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§1. Introduction 

/1-3/ With the development of the quasi-potential approach , 

particular interest is attracted to problems that C<l.n be considered 

as relativistic generalizations of the well-known E·xactly soluble 

problems of quantum mechanics. In the framework of the quasi

potential formalism, the relativistic Coulomb problE·m was investigated 

in refs./4-
6

/, and the problem of a relativistic particle in a potenti

al well was considered in refs./
5

• ?/. Naturally t 1e question ari

ses: how to formulate the harmonic oscillator pro ::>lem in the quasi

potential theory? 

Provided the answer to this question is known, a relativistic 

quasi-potential version of the shell-model, for ins· ance, can be 

developed, which in turn can be applied to the q ~ark model. 

The Hamiltonian of the three-dimensional isotropic oscillator 

has, in non-relativistic quantum mechanics, the w·~ll-known form: 

H = 
-+2 
p 

---+ 
2m 2 

(1.1) 

Because of the complete symmetry between momentum and 

coordinate operators in ( 1.1) it does not matter in which repre-
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-> 
sentation ( r - or p ) one seeks the energy levels and wave 

functions of the oscillator. 

If vv-e choose t1e p -representation, then the first term on the 

r.h.s. of eq. (1.1), th·~ kinetic energy d the free non-relativistic 

particle, would be a c -number, •vhereas the second one, respon

sible for the interact on, would be proportional to the Laplace ope-
-> 

rat or in p -space: 

i 2 =- i12 (1.2) 

We would like io stress the fact that eq. (1.2) is the Casimir 

operator of group of motion of the three-dimensional Euclidean 
... . 
p -space. Th1s circumstance plays the main role in the relativis-

tic generalization of the Hamiltonian (eq. (1.1)), which we will under

take below. 

We recall first that in the quasi-potential picture we can 

treat the p -space "iS a Lobachevsky - space/
3

/. The correspon-

ding Laplace operator l'l L is related to the square of the 

relativistic coordinate r 2 by the following equality (see ref./
3

/): 

2 m c 

112 

-> 
I 2 ) • (1.3) 

Taking into accc unt the fact that the energy of the free relati

vistic particle is giver by the relation 

E = j m2 c 4 + p 2 c 2 ' (1.4) 
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we could conjecture that the relativistic analogue• of eq. (1.1) 

is: 

~L' (1.5) 

In spherical coordinates 

-
Po 

=me ch X 
c 

.. .. 
p =me sh x-n (1.6) 

(;=(sin (J cos¢. sin(J sin¢, cos fJ)). 

The Laplace-operator ( 1.3) has the form 

~ 
1 a 2 a ~ (J, ¢ 

= -(sh x--)+ ---L sh2 X ax ax sh2x 

(1.7) 

where 

~e.¢ 
I a a I a: 

=--- --(sin·(}--)+ 
sin (J ae ae sin 2 (J a¢2 

Thus the stationary quasi-potential Schroedinger-equation 

with the Hamiltonian (1.5) is written in the followi1.g way 

5 



w2fi2 

12mc
2 

ch :<- --
mc2 

1 a 2 a 
-(sh x --) + 

sh 2 x ax ax 

!! 
+ -fu~] l 'P(x,O,¢)= 2E'P(x,O.¢). 

sh2x 

(1.8) 

Note that in configuration space the equation (1.8) goes over 

to a differential-dif:erence equation, because the free Hamiltonian 

H 
0 

= J m2 c 4 + p2 c2 in ; space has the form/3 /: 

H [ 2 hi d 2i h . d 
= c --- + -- s 1- -

0 1l I I di 
(1.9) 

Clearly it is better to work with the differential equation than 

with the differentia:.-difference one, because the theory of the 

latter is considera Jly less developed. In other words, it is reasonable 

to consider the prcblem of the relativistic oscillator described by 

the Hamiltonian (1. 2) in the p -representation. Separating in a 

standard way the ·;ariables in eq. (1.8), we arrive at the one-di

mensional equation for the partial wave function: 

1 

+ 

6 

sh 2 ..x._ + 
2 

(1.10) 



'I'he investigation of equation {1.10) and i:S solutions is our 

main task in this paper. 

§2 and §5. In §2 we formulate a modified procedure for the 

solution of the non-relativistic equation for the function 'I' e ( p ) : 

f(f +1) 

p 2 

2 p2 
+ ---( E nr ---)]'Pe (p)=O {1.11) 

m Ul2 f12 2m 

with boundary conditions 

(1.12a) 

(1.12b) 

This turns out to be useful in the subsec; uent analysis of 

the relativistic case. In §5 the quasi-potential E!quation with an 

oscillator type interaction, which has a form (1. 8), is considered. 

In the present work we do not consider any realistic phy

sical applications {a separate work will be devoted to this prob

lem), but we will concentrate on the methematic:U problems. 

§2. Solution of the Non-Relativistic I=roblem 

Let us transofrm in eq. {1.1) to the dimen:;ionless quantities 

p2 
~= MUlfi 

7 
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and ma.ke the sul::stitution: 

'~'r <P> 

For the function 11 f ( cf) we obtain the equation: 

ue' <o -- [- ...!:._+ ~ + 
4 .; 

__!_ - s2 

---'4'--.;-2-- 1 u e < .; > = o 

ze + 1 
(s- 4 ), 

with boundary conditions 

if .;.;,o. 

(22) 

(2.3) 

(2.4a) 

(2.4b) 

The equation (2.3) coincides with the equation for the Whittaker 

functions/
9

•
10

/ so that we can write its general solution in the form: 

(2.5) 

or 

U (cf)=B W, (cf}+B W, (-0• e 1 "· s 2 -"· s (2.6) 
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where M A, 8(~) and W A, s are the Whittaker functions. 

Then, taking into account the fact that 

-zf+ 1 
-4- ~ 

---r 2f-1 1 n ) e <11(--4--A;y-L;~, (2.7) 

and the boundary condition (2.4a), we obtain th.:.t /10/ c2 = 0 • Thus I 

c 
I 

Because of 

when ~-+ oo 

requirement 

U f ( ~ ) = C I M A, s ( ~ ) = 

(2.8) 
r ( f + 1/2 ) e -lrT(A-,. -II 2 1 r (e ~ 1/2) e -I ITA 

wAs(~)+- ----'!_A)$J. 
r(A.+s+1/2) ' 1'(1/2+s-A.) 

-I 
(1+ 0(~ )1 (2.9) 

the boundary condition (2.4b) is E)quivalent to the 

_ __.1._ = 0 . 
r(_!_+s-A) 

2 
(2.10) 

Eq. (2.10), because of the well-known properties of the r -func

tion/9/, gives the quantization rule for the energ~r levels of the non

relativistic oscillator: 
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En =cufl(2n+f + +), 
(2.11) 

n = 0,1 ,2, ... 

The eigenfunctions corresponding to the spectrum (2,11) have 

the form: 

(2.12) 

= D (, M '(0 ') 2 f+ I ( 0 ' 
n 'l n+---*- L+--¥..- ,---

2 2 4 

where C n, f and D are normalization constants. n,f 
If we start "'ith relation (2.6) and first take into account 

the boundary cone ition (2.4b), we would arrive at the equality 

B
2 

= 0 

Then, using the representation 

r' -2 s) 
W, ((}=- M 

"• s ...1 A, s 
r( --s -A) 

2 

we would obtain the energy spectrum (2.11)' as a consequence 

of the boundary condition (2.4a). That is, in the solutions (2.5) -

(2,6) considered above in terms of Whittaker functions, the boundary 

conditions at the ::>rigin and at infinity are on an equal footing 

in the derivation of the energy levels. On the contrary, in the 
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usual approach/a/ the boundary conditions at the origin and at 

infinity have different roles. The boundary condUon at infinity 

leads to two different energy quantization rules, one of which, 

namely (2,11), is then chosen when taking into c ccount the con

dition at the originx/. 

The solutions of equation (1.11), which satsfy the normaliza

tion condition 

00 

(2.14) 

in terms of Whittaker functions is written in the following manner 

j -n+f+l 
1 2(-1) r<-n-f-1/2) ( 

(p) = ---- w 2f+t0 . (2,15) 
(mw1le)3/4 770! n+-;<f+~-),-4-

§ 3. The Relativistic Problem 

Let us return now to equation (1.10). Puttin?,: 

'~'e<x>= 
(m c sh x) 3/

2 
(3.1) 

X/The boundary condition at the origin itself gives no formula 
for the energy levels. 

11 



we obtain the eq..tation for the new function TJ e <x): 

2 

{ TJ ;' (X ) - ct 1 X • TJ 'e (X ) + [ 2 m c ( E - m c 
2 

) - _J_ + 
L w2fi2 2 

TJ <x>I=O. 
f 

It is convenient to introduce a dimensionless variable 

~= 
4mc 2 

wi\ 

2 X sh --, 
2 

which is proporti Jnal to the relativistic 

In the non-rela thistle limit, obviously, 

p 2 

~-+---
mwfi 

(compare to (2.1)), 

Then, .fntroc ucing the notations .x/ 

2 - k' 
wfi 

12 

binding energy 

(3.2) 

(3.4) 



we obtain 

71~~<0+[-

2£+1 

4 

E-m c2 3 

2 w ft 8k 

= s, 

- A, 

finally, instead of (3.2): 

A A 
+-- + 

4( 1 + _L) ~(1 + _L) 
2k 2k 

(3.5) 

...!__- s 2 
4 

l 11 e <~)= o (3.6) 
~2(1+_(_) 

2k 

the boundary conditions for the functions 7J e <~: being imposed 

now in the form: 

(3. 7a) 

if ~ f, 0. (3.7b) 

Equation ( 3.6) has three singular points: regular points at 

~ = 0 and at ~ =- 2 k , and an irregular poirt at ~= oo • 

From the theory of differential equations/1~ it is well-known that 

it is impossible to express the solutions of such equations in 

terms of elementary functions. If one seeks a solution in the 

form of an expansion in terms of known functior s 

X/In the non-relativistic region 

2 E nr 
= A 

wft 
nr 

13 



(3.8) 

then, for the coef'icients an (,\) one would obtain recurrence rela-

tions containing at least three terms. Such a situation exists, 

for instance, in tl-.e case of Mathieu equation, the equation for 

spheroidal functions. 

The comple:><ity of the resulting recurrence relations depends 

greatly on the app1·opriate choice of the functions¢ n ( (),The solutions 

a n (,\ ) of these !'elations have the property of ensuring the con

vergence of the E·xpansion (3.8) only for definite (eigen - ! ) values 

of the parameter ,\ 

In the non-relativistic limit ( k -+ oo ) the boundary-value 

problem (3.6-3.7) ?,oes over into the problem (2.3)-(2.4) considered 

above. The point:. ("' 0 and ("' oo are still also singular for 

the "degenerate" equation. Keeping in mind this fact in order to 

solve the relativi!;.tiC problem, we choose the Whittaker function.s 

as the basis <Pn ( ; ) i.e. the solutions of the non-relativistic prob

lem. In other words, the expansion formula (3.8) would have the 

form: 

00 

r:o 
ar W 2f+3 2f+1 r+-,---

4 4 

Substituting (3.9) into (3.6) and taking into account (2.4), we 

obtain: 

14 
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"" 
a [(.\-K)W 

K, s 
<0+-.\-~w (~~-

2 k K, s r = o 

- _1_ ~2 w 
(3.10) 

(~)+_!_ e W" (~)+_L_\\" <Ol=O, 
k K, s 4k 2 K, s 8 k K, s 

where 

2f + 3 1 
K=I+ =I+S+--. 

4 2 
(3.11) 

As is well-known, the Whittaker functions satisf: r the follmNing 

recurrence relations: 

~2 W" (~)-
K, s 

(3.12b) 

K 12 2 1 2 2 3 
- - [ ( K - - ) - S , ) W ( ~) + - ( 3 S - 5 K - -) W ( n -

2 2 K-1, s 4 4 K, s 

15 



1 1 
+-(2K+S)W ((}+-W (C) 

4 K+2,s 4 K+3,s 

Taking into :1ccount (3.12), we obtain the required recurrence 

relations for the c oefficients a 
r 

a(s)a +h(s)n +c(s)a +d 181a +e181 a +f181a =0 
5 S 44 3 3 2 2 I 0 0 
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(3..13) 

+ e < s 1 a + £1 s I a + --1- a = 0 
•- 1 r-1 r-2 r-2 16 k 2 •-3 

(I> 3), 

where 

(sl 1 
a = --(I-2)(I-1)I(I-2+2s)(I-1+2s)(I +~s) 

' 16 k 

b(sl (I-1) r( I-1+2S}(I+ 2 S) I-2 + S 
( 1-

Sk k 

(B I I(I+2S) 1 I 2+ 2 IS + 6 I + 6 S - ~ ) ; (3.14) c (,\-c -s---
2k 2 Sk 

d ( s I = ,\ - ( I + s + -
1
- ) + L ( I + s + _.!_ ) - __!_ ( 5 I 2 + 2 s 2 + 10 Is + 5 I + 5 s + 2 ) -

r 2 k 2 4k 

( B I 1 6-I 2 -2Is +4I+ 4s 
e =-(A.-1+ 

' 2k 

I+ S + 3 

k 

Sk 

17 

2f + 1 
( s = ) . 
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'I'he relations (3. 1:1) together with the normalization condition 

for the wave function allow us, in principle, to determine the 

eigenvalues ,\ and the coefficients a r ( ,\) in the expansion 

(3.9). Let us calculate the values of 

Putting 

,\ with accuracy up to 1/k .. 

,\ =..\ + 
0 k 

(3.15) 

and substituting (2.15) into (3.13) we shall have, when comparing 

the coefficients of the terms of the same degree in k 

,\ 0 = n + s + _1_ = n + _1_ ( e + _3_) 
n,f 2 2 2 (3.16) 

,\ , 
n. e 

1 3 
- [ ( •1 + s + 1/2 ) 2 -3 s 2 + - ] 
4 4 

1 [ 2 n 2 
= -- ~ 0 - 4 L + 8 0 f + 12 0 + 9 ] • 

(3.17) 

32 

On the other hancl, when k-+oo it follows from (3.5) that 

,\ n,f 
3 ------- --- .. 

E n- m c
2 

n,L 

2w1i 2k 2 w 1i 

k 

18 

_3_ 
8k 

(3.18) 



We obtain from this relation the expression for the energy le-

vels of the relativistic oscillator with accuracy up to - ...!.. 
c2 

E 2 E( nr )+A Ell) ' 
0 =mc + 0 u 0 n,L n,L nL (3.19) 

where 

nr •3 
E nf =wii(2n+f+-), 

2 
(3.20) 

!!E' 1 l 
w2 fi 2 3 2 _32_] 

nf [ (2n+f+-) - 3f(f+l)-t 
16m c 2 4 

As follows from (3.20), the relativistic correction removes the 

accidental degeneracy in angular momentum of th = energy levels. 

The formulae {3.19)-{3.20) can also be obtained in a diffe

rent way. Namely, if we put (3.12) into (3.10) and retain in the 

expansion only the terms W I (g), the other terms can be 
r+ 1 2+ B, 8 

neglected when k-+ oo • Then, keeping in mind (3, 17), we get: 

00 

I a 
r = 0 

19 



Because of the independence of the functions WK (() , each 
' 8 

of the coefficients in expansion (3.21) is equal to zero, which 

leads us again to the formulae (3.19)-(3.20). This method of evalua

ting the eigen-functions is equivalent to perturbation theory. 

§4, The s -Wave Equation 

It is interes1ing to consider the equation (1.10) for f = 0 

(the s -wave) sep:trately, because its solutions are functions 

which are well-kn ::>wn in the mathematical literature as modified 

Matheu functions/:.
2

/. Note that the solution of the equation (1.10) 

for arbitrary e 
functionsx/. 

::auld be treated as some adjont modified Mathieu 

Let us make in equation (1.10) for f = 0 the substitution 

of the unknown ft., nction 

(4.1) 

We shall obtain 

(4.2) 

x/In ref}13/ the adjoint Mathieu functions are introduced 
on the basis of the equation for the spheroidal functions. 

20 



The non-relativistic equation corresponding to (4.::0) has the 

form: 

mcu21l2 
(4.3) 

(One obtains it from equation (1.11) for f = 0 after the substitu-

tion y ( p ) = p 1/1
0 

( p ) ). Introducing into ( 4. 2) the r ew variable 

x = + and putting 

a(k)=4( 
E 

E-1)=4(--k-1 ), 
cu1i 

mc2 
k =2 ---

we arrive at the equation 

d2 y (X) 
---- + (a -2k 2 ch 2x )y ( x) = 0. 

dx 2 

(4.4) 

(4.5) 

The boundary conditions imposed on the function y ( x ) have the 

following form 

y (O) = 0 (4.6) 

y(x)<oo if X f, 0. (4.7) 

21. 



The investigation of the boundary-value problem (4.5)-{4.7) showed 

that its solution mcists only for the values a= a 2n+l (k2
) vvhich 

satisfy the transcendental equation 

q2 
a -1- q - ----..-..:'-------- = 0. 

a-9-

a- 2.'5- ............. · 
(4.8) 

q2 
a -(2 t+ 1 )2

- ----

The left-hand sid 9 of ( 4.8) is a continuous fraction. If a= a
2

n+ 
1 

(k 
2 

) 

the function y ( x) is expressed in terms of one of the modified 

Mathieu functions 
19

• 
12

/ 

y(x;=Gek (x,-k 2
) 

2n + 1 . 

2 
ce 2n+ 1 (O,k ) 00 

thxi (-1)'(2t+1)· 
r=o 

2n+ 1 2 A (k )K (2kchx), 
2 r + 1 2 r+ 1 

22 
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where C e 
2 

n + 
1 

(x ,k2 
) is the Mathieu function of the second kind, 

and K
2
r+ 

1 
(z) is the so-called McDonald function. The coeffi

cients of the expansion ( 4. 9) are defined by mearu: of the recurren

ce relations: 

(4.10) 

[ a - ( 2 I + 1) 2 1 A 2 n + 1 - k2 ( A 2n + I + A 2n + I ) = 0 . 
2r+ 1 2 r + 1 2 r + 3 

In order to evaluate the relativistic corrections to 1he energy 

levels one needs to obtain asymptotic expressions for the para

meters (4.10) when k-+ oo • Note that the asymptoti•: expansions 

for the eigenvalues of the modified Mathieu equation, which are 

given in the literature/9•
11

•
12

/, are wrong. The cause of this 

mistake is the fact that in the derivation of these expansions, 

symmetry properties of the eigen-values were used which are 

not valid for large values of k 
. /14/ 

• Applying to• tho equation (4.5) 

the method developed m , we shall have 

a (k)-+ 2k
2

+2(2n+1)k + 
n t..,. oo 

2n
2 

+ 2n + 1 -----. 4 

Then, taking into account that, according to ( 4.4) 

a (k) -+ 
k-+OO 

8mc 2 

(mc 2 + E nr + 6-E), 
(i)2fl2 

23 
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where !lE 
1 

is th~ correction of order k and equating (4,13) and 

(4.14) we get: 

nr 3 
E =w1i(2n+-), 

2 

(4.15) 

flE, 
16m c 2 

Relations (4.15) ure, obviously, a partucular case of (3,19) for 

f= 0. 

§5, The Exactly Soluble Relativistic Problem 

As is well known, the Hamiltonian (1,1) of the non-relativistic 

problem is invariant under transformations of the U(3) group. 

It can be shown that the requirement of U ( 3 ) symmetry in the 

case of the relat !vis tic Hamiltonian leads us to a potential (in 

the system of un:ts 1i = 2m= c = 1 ) : 

d 
1-

w2 (!l + r121 )e dr 
e.¢ (5,1) 

where /),.e.¢ is the angular part of the Laplace operator, and 

r 12 1 is the generalized functionx/, which is defined by the formula/3 / 

x/We prefer to introduce here the new terminology "genera
lized power function" instead of "generalized degree" used ear-
lier /3/~ 
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<>..> .>.. r(-ir+t..> 
r = 1 

r(-ir) (5.2) 

It is easy to show that in the non-relativistic limit 

V (r) ... w 2 r 2 (5.3) 

The radial part of the Schroedinger equation with the potential 

(5.1) is written in the following way. 

[Zchi _d_+ f(f+ 1) 
dr r' 2 I 

d 
i<rr 2 

e +w 

d 

(f(f+l)+r 121
)e

1
CI7 -;:E ]IJI n (r)= 0. 

q ql. 

As in the case of the non-relativistic osc: llator, we shall 

seek the solution of equation (5.4) in the form: 

(5.5) 

The factors ( -r) (f+ 1 I and 

(5.6) 

are connected with the behaviour of the solution 'I'~ e ( r ) at the 

points I = Q and I= 00 respectively, and Qn f (I 
2

) is a polynomial 

of the n- th degree ( n - is the principal quant~..- m number). 

In the non-relativistic limit we have, obviously-: 

25 



(5. 7) 

M(I) ... e 

Inserting (5.5), in:o eq. (5.4), we obtain the equation satisfied by 

the polynomials 0 nf ( I 2 ) : 

d d 
-1- 1- 2 

I A(I)e dr rB(I)e dr -C(I)2Einfn (I )=0, (5.8) 

where the coefficients A , B , C are defined by means of the 

following· relatioru; 

A< I > = w 2 I 1 
- i I 3 w 2 r 2 e + 1 + /1 + -

4
- 1 -
w2 

-ii[1 + w 2 f(f+1)]-f(f+1); 

C(I) =- ii 'w-w I 2 [f + _1_r;--;-_:r: __ 1_] + 
2 w 2 2 

irf w j A + [ 1+~-1]. 
2 w2 

26 
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Straightforward, but rather lengthy calculations give the 

following exact formula for the energy levels of the relativistic 

oscillator 

(5.10) 

We see from eq. (5.10) that these levels differ from the corres

ponding non-relativistic levels in the value of the ground level 

oscillations, which deviates from the non-relativisti::: one by the 

quantity -"l- J 1 + __4_. 'I'he degeneracy of the energy levels in 
2 w 2 

formula (5.10) is just the same as the degeneracy of the energy 

levels (2.11) of the non-relativistic oscillator. 'I'his fact demonstra

tes that the relativistic oscillator described by equation (5.4) 

possesses a hidden "dynamical" U ( 3 ) symmetry. Ne note in 

this connection that it would be interesting to pas~; on the basis 

of equation (5.4) to the infinite component fields fo:•malism, as 

was done in ref./
6

/ for the Coulomb interaction. 

Let us now write explicitly the polynomials ! l n e (I 
2 

) 

for e = 0 and several low values of n 

n (I 2 )=1· 
0 0 I 

27 



(5,11) 

16 I 
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