
0EbEDYfHEHHbli1 
YfHCTYfTYT 
.HDEPHbiX 

YfCCIIEDOBAHYf~ 

Dy6Ha 

~ • -z • ·• s 
""" ... 
:r 
i! .... 
A. • .... ... 
~ 

I 
! 
2 • lA 

~ 

E2 - 5568 

A.N.Kvinikhidze, C.D. Popov, 

D.Ts. Stoyanov, A.N. Tavkhelidze 

FACTORIZATION 

OF DUAL AMPLITUDES AND LOOPS 

IN THE COHERENT STATE MODEL 

1971 



• 

E2 - 5568 

A.N.Kvinikhidze•, C.D. Popov, 

D.Ts. Stoyanov, A.N. Tavkhelidze 

FACTORIZATION 

OF DUAL AMPLITUDES AND LOOPS 

IN THE COHERENT STATE MODEL 

Submitted to "Physics Letters" 

r~j·&:~~~::;·~ -... ~ :. . .. : 
, I 
~ ·J;<,r:;,Jill..lli ~-, 

1 00\Sm. 
• Tbilisi State University. 



II 
I 

~it 

•
--~-~-

1 

I 

--~ 

In a recent paperl11 a~ operator technique for building 

the dual N-point tree diagram with the aid of !.-~~ fi VC'-dimen-

sional oscillators has been proposed. The purpose of the pre

sent paper is to build loops in this scheme. The creation 

(a~, b+) and annihilation (at',b) operators, eoJreRpondinr, 

to such an oscillator, satisfy the following comnutation re

lations: 

[ a; / o y J = 8 _., ,, 
[-61- 15]= 1 

I 

g_t<Y= (I _/f:-Y 

(~ ,...._(] --() -··-(/ =· 1 
{<'V ·- jff- f.J..:,- .'/ lj 

(the all remaining commutator.;; are equa1 to :~n·o). Jr. t-his 

oase the Ibmiltonian has the form: 

H = _:j.,~t.n' a + a - t'1-& . 
/' )I 

(I) 

(2) 

Let us define the noherent states of the oncillator (2) 

as follows: 

) 



lp>=lf.,f,f>_,_)f->31/3~\= e -±tlj3/'e-ar~a.t-A" g+ . ,- v · ., Jo> 

. _J.f.f 12 
..3 

(!3)-t!J 13 l e ..Z..· oV?'• z. ~ a t.B g r == y ~ir·•?A,/>;)f3., = •· <ole"'·~'~/" /M r" • (J) 

where Jo> is the vacuum state, )3i are arbitrary comp

lex numbers and ~ their complex conjugates. These sta

tes are normalized and form a complete set: 

<f3lf3)::: 1 

-;jp}if3><f>I~Qdlh(3uf1mj3;.= I, 
(4) 

where I is the unite operator and for every ~i the 

integration is taken over the whole complex plane. In order 

to reveal the N+2-point amplitude factorization in oscillator 

operators we write it down in the form: 

t 

J AI N·1 _..t(:,,)-{ 

B = (7 <O I r ~ I 0 >l n '\ ell( . (5) 

·- /{r..Z. () P· I ' , • ., '\. 

The operator !; depends only upon the i-th oscillator 

operators and corresponds to the diagram 

~pH :~K-1 • •.. t~ • • ' ~p~ :P, 
s..,., ~, S1 

with the following rules of correspondence: 

To every knot 
~pk there corresponds the operator 

- W P ... a._ + o ~,.1) 

V .L,.D ) ( J 0. ) 6. J (.II, 

(p"'.o.~,8( = 1.+0-t • , 
(6) 

where one should write the index L for K. > i and .D for 
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t<.<i L 
The constants 0 . are defined as follows: 

) 1'.1. 

L I ~ 
P. . = -1- ot(O)- ..2ot f 
)~ G.l-1 

L (7) f;,.2 =oL(p2.) fij=O for j>-i+-.f. 
(~~being the slope of the linear Regge-trajectory). The 

:D 
constants ~ i.~< are arbitrary. 

To the vertex !P~ there corresponds the operator: 

t- /Jt- > ,, P,;.a; 
0 .(';""no .. a. + o · u • - .-.. -;r- + J · • e ,~ r. • , = e- "": ( ~+-~-i) ".. .. (8) 

where q.,;;.::::: ..lotlp: =.,to£ 'pit 
. .,.., .,. d~" 

H.=-J a -a.~.-o.o. 
~ /". •< • < 

and (9) 
To every 

HX ... 
element there corresponds 

s ... the ope-
rat or 

K 

Using these rules of correspondence we find out the ope-

rater r in the form 

' r=(ff~:~~ (1+-ftx,tJ.u'P'd,a.'.,..t." .... 
;t /4":.'(. "''=-•f-4 t•"- (. 

a;Jp,.ct:+-Bt -H·{.:.-1 H)lj"' ( ,_, )-.i..t'~t ~~ e : e . n x, . .' 1+ nx ~" c. 
o.•4 'YI:1 lsf t 

(10) 

Substituting eq.(lO) into eq.(5) we get the well known 

expression for B 
,+"rJ. 

l ../, I L 

B = Jrtn Ci- Ft)( f "'fft·P.:+r~i 
/Y+-.l 0 -\•1 "''•1 t .. 4 l 

- ot(~,)- 1. 
X. q_x · 

' i' 

(11) 

Let us denote the N-partiole coherent state by /):. ) 
A' 

and define it in the following way: 

J 
I J N N-1 a(.(!>.)- f. //. >= n r.lo)n X~ ~ dJ<.. 

AI 0 ..::1 " .<.=~ "' o(, 

(12) 
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Using the expression (10) for r. we get: 
'1. 

AI .N-1 

I v > j I .&1 (;;;;; P.··".~+ ~;)n.x. ,.... = a~n (.~'.) e ·- . ..~~ .... 
N T /(+-;. 

( 
N'-f ) n x .. ==- 1. 

(13) 

I ~:N 
where aw (x) denotes the integrand of the Bardackci-Ruegg 

.T,y~~ 
expression for the N+2-point function. Then i3 can be 

A'+-Hr..t 
written as follows: 

B =<i I .J)MH IX.> 
ft'rMr,J. M H -oi(s...,) -" 

(14) 

where 

]) //Y A'H1 _ a;..o.t 0 L 

M¥ = i] J:t ({- 6, 6:) /;, /): r Ji~ (15) 

H#-M . ' 

j 
X::. ( .... , 

<X- I= dIn ) / 
1 
e •=..v·• [i;j} p._. a_. ... ~J n ..x. .. 

M f M .. l. (l\ ,0 "'"'•• (16) 

ani. the sign tilde denotes, that we have changed the numeratior. 

of the variables X. f.·. ex . according to the convention 
'l) "' ~ 

M- N + 1, M - 1-N + 2,. •• 1- N + W. 

The formula (14) is remarkable by its full factorization 

in both external momenta and harmonic oscillators. Just as in 

the case of four-point function, when the initial and final 

states have been characterized by coherent states, in the more 

general case, when N particles turn into M particles, there 

is also a possibility of presenting the initial and final sta

tes wave functions as superpositions of coherent states. 

Recently the possibility of building loops in dual models 
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has been intensively studied/J/,/6/,/71. In particular, in 

ref./6/,/7/ using the method of factorization with the aid of 

an infinite number of oscillators exponentially divergent exp

ressions for the loops have been obtained. Below we shall 

show, that our method of factorization with final number of 

oscillators /l/ allows us to build a convergent expression 

for the planar one-loop diagrams. 

It is obvious, that the operator r; takes into account 
~ 

the i-th particle contribution to the N-point dual amplitude. 

The fact, that ~ depends on the momenta of other particles 

should most probably be interpreted as a result of the avera

ging over the fields of the external particles, that has been 

performed before the operator r: appears. It is clear from 
~ 

this point of view that the contribution of a given particle 

to the amplitude is determined rather by the appropriate oscil

lator, than the momentum. In principle, the oscillators cor

responding to each particle can be built up, proceeding from 

the field operators of this particle. Such a possibility is 

discussed in ref. 121. 

Now it is easy to see, that the loops should be built up 

also with the aid of the operators ~ • From the above con
" 

siderations it follows, that before integrating over the in-

ternal loop momentum, the loop L with N external particles 
# . 

should be a product of N closed chains, each having only one 

external particle. If we cut any of these chains at any point, 

we should get a linear chain of the type~ This defines comp

letely the way of constructing closed chains cp ,;_ : 
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cp<- = Sp X¥ H;. G (,,x.,p). (17) 

Then L~ is to be defined by the formula: 

f -¥ N' .;£.(5 .(1<)) 

L lr' = -<~71> ... (. ... ,p) .{]l Xi ' till.;. (JY /<.. : (18) 

This method of constructing the loops well corresponds 
I to the factorization (lJ). Indeed, from the symmetrized N-point 

dual amplitude (N' ) N) we can always single out some opera-

tor part with N external particles. Because of the commutati-
~ 

vity of different oscillators, the trace of this operator 

chain is represented as the product of the traces of the ope

rators x/"111
t I, (.~<.,p) • The function (17) can be calculated 

with the aid of a complete set of coherent states(J). 
. , J 

" li < of. ""1 ,y - .J.,;(. f.·fi. . .,. f., 
vp I{ ' r ( ... ,p)= n {1- n .A. n A..) 

,.,. t t!=1 ~·f .. t. i t ... (19) 
I J. 

~ ( 11·1 )-..i"'- fn•fi ~ f-',. 
I I 1- ll X 
n:~ .. , t•i. t 

Substituting eq.(l9) into eq.(l8) we get 

L j nA' ::.C(s.< .. i) /" 
·= _.4'(/\) ;<... ' d A. (, 1<. 

/Y i=1 "' "' 
(20) 

where 

AI -{-.<[(f., ~P~.J} -..;.o~.{', P~~.J. +-d.<l) 
A'(,~~)=f7(1-,.;) ( 1-x )1.. ) 

i.:.-f 1. 1. ... 1"-f II 

/l( 1- rl."' .. f..;"' 'r.-ri /J'( 1- ff.A.J -.u. 't.. P, • 
\. -=2. ,.... i. '\>':. l "'" ,· 

rl n'(1- rl"' rl.~ )""~"'<p •. p.) ff Jl. (£- fi:X. J.Jot't-..·Pi 

(21) 

,·=-~ n•J '-'1 "'I•• { i= I "'''"' (.s.; l 
Th1~ form of ~~) shows, that the integral representa-

tlun of clw loop converges in some region of variation of 
t hi! par· .. :•JI.ers ( p;._ . Pj- ) • 

8 

After performing in eq.(20) the integration over dqK 

the expression for L takes the form 
f '( -ot5 t.,~fnA 1 -a{,~ tYIA,lVIIu_,;tp.J./,/o,J(j~YJJ4)('1 

L ,-:4 /;_" _..tlf)-1 t ... w /OVJ...v ~w 
=-.:!.L n.~.tr. w e , 

'I ...t-'J. <•o " ?n.e 
0 ...., ~-of.(~) -1-d.{t} 

[ (4-)(.)(~-)(.)Xt-x~.))(,)l4-;cvc~.-(.f '{~-,~~2-)l~-A.J<i--",~lXt-.-~Y't~,)l c
22

) 
l (1-.~~,.-.,~. )( ~-..<..,..._.)( h"~....t• )(I-;<~ )1,) ffi·"'·.Az.Xi-"~)(1-A.:YI,)(~- "•"

1
)J 

.J·.il-.ttl)f ;-r"Up")+-1 • Ui-.... ,"J1·J(~,•:J1-;<J.JC~XA-x~x)J L(f-,~~,...v'\){-1- .x • .x_0)(1-,1(3)(,.)(,){1-)~t\,A•h , 

where W= X 1)\.J..Xl .x,. 
For -5--= the leading term in the asymptotic of L'l 

has the form: 

the 

oi(t) 
/(-drtJ)b-(0{-oL'.s) &t (-v£'s) (2J) 

where 4(f) is a known function 181. 

It is olear, that this expression well corresponds to 

general expression for L , that has been derived in/3/. . '( 

The authors express their deep gratitude to N.N.Bogolubov, 

A.A.Logunov and also to V.R.Garsevanishvili,V.A.Matveev and 

R.M.Muradyan for many fruitful discussions. 
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