcle in the 11m1t 4:-900 . ‘/
_E‘urthermore -it 'shows the 1mportance of the-helicity states. It 1s,,’- .
useful - to note that the elastic scattering of massless partlcles
(without d1screte transformatlons) 1nc1udes the conservatxon of the
he11c1ty For canomcal states :at- 1nfin1te momentum such' a simple '
result can not be’ der1ved But in the case /\. L (pure Lorentz -

iransformahon) the ngner rotatxon is a rotatxon around the axis.




Ax F w1th the angle x= Q- -3 » where 9 and @' are the angles
occunng by the abberatxon of ‘light, The angle (p, apearing by -the

transformatxon of the hehcxty states 1s in a sxmple way geometmcally

- related to the angle % . For a general Lorentz transfromatlon /\-
Citis also possxble to ca.lculate the value of the. angle P .

2, Boost Matrices

To get in a simple manner a determination of the boost it is

i customary to charactenze L by its’ action on a complete ‘system

of basis vectors ( 1%, M2, ’h.° Y 'n.;' :

: T }/6/: in the rest system

T'L."t y M =bemt  my=bent o ny=leny (e

If we choose for tv , ""‘\,,"‘ s T\: , “: the normed vectors..
; in. the d1rectlon of the coordmate axis, then -the. vectors t '“'trn
; “l(P} , “Nf) correspond to the column vectors of the transformatlon
matrix LP . We consider the. boosts for he11c1ty states and- cano— :

“ . nical states separately.

“'a) Hehclty states .

: For he11c1ty states/7, 8/ the - quantization- axis '“up) is d1rected
¥ ‘«along the three-dimensxonal momentum :\; o Myp and Myp)

' .‘are perpendxcular to p and nyp, . There remams an undeter-‘

" mined’ rota‘aon around the "n —ax.ls. We f1x the vectors 'h,(f) and T\up)

‘following/10/, This gives

Po.ﬁ-" . o R :  o - 'Ph-i
-1

ptm” ([{‘1’)-*(?34P)(P")_1+’l“'(P:'P)-l(l’l pr'et P eyt @
R R Vo (en e et e one)

Pt mptet ot e

.




.where ‘ ) _ ‘ AT .
'P'“’""(‘” P*, P’)-(s" 'r') it ';.(é)
= e +<r*>‘ S P = (- o

Spacehke vectors w1th s1mp1e transformatlon propertles are
to,=r :P’»°>"(°»,P‘ Pho) and  (6,p%phc) = 74 (0, p2p',pp - 02) ,

b) Canon1cal states

Applymg to the states at rest a Lorentz transformatzon w1thout

rotations - 5

SN

we obtain the canonical states’ -(Joos/ 9/); Explicitly we write downy

LB B @9 R | o
A ()()H—-
ERCEL T TR

.

Space-hke vectors w1th slmple transformatzon propertles are: the

" vectors perpendicular to '\: and to the spatlal momentum (they are

mvar1ant) and B rt r3)e— (19 y PP, PP, ¢ p3)~ . In preparatLon of

: the hm:tmg procedure £> “we mtroduce the notatlons

*"‘=~°‘f“4°,7€;=p R «“T" )



“In this notation free parameters areiat gt f , < For™
f..; o ‘.x“,'m . remain finite. and (} goes to infinity.

kY

3. The, Wigner Rotation K, in the Limit” 4 > w-
' Consxdermg Qum LA /LLP 'we" use an indirect method, He-

‘11c1ty States and canomcal ‘states are tr-eafed separately. -

- a) I—Iellcxty_ states

It is sufficient to show

p\‘:” ¥=1° (SR U R “3 =ny. RON (10)

o
PI>®

s N -

then it follows that R reduces to a rotat.lon around the 7\3

b aXJ.S/3/ Eq. (10a) is satisfied by every boost matrlx :

» e w L . E ST
LAP A.Lrt "» \_Ar/\.\_',‘s;'-' LAPA_;‘:,-‘: . O ‘ (11)
It remains to consxder RY “1 . Fdr this reason we look at
o /\.\- Ny Usmg eq. (o) and eq. (9) we get
| 10 w4 -. o 8 Lo
P on . Mmoo . - o
A-L “3 = /\“un LL o= (Mo Zob N )P (12)

If we use

Aprspr=yret, 628 yrsan '8 geelied™ (19



then. for LA 'n.g we may write down .

H ¢ - : a } ‘. -,4;'& ) “‘ (14)
;L/\,.,“s" T3cAp) T | i 3 )
. Now ‘we can fder"iv'e
- “ . v,- " V. "
'“3'((\4-)*' ‘//\_”n3(P)+‘£
(15)

‘E' = r3+(z;° u“)sx ---—.5"»‘_

‘With ‘the help. of this relation eq. (10b) can be written

L WL oM LS LS " PECE
Rumg=ly Alpni= L Awi =L, (n]cay-efy=mi- Ly e (9

A direct calcu.lat.lon leads to LA P M =0 ~which is 't}ie\desi_red -result
oo , T S )
b) Canonxcal states

In this case the Wigner rotation does not contract to a ro-

tation around an always ﬁxed axis, We show at ﬁrst

Q‘:::’eo Rw(/\- P) w= Ly . ., s ’ S (17)

-»>
0,%% 0t d%) = (0, p* Rez= % €, o, =(0o Ar
where Q‘“i"( HA,R,47) ( )P 1'), At g Ap , “Ap (;‘A.,") .
E To prove eq. (27) it is - convenient to use a & -basis consisting

.of the wvectors : : S



,'t°='(4,0,c,c) : time-h'ke vector
: Q‘»'-(O;'(‘ <) long. vector

and two transversal vectors - et énd et; . In this ’syst'em the

achon of. L on e‘ is

¢ o SEE R 18
Lo =Pt apare, = [ f= A‘ . o -t

< e

B F‘or sxmphcxty we assume that the Lorentz . transformahon 7\‘5 -is

a.lso given in the X  -basis, then we have

Aoz et po) | S

L On the ‘other- ‘hand we must determ.me L Q,\P . In fhe o« -baéis

- p.  is given by p=m(pax’ l:"«-fs?.“) and Ar=|p by P (5‘,4'.,“)_’

'-‘m(k Pu°+ ,\5‘&} The action- of the boost on the long;tudma.l vec-
‘:\tlor" ‘QA' ;s

-

- Y. (20)
A R CRT L SN TRV s +>-.m £
i §o= 87 (o0 o@«'+>~°4(s)=14+‘;,.‘. ;
where SL-' l_ (5.{50« +”1P)(”°F“'+‘\.1F) .
It 1s now possible to write -
_ Lﬂpe"é" A.L Q.‘ +€° (21)

o

(5('\ («‘ 1)?1‘54(8‘ w) +F(A .( 4)+x 1(“ N))
. i

.




It follows easily = - S . Sl A_v

<'%L°r>‘ffxp;a,,--e« A e

-.Direct calculahons show (/\-L ¢ =0 , This agrees with “eq,(17).
1”“ , _ PR .

‘4. Determination of the ,rot_oﬁon angles |
Every- Lorentz  transformation : may be reduced in the" form -
A= R ‘ where R 1s a  pure: ro’tat.lon and- Lh is a- pure Lorentz"
transformat.lon. First we consider the ngner rotat.lon correspondlng

to Lk and second we complete ‘our result by an examination of the

rotat.lon R .

. a) Canorucal states

It 1s easy to see that the spec1a1 ngner rotatlon R“’(Lk P)
+

st \_ leavee the vector /M, 1nvar1ant

ELk

C . - } ~» (23)
'R“_(\-CH,P)W:WJ -

where
L B NS .
— k)(f ) )
M T e———— 24)
AR~FL (2).
because Mlv is a transversal vector for all’ Lorentz transformatxons
in R\,,(_\_Ch P) Therefore Mv is the’ rotation axis, The rotation .

angle 1s then gwen by

107




R N~ 8

where

e S .
H(HT + (F-9ae)R ‘

(26)
L'ex is charactenzed by k= (Qo ‘k) &L£N‘ .”
An. explicit calculatlon gwes .
P ‘ o -
ot (R +(h+H)(4<M+“) waE
(h"fM)(k"«-b.Mr.() Sr (27)

The same result is given b3/11/ for the transformation of light-
hke vectors, ‘Another possxbxhty of - obtaining this resu.lt is the use
" -of horospheric coordmates mtroduced m/12/ Now' it is very easy to

prove
W = to (6 -6) PR . B B ~(29)

where " €. and 9 are  two angles _'which are well: kho;/vn from
_the abberation of light, Using the formula ’
- enB-p
A-Pew 8

i = v(29)'>

11



and takmg into account ‘3— u we obtain the' resu.lt (28) Now

we have to con51der the W1gner rotat.lon for a pure rotahon R An
inspection of the exphc1t expressmn for the W1gner rotahon ngen

in/9/ show=

'WCRsP):Rj LR - (30) -

‘b) He11c1ty states
The two ngner rotat.lons (for hehc1ty states and canon1cal

N

| states) are connected by
. T R-y W H‘L '3 el /. c;‘#L # :
""MP) =L M‘" ba Lr, Bvam Ly L , B

p

where '

v . v((%5‘.1)(%)1+1 | (___1) Pipf fq;\
T (g0 @ o] e
e e 24
[ T ¥ )
L“: LCP is ,a'ro'fationAa.round the axis ' xny Mth‘thé' anglé
» : ¢ o . . - s

o % i = > , especially it transforms the vector i M, into
- the vector "n,; . At first we consider again the special Wigner
rotation. With. the help of eqs. (32), (17) the vectors my . e, 'n;
transform in the limit 4o in the following way ' ‘

12



T R Lo s
20 . PRI > L Nw ty, Pl Lfg ™) o
. '“3 R - MJ e , Ay < “3
s > I Pt TR
Ay CoMotR L M X, ais
mﬁ:[z ‘ ~;‘\’1?°‘7 o "leh=.°(‘v r.\.'uogt (33)
n"w&f+n° ANy ¢— — e
.v_’ N S L . . ‘5. L
-'n. M?T“lCM?\ > T - - — Ny

wea £ m,- & A:v ,’ P ™ r‘ WP (eomm\‘,)

The transformahon of ‘71-, . is now a parallel sh1ft along the three '

1rc1es. For th1s reason we may wnte down the value of the angle

‘ Y-: - ((3+3’+6) (34) |
8 An e:kc‘;':iiﬁc‘it‘vcalc’lulat;(ﬁﬁx glves V
' wY— %(M“’M") ‘ "; ‘_y-lk" e

,qﬁ‘f' - ‘\lq‘l_(qxq)

i\wm(w’l ‘1"!)*("!‘1 wq")(w Wq)}

13




For a general Lorentz trahs_fbrr_natién‘ A=R, R, LS the Wigner ro-

tation' reduces

_ N - v , L
Rw (MP) ' ‘Rw (R’;,rw) ’:R?”(R"P‘) R‘:v(l-cx,l’) o

B o= T‘HF”R‘"’(RL,P') v Tr" RY (R,,r)T R"'U-‘.P)

T R"; “b\ "3 (q’)Rw(\..‘,f)
|\~i. - R - .
where: TP‘ < L‘,. F —LhP t" R,P'. - ; R,.; G sa rota-
tion around I"y\,; de.lS w1th the "’anglé $é . Taking, into a‘cc'oun_t‘,
‘R"(L:;-e“)_;' Rn “’) then we have‘

| %'Z""“m RY (op = Rog (9 R (40 Ra2 0y = Rz (438,39), 2)

It is p0551b1e to calcu.late the angles ¢ d d)‘: in the,safné"‘
manner 1f we. choose ‘
R.. as a rotatlon wlfuch transforms‘ 1° —->1> v or ﬁréﬁ‘.
around the axis. M‘,x R‘ , '
R, as a rqtahon around the axis g;” or »ZE with the
angle- € . - "

Finally. we have

B ¢ "‘-‘#mw?:%v(zd,;'ﬁ

b= Wg‘(it,z‘) S _ S

14
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