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I. Introduction 

Recently processes of hadron interactions at high energies 

have been a subject of intensive theoretical and experimental 

investigation, 

The derivation of closed expressions for scattering amplitu

des in the framework of some reasonable physical assumptions in 

the high energy region is of special interest. In order to obtain 

expressions of such a kind one can use the unitarity condition 

for the scattering amplitude with a definite parametrization of in

elastic channel contributions/l-5/, the Logunov-Tavkhelidze quasi

potential equation/G-lo/, the functional integration method in quar:itum 

field theor/
11

-
14

/, summation of field theoretic perturbation theory 
/15 16/ . . /17-19/ graphs ' , the reggeon diagram technique . • 

In the present paper 

scattering amplitude at high 

of the quasipotential typex/, 

we derive a new representation for the 

energies, starting from the equations 

wh. h "d d . f /20-23/ 1c were cons1 ere 1n re s. • 

x/For simplicity we,.confine our considerations to the case 
of scattering of spinless particles of equal masses. 

3 



8 (8) ➔ ➔) 1 1 
1/I➔ (p) = (2~) 8 (p (-)q + (2rr)3 2E q-2EP+i £ q 

➔ 2 ➔ 

fV[(p(-)k ); E ]tfr➔ (k)dOJ1.1) 
q q k 

➔ 

A(p.➔q)=-.!!...V[(p(-)if)2;E J+_!_f V[(p(-)k);Eq]dOitA(k,q) 
4 TT q (

217
) s 

2 
E . • ( 1. 2) 

Here 

➔ 

dO ➔ =___!!! 
k --➔_::;=::; 

yl+k2/m2 

2 ➔ 2 
Ek=vm +k • 

➔ ➔ 

. q-2Ek+ll 

-➔ ➔ ➔ ➔ ➔ 2 2 pk 
p(-)k ==p-k[yl+p '/m - --------J. 

m2 (l+yl+ k2 /m 2
) 

(1.3) 

(1.4) 

The amplitude A(p, q) is normalized to the differential 

cross section of elastic scattering in the following manner: 

~= I.A(p ,q) I 2; E =E • (1.5) 
dO P q 

Comparing eqs. (1.1)-(1.2) with the nonrelativistic Schoedinger 
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and Lippmann-Schwinger equations 

➔ ➔ ➔ ➔ 

A(p,q)=-~V[(p-q>2l+-I- f V[(p-k) ]dkA(k,q) 
4 7T (277 )3 2 E q - 2 Ek + i £ 

(1.7) 

it is easy to see that the relativization (1.3)-(1.4) reduces essen

tially to the replacementx/ 

➔ ➔ ➔ ➔ 
p-k ➔ p(-)k (1.8) 

The replacement (1.8) has a clear geometric character. Indeed, on 

the left hand sides of eqs. (1.8) we see the images of three-di

mensional Euclidean momentum space,. while on the right hand sides 

we deal with quantities and operations which are defined on the 

upper sheet of· the hyperboloid 

x/ A nonrelativistic potential is replaced , of course, by the 
quasi potential. 
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k2-t2=m2 
0 

i.e. in the Lobachevsky 

(1.9) 

space. 

Such a "geometric" point of view suggests a new approach 

to the notion of the relativistic coordinate and relativistic confi

guration space/
2
4-

26
/. All the considerations , we undertake , 

below in the framework of the quasipotential formalism, seneralize · 

in the spirit of Lobachevsky geometry the treatment of the Schro

edinger equation ( 1.3) which leads to the eikonal or Glauber 

representation for the nonrelativistic scattering amplitude. For 

the reader's convenience a nonrelativistic case is considered in 

detail (Sectfon 2). A separate section (Section 4) is devoted to 

the development of the special kind of "operator Fourier-transform" 

which is the main tool in deriving the relativistic eikonal represen

tation. 

2. Eikonal Representation for the Nonrelativistic 

Scattering Amplitude 

Let us put in eq. (1.6) 
. ➔ 

➔ ➔ 

p- q =l:l 

➔ ➔ ..,. 
k -q =A,, 

➔ ➔ 

ifJ ➔U + ij >= ¢ ➔ { l:l ) • 
q q 
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Taking into account that 

➔ ➔ 

dk=d,\ 

we obtain 

➔ 3 (3) ➔ 1 1 ➔ ➔ ➔ ➔ 
¢➔ (L\)=(2") 8 (L\ )-~------ -~J V(L\-_,\)¢.J:,\)d,\. (2.4) 

q 2 ( E : ➔-E - i t ) (277) q · 
u+q q 

Consider in detail the energy denominator ( Green function): 

-1 m 
G=--------= · ➔ 2 !I ➔ 

2(E,_. ➔ -E +id • -L\ - 2 q + i t 
u+ q q 

(2.5) 

Let the incident plane wave move along the z -axis 

; = (0,0, q ) • (2.6) 

In this case, evidently 

G= -----------
m 

➔ 2 

L\ 
2 q ( - L\8 - -- + i t ) 

2q 

(2.7) 
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Now, assuming that at large q the term S. 2
/ 2q in the denomi-

nator of (2.7) can be omitted, we get the equation: 

➔ a ca> ➔ m I ➔ ➔ • ➔ ➔ 
cf, (A) ={211) 8 (A)-----.~- f V( A->.)¢ ➔ (>..) d >.. (2.a) t 2 q ( A

3 
- id (211) "I 

As will be seen below,· this is equivalent to neglect of the 

second order derivatives of the slowly varying part of the wave 

function in the traditional derivation of the eikonal representation 

in configuration space (see, for instance/
27

/). 

The expression obtained for the scattering amplitude is 

a good approximation in the kinematical region restricted by the 

condition 

➔ 2 

~ ... o. 
2q 

(2.9) 

We find this expression in an explicit form. After neglecting the 

term l 7 2q , the Green function becomes one-: dimensional, 

because the action of the potential is transmitted through it ,, only 

along the z -axis. Indeed, performing the Fourier transformation 

of the quantity 

m -
G = - 2 q(A

3
-id · (2.10) 

we get the following expression: 
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1 

(2rr) 3 

.. 
1!lp+1tl3z 

f e 

-im (2) .. 
-- 8 (p) 0 (z). 
2q 

.. 
m d fl d !l.3 

2q ( !l.3 - if) 

A similar transformation of the whole eq. (2.8) gives: 

00 

¢ ➔ (p,z)=l+ _m_ f 0 (z-z ')V(yp .. 2 +z' 2 )¢ ➔ (p,z')dz~, 
q 2i q -oo q 

where 

➔-➔ 

.. 2 2 1 lrA. ➔ ➔ 
V(r)=V(yp +z )=--fe V(fl)d!l, 

(2 rr )3 

'I'he solution of eq. (2.12) is of the common eikonal form 

00 

_!!__ f 0 (z-z ') v C V p2 

21 q -oo - · 

9 

(2.12) 

(2.13) 

(2.14) 

(2.15) 



One can evaluate now the scattering amplitude in this appro

xi niation • According to the general quantum-mechanic1:1.l formulae: 

➔➔ 

➔➔ ID -!pr 
A(p,q)=--fe 

4rr 
V (:)"' ➔ U) dr" = 

Q 

- m 1 . . ➔ 
-- 4

17 
(2rrf JV [(p-k)

2

]tf,➔ (k)dk. 
Q 

Taking into account eqs. (2.2), (2.13)-(2.15) we have: 

➔ ➔➔ m 1 ➔ ➔ ➔ ➔ 
A(A+q,q)=----

3 
fV(A-A)cf, (A)dA 

4 rr (2rr) cl 

m - 1Kp-1A~'z .., .. 
2 2 _ .. 

=--fe dpdzV(yp +z )cf, ➔ (p,z )= 
4rr q 

(2.16) 

(2.17) 

.... m -I Ap A m 
00 

. ~--

= - -- f e d.-·= -lu3Z --- --·f0 , 2 4ir P fe . dz V(yp°"2+z2)e 2lq-oo <
11

-

11 

)VCyP +z'>•' 

In the kinematical region restricted by the inequality (2.9), the 
➔ 

momentum transfer vector A is ~pproximately transverse 

_;{2 
A 3 ... -- ... O; 

2q 

.. 
A=(A

1
,A

2
) • 

~ 

10 
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Under the condition (2.18), the z -integration in (2.17) can be 

carried out and the final expression for the scattering amplitude 

tak.es the form: 

00 

(2.19) 

Formula (2.19) is known as the eikonal or Glauber representation 

for the scattering amplitude. We note that the cru<;:ial point in 

deriving representation (2.19) is the transition to the "one-dimensio

nal" Green function (2.10)-(2.11), since in such ,a way the equation 

for the function ¢, ➔ (p,z) can be solved exactly. ¢ ➔ (p, z) is 
q q 

obviously just the "slowly varying part" of the wave function we 

are dealing with when deriving the representation (2.19) in the 

usual way, starting from the Schroedinger differential equation. 

3. 9uasipotential Equation in the High Energy 

Approximation 

We now consider the relativistic equation (1. 1). In complete · 

analogy with (2.1)-(2.2) we put 

➔ ➔ • .... 

k (-) q =,\ , 

(3.1) 
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. . ➔ ➔ 

"'➔ ( !!,. (+)q)=~ ➔ (!!,.}. 
q q • 

Sincex/ 

. ➔ ➔ 2 ➔ -+ 

yl+(p(-}k) =EpEk-pk 

is a relativistic invariant, then 

➔ ➔ 2 ➔ ➔ 
(p(-)k.) = (!!,. (-)>. ). 2 

Making use of (3.4) and the relation 

➔ ➔ 

dk 
dO ..;= 

dA 
-=:::::::;~ = d O t = --=:==:::::;:: 

~ ➔ 2 
k yl+k yl_+A 

we get the following equation for 

' ➔ 3 (8) ➔ 
¢ ➔ ( !!,. ) = (2") B (.!!,. )-

q 

¢ ➔ (Ll) 
q 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

I , I ➔ ~A➔ ➔ -E '-i /) ·-(2 )afV[(!!,.(-)1)
2
]¢ (;)dn (3.6) 

L.1 (+) q q 1T q➔ uA➔ • 

;;/In what follows we use the system of units where h=c =m=l. 
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Taking into account (3.3), the Green function in eq. (3.6) can 

be rewritten in the following manner 

1 1 

In the high energy limit E » 1 we have approximately: 
q 

1 E .. q + - ; 
q 2q q=l«il, 

➔ 

(3.7) 

(3.8) 

Assuming, as before, the vector q to be along the z -axis 

(relation (2.6)) and using (3.8) one obtains: 

G"' 
1 

2qO- Ii -Ii -0 8 

E ➔ Ii . 

instead of (3. 7). Further, we assume that at high energies the 

term !l 0 -l 
2q2 

in the denominator of (3.9) can be neglected (cf. 

Section 2). Finally the Green function takes the form 

1 
G "' ---------

2q{l- Ii -Ii +td o. 3 

13 
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Because of this, we deal now with the following equation for 

cf,q➔ (3.) 

➔ 3 (3) ➔ 

cf, ➔ (i\)=(211)8 (~>-,+ 
q 

(3~11) 

+ I I ➔ ➔ 2 - ➔ 
2q(l- i\ -L\ +ie) -(2 )s JV [(i\(-).\) 1¢ ➔ (.\)dO ➔ 

0 3 77 q ,\' 

This equation is an analogue of the nonrelativistic equation (2.8). 

We shall see that it can be solved explicitly by applying to it 

a special kind of Fourier transform. 

The development of the corresponding formalism is the sub

ject of the following section. 

When one deals with the approximate expression (3.10) for 

the Green function, - a question arises about the conditions under 

which our _ neglect of the i\ 0 
- ; - term is valid. In order to answer 

' - 2 
this equation, we express ourq · earlier variables in terms of Mandel-

stam invariant variables s and • Obviously 

( ➔ 2 2) ➔ 2 s .. 4 q +m .,.411 

t = (E -E ) 
2 -(p 

p q 
-q) 2= (3.12) 

=20-E E +pq)=20-i\
0

), 
p q 
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Therefore 

.{3.13) 

, · and consequently the neglect of the terms (3.13) means that the 

obtained expression forUie· scattering amplitude can be valid in the region 

where the kinematic invariants s 

condition 

l..!_I « 1, 
s 

and t are restricted by the 

(cf. (2.9)). (3.14) 

4. Lorentz Group, Horospherical Coordinates 

and Operator Type Fourier Transform 

' Consider the two-dimensional spinor representation -of the 

Lorentz group, realized by the complex 2 x 2 unimodular matrices 

~=(a, {3) 
y ' 8 

det a = aB- yf3 = 1,. 

By means of the Pauli matrices a 
I 

( 

(4.1) 

= 1,2,3), the unit matrix 

a 
O 

= ( ~: ~) and the 4-vector t!/L , one can construct the spin

tensor 

15 



" I',.=!). a 
µ µ 

( 

t-,.0 +/).8 

!). + i /),. ' 
1 2 

t-,.1 -il-,.2) 

!). _t-,. 
0 8 

V 

which transforms under the Lorentz rotations I',. ' = L I',. µ µ V 

in the following way 

" " 
!). , = a!). + a !). , a 

µ µ 
(4.2) 

We choose now in the group (4.1) a three-parameter subgroup of 
,.. 

the triangle matrices of ·the type 

.. /2 0 \ a is real e 

K= I (4.3) 

a/2 e -a/2/ yi=yl +iy2 e y ' 

2 
If we assume !). = 1 into the eq. (4,2), we 

➔ 

and put /',.µ = (1,0) 

obtain a relation which maps. the space of group parameters (4.3) 

onto the upper sheet of the hyperboloid 

16 



( 

ea, 

a ( ) '"'a a "' ~ e y +iy .~ +e y 
1 2 

(4.4) 

y denotes the two-vector ( y , y ) • Equating th€/ corr,esponding 
1 2 , 

elements of the matrices, ,in eq. (4.4) we get: 

a 
= e 

(4.5) 

The relations (4.5) determine the hoJosphericalx/ coordinate system 
' ' ~~ 

on the surface 11 2 = l, 11 0> 0 • 

x/ By definition, the horos phere. in,' the Lobachevsky space, rea
lized on the upper sheet of, the hyp~rboloid 11 2 = 1,, is the two-di
mensional surface determined by the, following equation 

1: e2 2 ➔ 2 11s=const, ., =eo -e = 0. ,, 
, in particular~-the equation 
, a-= 0 (4.6) 
gives the horos phere 11 0 + 11 3 = 1 

The remarkable property of the horosphere is the Euclidean 
character of its intrinsic geometry. 

17 



Since the matrices (4.3) form a group, then in the space of para

meters (a ,y) and, according to (4.5), on the upper sheet of the 
2 

hyperboloid t:-.. = 1 some group operation is also induced. 
~-t 

When applied to the four-vectors of the type t:-../l =(v'l+ t:-.. , n ) 

we shall denote this operation by the symbol © and write 

... ➔ ➔ 

t:-.. ' = t:-.. @q ( 4. 7) 

( 4. 7) is equivalent to the relation 

a'= a+ c 

(4.8) 

"' -o"' "' y , = e . y + /l' 

where (a', y'), (a, y) and (c, ~ ) are horospherical coordinates 

of the four-vectors t:-.. '/l , · t:-.. /l and q /l respectively. The va-

lidity of all the group properties for the © -operation can be 

verified by straightforward calculationsx/ using eq. (4.8). The inverse 

transformation is defined as 

X, =t. 0~-1. (4.9) 

x7We emphasize that the shift transformations (3.1) with which 
we dealt earlier do not form a group. 
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·where 

➔ -1 C "' 
q = (-c, - e /l ). (4.10) 

j In what follows, we shall call the set of © -operations the group 

of horos pherical shifts and denote it by · T (3) 

It is easy to see from (4.5) and (4.8) that in the nonrelativis

tic limit 

a, lrl « 1 

the horospherical coordinates transform into Cartesian coordinates 

of the three-dimensional Euclidean momentum space and the group 

T(3) into the Abelian group of translations of this space. 

The volume element of the hyperboloid d O ;i 

in the horospherical coordinates ( 4.5) reads 

2a 
=e dad y. 

➔ 

dL\ 

yl :t S 2 

(4.11) 

Since T( 3) is a subgroup of the Lorentz group, then evidently 

(4.12) 

(cf. (3.5)), The property (4.12) allows one to interpret (4.11) as the 

right invariant volume element on the group T(3) itself. 
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By means of (4.5), _(4.8)-(4.10) it is easy also to show that 

➔➔ 

Ao.\.o - A.\ 
➔ ➔ -1 2 

yl+(A (±).\. ) • (4.13) 

Comparing (4.13) with (3.3), we are led to the important relation: 

➔ ➔ 2 ➔ ➔ -1 2 
(A(-).\. ) =(A@.\. ) .• (4.14) 

Now, taking into account (4.14), we can understand the integral 

term in the equation (3.11) as a convolution on the group T (3) 

1 ➔ ➔ -1 2 ➔ ➔ 
-, J V [ ( A © .\. ) 1 cf, ( .\. ) d o ➔ = 'V ( A 

2
) * cf, ➔ ( t 2 

) • 
(217) ;; ,\ q 

(4.15) 

Finally, after transforming to the horospherical coordinates (4.5), 

equation (3.11) takes the form: 

~ (2) ~ 

cf, ➔ (a, y) =13 (a) 8 (y) -
q 

1 - ~) ---V(a,y)*'P ➔ (a,y. 
2q (e" -1-fr) q 

(4.16) 

An important property of (4.16) is the one-dimensional nature 

of the Green function 

1 
G=------

2 q ( e "-1- i r ) 
(4.17) 

(cf. (2.10)). 
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The presence of the convolution operation in (4.16) suggests 

that the Fourie_r transform defined on the group T(3) should be 

applied to this equation. Let us explain the meaning of this notion. 

.l\ usual three-dimansional Fourier transform is ?n expansion 

in terms of plane waves, which are one-dimensional unitary repre

sentations of the Abelian group of translations of the Euclidean 

3-space, or in other words, the unitary solutions of the functional 

equation 

➔ ➔ ➔ ➔ 

u ( /11 + /1 2 ) = u ( /11 ) u ( /12 ) . 

Since the group T(3) is non-Abelian, it has no 

non-trivial one-dimensional representations, i.e. the functional equa

tion 

(4.18) 

permits only operator solutions. The matrix elements of these ope

rators form the basis in terms of which the functions on the group 

'r(3) can be expanded. -The corresponding expansions then play 

the role of the Fourier transform on the given group. The Fourier 

transforms obtained are the operators acting in the same space 

where the operators U from ( 4.18) act. 

Let us assume now that we have at our disposal some comp-

lete and orthogonal set of "state vectors" IP> 

fdpjp><pl=l 
(4.19) 
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Define in the space of these vectors an operator U z (ti)= Ula, y) 
z 

putting 

"'"' 

< P~ I U z ( a , y"') I p
2 

:> "' e 
laz +lyp 2-" 

(2)("" -a "" ) 
8 p -e P • 

1 2 
(4.20) 

Wth the help of (4;20) it is easy to obtain 

" u z 

-&2 s::= s:::, 

( a 1 +a2 ' e y 1 + y 2 

(4.21) 

-= U z (at ' j\ ) U" ( a 2 ' Y2 ) 

"+ " &s:::s "-t s:::, u (a,y) .. u (-a,'-e y) .. u (a,y). 
Z II 11 (4.22) 

,. 
Thus the operators U z (a, y) realize the unitary representation 

' . ➔ .. s::::, 

of the group T(3). Further, let· f (Li) .. f(a,y) be some 

function on. the , group T t 3 ) . According to the above considera

tions its Fourier transform on this group is determined by the fol

lowing expression 

·1 ➔ ·s:::," ➔ =s s:::s'' s::::s 

--, ff(Li)dO ➔ <p JU (Li)Jp >-=<p Jf(z)Jp >. 
(211 )3. Li 1 z 2 . 1 2 

(4.23) 
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It turns out that there exists also the inversion formula making it , 
➔ 

possible to calculate f( I'.\ ) from the known matrix elements ,. 
<p lfCz>l'p > 

( 4.24) 

As is clear from (4.24), it is necessary in fact to know only the 
,. .. .. 

integral of < ,>; I f ( z) Ip 2 > over the parameter ~ in order 
to nnct .r < K > 

" 
f d ;. < P .. 1 I f ( Z ) I ;2 > = f ( Z , p 2 ) (4.25) 

" and there is no need to know. the matrix element < p
1 

I f (z ) ! p 
2 

> 

itself. This point reflects the circu~tance that the forr:nula {4.25) 

also can be inverted,· i.e~ it is possible to reproduce the whole ,. 
matrix <p

1 
lflz)(p

2
>: 

.. " .., 1 la(z.;.z ') (2) .. ..,. .., 
<p lf(z)lp >•-Je dz'da8 (p -e-•p )f (z :p ). 

l 2 2ir l 2 ·2 (4.26) 

Using (4.18), it is easy to obtain the "convolution theorem" 

for the transformation ( 4. 23)-( 4. 2,4). 
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Namely, if 

,. ( 1 ➔ ... ➔ 
ft z)•~ ff 1(6)U (6)d0 ➔ 

(277) " 6 

and 

,. 1 -t ,. ➔ 
f (z)-=- f£2 (n)U ( 6)d0 ➔ 

2 ' (277)3 " 6 

then 

" " 1 ➔ ➔ ,, ➔ 
f1(zH2<z>•--rfdO➔ tr1(6)*f2(6 )lUZ (6), 

. (277) 6 

where the "convolution" of the functions f 1 and £2 

by _ the integral 

ft ( A ) * £2 ( 1 ) = _!_ f £ ( ; © 1- t )f ( ,\ )

0 

dO ➔ 
(277 )a t 2 A 

(4.27) 

is defined 

(4.28) 

In the non-relativistic limit,· as is easily seen, all the relations 

connected with the Fourier expansion on the group T(3) transform 

into corresponding formulae of the usual Fourier analysis. 

5. High Energy Representation for the Quasipotential 

Scattering Amplitude 

Now we apply the Fourier transform on the group T(3) to 

the equation (4.16). 
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We beg.in putting by definition (cf. (4.23)). 

"'" .. I "'" 2 <p, lc/> ➔ {z)lp >•--fc,b- a,y)<p
1 

1Uz{a,y)jp
2 

>ea· .dady (5.1) 
q 2 (277)3 -;; 

,, 
"' IV { ) I "' I JV { "') "' " - "' "' 2a "' <P

1 
z P

2 
>=--

3 
a,y <p

1 
IU {a,y) IP >e dad y. 

.q (277) q z 2 
· (5.2) 

Using the formulae (4.20), _(4.24) and (4.27), after some simple 

calculations - we get from (4.16) 

<p 
1 

la(z-z ') 

I 00 e dz-'"{ .. -a .. I "' ,.. " " .. (5.3) 
+- fda---- ,a ·p 1 -e p2 >-.-fdp <p IVq {z')¢ ➔{z')!p2>. 

277i -o:o e a -I - if 2q l . q 

By means of the relations (4.25)-(4.26) it is easy to show 

that equation (5.3) can be written in the form 

" <p
1

1¢
1

{z)lp2>= <p,lp2 >+ 

(5.4) 
00 A A A 

+ --1-
2

. f dz' 0 (z -z ') < p1 I V q {z ') cf, ➔ {z ' ) Ip 2 > , 
q1-oo q • 
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where 

" oo la (11-11 ') 

e (z-z ') .. _1_ I _e ___ _ 
2rri -oo ea-1-ir 

da (5.5) 

is an analogue of the step function in the finite diff~rence cal

culus, sutisfying a non-homogeneous finite-difference equation 

of the first order 

" 11 0 (z-z ') = 8 (z-z ') 
11. 

d 
-1-

d11 

/1 • e -1 
z -i 

Taking into account (5.6) we have from (5.4) 

... " .. 
<p 111 <f, ➔ <z>IP 

l II q 2 

1 ... " " "' > -= - < p I V (z ) <p ➔ ( z) l p > 
2qi l q q . 2 

-....,..,,,:: ..... 

or 

" ·l " " 11 q, ( z ) • - V (z ) rp ➔ ( z ). 
11 -;: 2q i q q 

" . 

(5.6) 

(5.7) 

The boundary ·condition for the operator <p ➔ (z) follows from (5.4): 
q 

" 
<f, ➔ <z>l •. 1. 

q z ➔ -oo 
(5.8) 
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,. 
It is clear that quantity cf, ➔ ( z) is a relativistic analogue of the 

q 

"slowly varying part" of the wave function (cf. Sect. 2). The formal 

solution of the equation (5.4) and (5. 7) is an "ordered" exponential 

,. 

=P .. 

,. ,. ,. 
JO (z-z 1 )0(z 1 z

2
) ••• 0(z

0
_

1 
-z

0

)x 
1 

,. 

(5.9) 

00 ,. " 

exp [ _!_ f 0 (z -z ' ) V (z ')dz ' ] . 
2q i -oo q 

For simple quasipotentials the series (5.9) can be calculated 
explicitly. 

. . Now we proceed to consider the quasipotential scattering 
amplitide A(p, q). According to/24/ 

By means of (3.2), (3.4), {4.14) and (4.15) we find from this 

expression that 

(5.10) 
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Further,, due to the "convolution theorem" and formula (4.24), 

we conclude that 

➔ 2 ➔ 1 =:s ::::s - " • + ➔ ::::s 

A(~ ,q )=--fdzdp1 dp2 <p-
1 

IV (z)¢ ➔ (z)U (~ )\p2 >. 
411 q q z 

(5.11) 

'I'h{s expression allows some simplifications. Namely, considering 

(4.20), let us rewrite (5.11) in the form: 

'""'' " ➔2 1 -a "" -I Y P - -laz "" " "" ( ) A(~ ,q)=--e fdpe fdzdp e <p
1

\ V (z)¢ ➔ (z)\p>. 5.11' 
411 l 'q q 

Now, let us consider the. condition (3.14). Since (see (2.6), (3.12) 

and (4.6)) , . 

e a = ( p + p )( q -q ) .. 1 + .!.. + .L 
0 8 0 8 s s 

then at s » 1 and I.!... I « 1 , 
s 

e" ""1, 

.. = 
y .. ~' 

a "" 0 

.. 2 I t I .. r . 

we have 

(5.12) 

In other words, in this approximation the momentum transfer 
➔ 

vector ~ belongs to the horosphere (4.6). This fact can be 

though_t of as a particular "transversality condition" in the rela

tivistic case. 
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After inserting (5.12) into (5.11') we obtain: 

.... 
1 ., -1/ip ., - " " ., 

A(s,t)=---fdpe fdp
1

dz<p-
1

IV (z)cf, ➔ (z)lp >= 
477 q q 

(5.13) 

=--
1 

21r jp dp J ( v'-t p) f dz dp <p
1 
IV (z) ¢ ➔ (z)-1/t > • 

477 o O I q q 

(In the last equation the azimuthal symmetry has been taken into 

account). It is possible to carry out the z, -integration in eq. 

(5.13) explicitly. Namely, on the basis of (5.7) and (5.9) we have: 

00 ·=="'" 
f dz < p I I V (z ) cf, ➔ (z) Ip > = 

q q 
--00 

(5.14) 

= 2q i j dz < p I Ii P exp [-1- j 0 (z -z ' ) ; (z ')dz '] I p"' > '= I. 
-oc· I zz 2qi-oo q 

Now, due to (5.6), we can easily obtain that 

., [ I oo" ( ) ] "'c2 '( ., ., ) I 1=2qi{<p 1 IP exp --JV z dz IP >-u p
1
-p , 

z · 2q i --oo q (5.15) 
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where, by definition, 

1 00 " 

P exp [-- f V ( z) dz ) = 1 + 
z 2q i -oo q . 

(5.16) 

1 oo'-" 00 11\ A A 

+ - f V ( z
1

) dz 
1 

+ ~ f 0 (z -z ) ..• 0 (z 
1
-z ) V 

2q i -oo q n,,;2 1 2 n- n q 

" (z 
1 

) ••• V (z ) • dz 
1 

•• • dz • 
q n n 

After inserting (5.15) into (5.13) we obtain the sought - for high 

energy representation for the quasi potential scattering amplitude: 

A(s,d= 

(5.17) 

~ . - - - 1 00 -=-q, fpdpJ
0
(y-tp}lfdp <p IP exp[-

2 
.-JV (z)dz)lp >-1}. 

O 1 1 z q1 -oo q 

Obviously this formula can be considered as the direct generaliza

tion of the eikonal representation (2.19) to the relativistic case. 

6. Concrete Examples 

" Now consider the case when the matrix <p 1 ~ V q (z) l p"'
2 

> 
is diagonal 
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It tirns out that under the condition ( 6, 1) the follovving rela
tion h0lds 

00 " 

[_,!__JV (z)dz]lp"">= 
2qi -oo q 

" "" V q (z, p) 

-oo 2q 

(6,2) 

) dz l. 

Equality ( 6, 2) can be provE:d starting. from the expansion of the 

P -exponential in powers of the potential by means of succes-z 

sive applications of the identity 

" " " 
0 (z - z ') 0 ( z - z ") = 0 (z -z ') 0 (z '-z ") + 

" " l" 
+ 0 (z -z ") 0 (z "-z ') + -;-- 0 ( z - z ') 8 (z '-z ")·. 

I 

(6,3) 

also diagonal 

Another ~ethod, connected vvith the use of {5.7), is also possible,· 

Due to the diagonality of V ( z). the operator ¢ is evidently 
q 
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- " - (2) - - ., 
< p I ¢ ➔ ( z ) I P2 > = 8 ( p 1 - P2 ) ¢ ➔ ( z , pl 

1 q q 

(6~4) 

and 

- 1 . "') ( "') /1 z ¢ (z , p ) = - V ( z , p ¢ ➔ z, p. • ( 6.5) 
;/ 2qi q q 

'I'he solution of the " c -number" equation (6.5) is given by 

the expression 

.. oo " V (z ',p ) 
¢ (z , p ) = exp { i J 0 ( z -z ' ) fu (1- q ) dz ' l 
➔ 

(6.6) 

q -00 
2q 

as is ·easy to verify with the help of (5.6). Now,· taking into 
. . 

consideration the fact that the left-hand side of (6.2) can be repre-

sented in the form 

.. " .. (2) .. .. -
<pl l¢ ➔ (oo)IP2 > = 8 (pl -p2)¢ ➔ (oo,p~) 

q q 

(6.7) 

" and that 0 ( 00 )=l, we get the formula (6.2). 

Representation (5.17) in the case of quasipotentials (6.1) 

is of the following form 
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00 

I f fn (t -
V (.,,p ) 

2q 
dz) 

-oo 

A (s, t) =-qi jp dp J (\l-=i° p)I e 
0 0 

In the approximation V( z,p) « l 
2q 

the non-relativistic formula (2.19). 

-1 I. (6.8) 

this expression coincides with 

Now we choose V (z, p) in the form of a "potential well": 
q 

(6.9) 

where r0 
is the radius of the well and VO is its "depth"x/. · 

Simple calculations led to: 

'2 · 2 
2IOJV•o-P •o 

A(s ,t) =-qi f p dp J (p ..;-:::; )I e 
0 0 

where 

(,> 
Vo 

En(l + -). 
2q 

-1 I, (6.10) 

(6.11) 

x/The quantity V O , in general, can be complex and energy-
dependent. 
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Formula (6.10) differs from the corresponding non-relativistic 

expression (see, for instance/
29

/) only by the type of dependence 

on the parameter V
0 

/ 2 q • 

We note in conclusion that the technique of decomposition 

in terms of representations of f(3) group which is developed 

in this paper can be applied, for instance, for the study of 

asymptotic behaviour of perturbation theory graphs. 

The authors ~xpress their sincere gratitude to A.D. Donkov, 

S.P. Kuleshov, · M.D. Mateev, V.A. Matveev, · I.S. Shapiro, M.E. Shef

tel, · A.N. Sissakian, · L.A. Slepchenko, A~N. Tavkhelidze for interesting 

discussions. 
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. rapceBSHl!lllBl!nll 
CK8'IKOB H,E. 

B.P., KaAh1111eBcK11li s.r., M11p-Kac11MoB P.M., 

E2-5341 

TTpeACT8Bnea11e Ann pennTIIBl!CTCKOli 8Mnn11TyAhl paccenHl!n 
npll BblCOKIIX aHepr11nx 

nony'IeHO npeACTaBneH11e Ann pennTl!BIICTCKOli aMnnl!TYAbl paccenHl!n 
np11 BhlCOKIIX aaepr11nx B paMK8X KB8311IlOTeHU1!8nbHOrO IlOAXOA8, Knro'IeBb!M 
MOMeHTOM BO BCeM paCCMOTpeHIIII nanneTcn ~ypbe-aaan11a HS TpexnapaMeT
Pll'I0CKOli aea6eneBoli rpynne Tpaacnnu11li, BnoJKeHHoli B Ka'IeCTBe noArpynnhI 
a rpynny nopeaua, TTony'IeHHoe npeACTaBneH11e o6o6maeT aliKoHanbHoe np116-
n11JKeH11e K KB8HTOBOli MeXBHl!Ke. 

IlpenpHHT 061.e~eHBOI"O HHCTHT)'T8 J1A0pHblX HCCJ10,llOBWIHlt 

.Z0,15Ha, 1970 

Garsevanishvili V,R,, Kadyshevsky V,G,, 
Mir-Kasimov R,M,, Skachkov N,B. 

E2-5341 

Representation for the Relativistic Scattering 
Amplitide at ,High Energies 

In the framework of the quasipotential approach high energy 
representation for the relativistic scattering amplitude is obtained, 
A basic point is an application of the Fourier analysis in terms 
of the non-abelian group of translations embedded as a subgroup 
in the Lorentz group; The representation obtained corresponds to 
the eikonal one in quantum mechanics. 
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