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" The matrix of the boost operator has a rather complicated 
form in angular ·momentum basis while it reduces to. a diagonal 
form . e rav in the unitary spin or basis. The overlap coefficients~· ; · 
between the two bases turn out to be ·complex· Wigner. coefficients 
of the rotation group. wfth the . aid of these coefficients an expres-
sion for· the boost function d~: (a). is derived in terms of · 

power series in e - 2a 
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It bas been shown in [I] and in the reTised versions 

(2],[)), that generalizing the notion of spinor to the uni

tarJ case, the unitarJ representations of the Lorentz group 

can be expressed in a si•ple form as oo•pared to those in 
0(.:3), 0(2,1), E:(2) li,ases. In. the spinor basis the 

Lorents group figures as an 50(.3, C ) group ( the group of 

three-dimensional complex rotations) isomorphic to the pro

per Lorentz group. (The transformation properties of three-' 

dimensional complex vectors have been treated b,y H.Joos [4 J 
and F.I.FedoroT (51 ). Suoh an interpretation is possible 

\ ,, ' •, ' 

s.ince the:re exists a oo•bination of the generators satis!J

ing the oomautato»s of two independent angular momenta. · 

' Similar decomposition holds for the 0 (4) group. Though 

j in the above spinor ~asis Lie Algebras of the 0 (J,I) ~d 
the ()(4) groups coincide, !or unitarJ representations 

. / 

all the generators of the latter group are Hermitean in 

oontras·t to the Lorentz group where the generators of the 

two complex &D:gular momenta are pairwise adjoint to eaoh 

other .• In the spinor basis the un1 tar1 representations of 

the 0 (4) gr.oup .is simplJ a produot of two . D . .:.f~o
tions' and the transition· to the angular momentum basis. oan 

be accomplished by m~ans of the Wigner-ooef!ioients of the 
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real rotation group. It seems then natural that.the overlap 

coefficients between 0(3) and 0(2, C ) ( spinor ) 
I 

bases of the Lorentz group can be interpreted as an analytic 

continuation of the familiar Wigner coefficients. This 
' 

idea has' been proposed by. J.Smorodinsk:r and the author 

in (2]. 'The ov~rl~p o'oeffioienta ~ave been derived eariier 

in a special case in [ 6] . 
. J,.S" . 

The expression for the bo~at function· 4e·~(oC.) in 

f ........ 

the angular momentum basis: is rather complicated. On the 

other hand :in the ~pinor basis the'matrix.of the boost opera~ 

.tor S:1o~g Z -aXis is diagonal and has the form e. Vot v · .• 
The purpose of the paper is to show that complic~te'd formulas· 

. j.,::i 
oontaining:multiple sums for dee• l~) -function can ..... , 
be reduced to the 'product :of two overlap coefficients which 

accomplish th~ transition bet~een 0 (;3) and . 0 (2, C ,) • .. 

These coefficients are esS'ent:!Any complex Wigner coefficients . , 

and can be treated easily since the:r possess a number of 

properties well-known from the rotation group • 

In Section I the efgenfunctions of the 0(3) and 

O (2, C ) bases are constructed.· In Section 2 the overlap 

coefficients between th~ two bases ar'e calculat'ed and in. 
. . . 

Section ) it is shown that the:r are essentially oomplexi-

. fied Wigner coefficients of the real rotation grim!>• In 

Section 4· an explicit fo'ra for the boost function 
"'>" '-'J.~.,( 

is prese~ted in terms' of power series of the form wQke • 
~ 

' ' .. 

... ,. 
·'. .< 

. ;-j.. 

., . 
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I) The Basis Functions 

Denoting the infinitesimal generators of spatial rota.. 
tiona and :booats along ~ -axis ( k. = I,2,J) b;r M"-

Nil. 
and 

respectivel;r, the combinations 

..!.. ( rv1 ... -t..Nb.)-= l-<11.. satisf;r 
2 . 

['~,._, 1-t]-=-i.e~e ... 't,.., [l<ll, ~e]·::-\.t.l~ ... K..,, [ ::f~r.,t-Ce]=o. 

For unitar;r representations 3h. = t<.._+ holds. Casimir -operators t~ of the two complex angular ao-

menta 
_..,. '_,... 
7 , V( are the Casimir operators of the Lorentm 

. group: 

(1.1) 

where 

(1.2) 

.... ' 
:· 

( i. () = o, ± .!... ± 1 .. . c < () < 00 11 . l.l ) -
for the principal series). 

Irreducible un1tar;r representations can be characterized b;r 

· In unitar;r sp1nor basis. the generators 

are diagonal: 

(l.J) 

., ' 
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.• 

where ~ takes integer ( half-integer) values for 

single-(double-) valued representations, while 

continuous reai with the range· -;-'..o<.:y<:. o0 

is 

• In terms 

of ::f
3 

and L\3 eq· •. (1 • .3) reads: 

3-l\ a~*· ..... "" ..... > "'1Yll1alt;"'""-c-> 
\( ,,-~.... ,.. ... ,... 

l 0" I "" ... '> :; WI I H i 'M , .. > 
(1.4) 

with 

.. 4 'l" .. ') 01 ~; ... --.v, 

Since pla7s a part in the complex rotation group· 

analogous to that.of the third component of the usual angu-

lar momentum, we reserve the notation ~ 

value of the complex angular mqmentum 13 

eigenvalue of the real angular momentum 

for the eigen

' and the 

M3 will be 

denoted b7 tot 

Eigenfunctions in the 0 (J),basis in addition to 

(1.1.) satisfr: 

...... :l.. . , . 

M laa : tt-- '> .,. ueH) laa•; ett> 

M 3 I ~ { i e."' ~ ., ._. \ H •; e r >. 
(1.6) . 

In oraer to evaluate the· ~verlap coefficients between 

the two bases it is convenient to choose such a representa

tion of the basis vectors whioh makes the calculation simple. 

One of the possible choices is the h7Perboloid or the ·cone 

PL =0 .Whichever of them is considered for the generators 

6 

.. ,-, 

i 

'. 

. : 
·: 
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'' I '.• 

'lma(a+-1);;. t ~oG"" is equal to zero 

automatically, so we are.restricted to the special case 

ao = o , or 1-' "'o Ho:.rever, it was pointed. out b;rJ.Lomon't 

and H.E.Mose~ (7] that on the cone there exists a cano

nical transformation which ;rields generators realizing 

arbitrar;r, characteristic for the principal series, values 

of . Ju .. and q-. • This is due to the fact that on the 

cone the helioit:r '-;: Mp /lpt is a Poincar4f and Lorentz

invariant quantitJ. The generators given in [7) are: 

(1.7) 

where 

•.. 

(I. B) 

Choose t1ro coordinate s7stems on the cone: 

. . 

S _s:rstem: p0 ~e,"" 1 f\. e~:.,!to:.s'f. p:z.· e~~.,9 ... ~.,~, p ;e.~.s9 
('1.9) 

C 0 ~· -1 c1 ;l. c,! :) I 

. s:rsteJII: p we..~~ 1 p "€.C.C~'t' 1 r .. e. ?~t'\l.f • p : -e",.~f.> o 

7 
.. ,1 

; .I 



In terms of these parameters the Casimir operators are . . 

(1.10) 

( ~be same expressions are valid for the C SJatem with 

the subst1 tution Q. ....,. ~ ) • 

The eigenfunction is: e. -<.~hli")Q , provided ~ ::. ~o 

(~he other solution is oorineoted with the equivalent re~resen-

). The reaaining operators we need, are: 

M~ ... iJ\Co)'l. +- ~ 
-I+C.O.S~ 

N.,_-:: -!.S 
.. t 9f3 . 

(i.l2) 

(1.1.3) ' 

Using (1.6), (1.11), (1.12) we find the.normalized eigen

functions in 0 (.3) basis : •) 

•) 'fhe scalar product is defined bJ 

8 



. ~ '· 

In a si111lar way we get the spinor basis ~n . the form: lE) 

(1.15) 

Here is a phase factor: 

(1.16)· 

., 

( f and . 1-v\ ·are defined by .(1.2) and (1.5)), 

In what follows we shall consider 4 oases aooording to the 

'signs of .>-i-t"' and >-- ~ • Ineq!,tali ties .h t-o ~ o 

>-.+l"' <. o in eq, (1.16) merely indicate that the Jlhase 

factors in ·these oases coincide, 

2). The Overlap Coefficients 

After performing an integration we obtain the over

lap coefficiente in the form : JBE) 

•) 

Ef) In what follows we shall omit the triTial O(.~~G"') 
factor. 

9 
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.-. 

·. ,.;;<t, 
·,-,. 

, - _. -:~: 

where 

I -.- ).-: i (1)\t-t'ITI.>.-~1) I p':-i(l).;-pl-1>.-~\) .. 
(2.2) ,' 

and is the generalized h1Pergeometrio function 

of unit arguMent. No probleM of the conver·gence arises since 

function entering eq. (2,1) really is a termi-

nating series. 

According to eq. (2.2) we have 4 oa~es, namely: 

1) 
• Then eq. (2,1) takes the foruu: 

(2 • .3) 

10 



,t'< 

,•, 

(2.4) 

., 

4) '!., ·-;:.>. < p. I 

(t-'vl~~> ·1.'*{ie.t1 .. ... ... 

(2.6) 

. f' 



•:' .... 

·~ 

r= 
3:;. 

There exist two fundamental relations between the. 

hypergeometric functions of u~it argument [a] • From 
' the three-term relation: ( see Appendix) 

.,i..,... ~~"'.f i='r (o~ltsj ':)::...,~~,.. ... i='p(4·,cs') ., .. n.l:~."·r-r(5') 
------- + - t- ·-r(~111 oi,UIJ, ol<o'.Ll) r(.(ll't, i{l~ I ..(.l3'1) r(6(1~s-. ">(1),;, •>(.!J>) 

(2.7) 

we obtain: 

<.t--vJ.£\4'> ." (\-'!>IQ~):l. 
·I . 

In a similar way the two-term relation 

!=p (o·, 1.;5') ,. Fp (c; ·11-t) · 

yields 

'• 
( \"-v I t t' ) " ( \'- v i e I"), ( tq) I·~ c.. ) -:o .( u y i fl ...... '\. 

1 ~-) ,- '~ 2 \ ,;~ 

and thue the overlap ccef!toients (2 • .3),(2.4),(2.5),(2.6) 

are equal. It is wor~h mentioning that for an arbitrarT 

choice of the phase the overlap coefficients 1,2,.3,4 

differ by a phase factor. We have.chosen 
~- ( see eq, 

(1.16)) in such a way that the equality of the (!"-viet">. -
. ~.z., '!.,'1 

· should hold •. 

.)) Relation to the Wisper Coefficients 

One of the possible definitions of the Wigner coeffi

cients of the t~ee-dimensional real rotation group is (9]~ 

12 

. t 

J 
~ 

! 
I 
1 
' 

cc a.hali"'•IV'I2..), ~2h ... , 

__ .r(l.-Az.-rhd,-~.th.+! 

'e, > 

.. [- J,-J:~.+J: 
3Fz.. 

- Jd·h-, 

Using the rela1 

-:~l.,...Jr {!,13 
_ _.;·_..;.. F. ( o· 
Ji r(ct._LJ) {' 'I 

(J.l) can be .; 

t l~ -t'\1. 'h ·, "'• W\2..) .-:: 

r llt+h-ht1, a1~!:~ 

l -}c+ h: 

F td1~h-h,}~~ 
3 1. . • . . .. ; 

. 1-·-h ~~1 + 



:ions between the. 

argument [8 J . From 

x) 

:~~1, fp(5') 

iH·,'l(1l,;, ·.)(o!J>) 

(2.7) 

yj ~ t':)'i 

),(2.4),(2.,),(2.6) 

for an arbitrarT 

oients· 1,2,3,4 

en ··7.; ( see. eq, 

'f of the <. tq)le r-~.z.;'!.,"' 

~ the Wigner ooeffi

:Jtation group is (9} 

.. 

1 

(J.l) 

Using the relation (s] 

-:~l."Jtf.>z.3 r- ( ) Fn(2) _ 1=.,..(3;!L4) 
r, O'Lt5" - - -

lj' r(oi"LJ) p I - r(.(n.,.c:(f3;,o(J't5') rto<t:l.lj
1
o(cz,r 

1
-:>l2.c,,s-) 

(J.l) can be written in the form •. 

r r lt-~"h.-ht-1, dt-h.+h+i, ~1+ ~z:tht-21'"- 1 . . . 

t -}<+ h TJ3>1 r (J.-J,-"1JT1, 'J•+:L) 
(3.2) . 

td1-h-h, 'l~-d-z.1-l3+1 .J -"" +11 '\ . ' <1, • 1 ... 

' ' • •_, ' I \, 

1-·-h ~~1 + 1 • 2a .. +2. 
. . 

.1.3 



'l 

,> 

This ·form of the Wigner coefficients will be complexified 

, .. :. with th'e pr~ scription: + for J,;, (h-t""
2

) z 0 .Namel;r; 
..• 

' ~ -

. .. 

let us introduce the notations: . 

l1 sa~ t l1 .. ·1...-i:!J) m. a~""~ :. .! ll'+• )J) 
·: J.. 

1~ ~ -{-1 ,.:i(;! .. -1 .. ~) rr~l.::; m• ,.. -i. (.~-~v) 
(J.J) 

h :. e '""!!'A. I" 

( 1'1-•.1" -:..o,-t:-i_,-t-t, ... , OSt.>'"<."" ,-=-<;,~C!o·, t-::o,~,1,···)· 

·.Then comparing (J.2) with the overlap coefficient (2.)) 

we find: 

.::,~V\t\"1-) 

• • f,J.. 

. t;n u.·~·~C .. ,,. r.(-J,-j,•j,) y Cl1<1•d> .~ ... J 
-= e '• 2 ['='-"Jt(h~""z.) .,,"'JClh-.... )\ 

Thus the overlap coefficients are proportional to the oomplexi

fied Wigner coefficients defined in (J.2) •. This result is 

quit~ clear, since the spinor basis is the eigenstate of -'J" , 13 LZ'L , ~<3 and we want to obtain the angular 
' ' ' _,.c ...,.. 2 • -'r ;L 

momentum basis which is the eigenstate of (l+K.) "' M 

·and 1-~+- t-<3 "M3 • It is to be emphasized that eq. 

(J.2) we do·not consider as the definition of the Wigner 

coefficients for arbitrary complex values of the parame..:. 

ters, since it would require further considerations. Eq. 

(J.2) has the _sense discussed a~ove and it is defined for 

the values of parameters given by eq. (J.J). 
14 
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1-'; ' 

' 

l .. 

In view of the 

the overlap coeffici 

propo;ties which are 

the Wigner coeffioie 

. quenoe of I & .. 1 ~··i . 
complex angular mome 

1,2,J, of course;,is 

· 4). Matrix Elements· 

J 

The overlap coe: 

an expressionfor.Jh 

defined by 

d ~l) ) ' i 

ee '~< {.ol ~ < t 

Since the spinor ·bas: 

the integral represe1 

d 3 .. ~ 7 ,•'' . ee.' {_.L) _ ::. ~ d 11 e 
t< _..., 

The relation of eq.o. 

cussed elsewhere.by . 

is seen from (2,J) tl:l 

of poles, on the comt 



.. be complexified 

) '); 0 . ~ 
,Namel;r, 

l) 

~} 

(.3 • .3) 

1fficient (2 • .3) 

;ional to the complex!

~.· .. This· result is 

Le eigenstate of 

obtain the angular 
_,.- ...,. "l.. ...... z. 

~ ("ftK) " M 

1hasized that eq. 

,n' of the Wigner 

Lea of the parame- . 

liderat1ons. Eq~ 

lt is defined for 
.J). 

'I 

,. ...... ,flo. 

' .. 

In view of the relations. between the 1 "fi .func~ions 

the overlap coefficients possess a number of symmetry 

properties which are the complex counterparts of those of 

the Wigner coefficients. Her~ we mention that as a conse-

.quence of l!~l~·i we have the triangle inequality for 

complex angular momenta: i ~~-hi ~ h 
1,2,.3, of course, is not allowed now. 

• Permutation of 

·4). Matrix Elements of the Boost Operator in Angular 

Momentum Basis 

The overlap coefficients make it 

an expression for .. the boost function. 

defined·b;y 

possible to obtain. 

cl 3"s 'oe:) which is 
e~et- ' 

Since the spinor basis is an eigenstate of 

the integral representation 

•.\ 

(4.1) 

The relation of eq •. (4.1) to the 0(4) group will be dis

cussed elsewhere by J.Smorodinsky and G.I •. Shepelov. As it 
I 

is seen from (2 • .3) the integrand of (4.1) has four types 

of poles, on the complex ~ plane, namely 

15 
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t.• 

I, 

,· 
.... 

a) , ') :. .,:,(~..,TiT •. dl_~)- tJ 

b) v ..:..\.(-!.,-1-t'r-'2~).,-cr-

o) y :. ,:(-~ .. ·-1 -tt-2b..)·-:<t' 

d) . Y "' "-lr .. -r1 -r -t2.l)·Hf' (it= CJ-1,2.1'"'). 

In the case 1<> ~ I" ~ 0 
the situation of the 

poles is shown in the figure. 

~ Before closing the 

contour of integration 

the as,mptotic behaviour 
~ . 

of the integrand for large ~ -~-

is required. We find for 

overlap coefficients the 

asymptotic formula: 

the 1:) . 
following I: I / 

'Jm.V. 

·~ 
~~ 

-1 <l 0 J • 

[
-4t••tt1"2 i-,....,.1] 

(\"VI e_\4) '"::. v7it.t1)J'C r(2.Jt1..i Jt-dlt'-rt:L) r ·-J-t-.-t, .e,Tt't1 

[ l~"!~e..r--1,~t-~~+(t2. ~ . 'La·1~t-J .. .:..Jtli 
.F-, 1 '•1 ~ ·i'2: · 
1. 2. 2.Jt2., 1-~"d .. _t"'~"'- I ( :z...) e (4"t o(·O) 

(Re:V~o). 

( We have omitted an irrelevant phase factor). 

Then the leading term of the 1ntegra.11d is e -n-IRevl-:cd • ..,_; 

Re,; 

so for <J..:> c. the contour can be closed on the upper 

16 
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l. ":• ' ' ' ' I 
·\ ·-.. . ·::·~ 

' . •. . '~ ' 

t ,•' . 
\ :. '' 
r :~ . 
f. 

L·· 
f.. ··~ ...... 

1 ..... 

l 

•' . . 
:'; 

·'" ,, 

·~ t: .. •·. 
•' 
\, ,. 

·, ~~· * • 

.. ;: ' 

:;. 

' 
:· 

... 
' ,\. . ~ ·., 

half plane. In th 

· picks up the pol,e 

iri th~ r~maining 

the . a) and d) ·. 

number of poles o 

od on the upper 
' . 

' ~ . 
f d'jv~ z· ·, ·- . ·- ' .· ,. ' • •' l~~o.) - (-t :L.Ji' l Ll. M . .· 

I ' {t ~.., ' 

' <><> ... z (-~)l (j., .. 
tt~(J. -

where 

Y. :: i.. i 1... 
b.. ' d 

·y~ " ~~~. 

For lA ( 0 we Ci 

the contour on th• 

the uni t~i ty . <:f ~· 
. we have to substi: 

AoknoYtledgements 

The author i1 

for helpful disou1 



·.,I . ' \ .. 

',. 

·,' 

'·• 

··-· 

'the situation of the 

~ 
:lm)i 

~ 
r- ·. 

n 
Re,; 

l ' 
' ' / 
t .: , 

"' . . ,· 

3e ·. facto'r). 
. . · -:»l~eYI-cl\'J,"'" 
i.Ud is e ' 
' closed on the upper 

,.:· .. .. , . ·, . ~ . . ·~ . . 

.•' 

half plane. In ~he case a .. ~ I"' ~ C• the .contour 

· picks up the_ p'Jlea of the a) and d) types only, while 

iri the remaining cases we loose some of the first poles 'of 

the, a) and d) t;ypes'and we have to include a finite 

.· ...... 

,. 

number of poles of the c) and b) .types which are situat-<. · · 

ed on the 

where 

upper half-plane. Finally, we obtain: 

. i . + i. 

z ~-< ~> 1 t 14 > <.r- ~ 1 e t- > I , 
rta-""H) nt-M' "') .;~"'' ... .. .. 

For ~ < C we can obtain ~n analogous formula b;y closing 

the oo:1tour on the lower half-plane, but it is easier to'use 
· . J-... r d. J ... s ·"t-

the unitarit;r qet=.,.L-"-)-=- t.'t:,..'-"') , which ;yields that • 

. we have to substitute simpl;y .. Y' ~~....,. .Y:, y~ -) ~ *'. 
AoknoYTledgements 

The author. is deepl;y indebted to Professor J.Smorodinsk;y 

for helpful discussions and comments. 
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Appendix 
,, 

The Thomae - Wipple Function 

For the readers conYenience we cite the definition of 

the Fp and F~ functions [81 . Consider 6 quantities 

r. , for.whioh . 
S'" 

L: r-. =-C . . •=o 
holds and· define 

c:/... 0 . -::.!. 1- r~.,. r "~"''~ (3 .., -1..- r -·-
\,"'"" 2.. <. "" .,. I ' '"''" "" "' . 

Then the .Thomae - Wipple functions are .defined by, 

- • . . ~l't\1\ o( . <;( • . • 

t- f' (e.·, Wl•"\) '!:: i 
3 
'i I e.."'"' 1 j :" n ' 1 ~ [ '] 

. It<>< .. ~-..-~ . n. ) I 
~ 4·' '"e•r' .• t 13 

,.,1!, '(.?.n\! , 

·lo(QP · -<e · ~oe.. J .F· "'ll · 'h· ~ , 1 ~ -
i=~( t·, '"•) ' r(<t•o (3( .a,:) l ~ . (3,. > ~<• I 

I I', ":' , 

0 

·where 'J, ~. j represent those J numbers out of the 

six integers, o, 1, ••• 5, not already represented by ~ , 

~ and ~ 

·For these functions two fundamental relations hold • 

.According to the first one I= p lC. ~ ~~). functions with 

·fixed t and with different ivl:, t\.. are all equal. 
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I·,~: ~~- T~e ~ second fundameJ 
I . :; .. . . . . .. . . . 
1 ._ .. ::. One of its .. possibf• 
~ • > .. • ••• ;,;·, 

L: ;· . · case the last . '.te:ri i ; . . .. . ··.: 
! .... . . . :the r ~funct: 
I . .. .. ·.··: . 
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