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Nguyen van Hieu E2-5337 

On the Behaviour of the Elastic Scattering Amplitude 
at Momentum Transfers Decreasing as (Ins )-2 

We prove that in any interval 

where 
-4k 2 + t 1 ( s) ~ t ~- t l ( s). 

t (s)=-2.~ 
1 In 2 s ' 

there must exist at least one value t 0 such that the magnitude 
of the elastic scattering amplitude at this momwtum transfer has 
the same behaviour ·as its behaviour at t = 0: j .. Ei~!oJJ > cotist, s ... · ... 

F(s;O)"' 
This conclusion is true also for the' imaginary part of the amplitt.ide, If 
the real part of the amplitude at t = 0 is bounded below by some power 
s-n,then for .it we ~ve thj saJP.e resJ.Ilt. . · ·• 
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In a recent paper/
1

/ Kinoshita showed that at momentum 

transfers decreasing as 

- t(s)=lt(s)j < 
"' ln 2 s 

const 
(1) 

. the real part of the elastic scattering amplitude has the same· 

behaviout as that at t = 0 

ReF(s,t(s)) 

ReF(s,O) 
> const. 

"' 

., 

(2) 

In proving this statement Kinoshita used the following represen

. tation of Ref -F ( s, t ): 

+ -
ReF(s,t) = D (s,t)-D (s,tr, 

the functions D ± ( s, t) being non-negative at 

+ 
D- (s,O) > 0. 

Further he proved that for values t decreasing as in Eq., (1) 
+ . 

the functions D - (s, t(s)) have -the same behaviours as •that at t = 0: 
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.. ' ; ~. 

+ . 
o- (s,t(s)) . + -----·-1 > l-+ -
D~(s,O) . 

Since o+(s,O)and D-(s,O) are different,· then due to the last inequality 

we can. believe that for rather small · s -independent c;onstants in ·. . + 
Eq. ( 1) the function D - ( s, t ( s ) ) cannot cancel D ( s, t ( s ) ) , 

and for these values of the constant in Eq. (1) we must have the 

ineq~ality (2). 
In this note we prove rigorously that in any interval 

-4k~ +t (s)<t<-t (s), 
1 - - 1 

(3) 

where k 
is the 3-momentum of particles in the c~m.s., · and 

there must exist at least one value t 0 such that at this 

'.:.-.. momentum .transfer the magnitude of the scattering ·amplitude . 

decreases not f~ste r or increases not. slower than ' that at t = 0 : 

--
F(s,t ) 
---0~-1 > f3 (a), s .. oo • 

F (s, 0) 

Remember that the function 

f
9
(t) =F(s,t) 

4 
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,· 

is analytic in the Martin ~llipse/2/ with the foci at l= 0 
1 

t=-4k 2 

and the ·major serniaxis 2k2 +8 2 8 2 > 0 For convenience we 

put 

(6) 

f (t)=g (w). 
B B 

New function g
9 

( w) is analytic in the ellipse E with the ·feci 

at 

(7) 

and the major serniaxis 

(a) 

Its minor serniaxis is .-

b = ya2- c 2 ,. (9) 

Let t 1 be some positive number, t 
1 

< c' and we consider 

the. ellipse E ' with foci at 

c , = c - t = 2k 2 
- t ' 

• 1 1 
(10) 

5 
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·, .. 

:which has the same · minor semiaxis b , Its major' s~miaxis 

is · 

, -' , 2 b 2 _, 2 ,2 2 a =vc + =va +c -c • 

It is easy to check that for rather large s the ellipse E ' 

will contain the point w=c (i.e, t = 0 ) if 

We assume that this condition is satisfied. 

By means of the conformal mapping 

t= 
w+ V w2-c'2 

c' 

(11) 

(i2). 

we transform the ellipse E' with the cut [-c ',c'l into a ring 

with the internal radius 1 . and the external radius· R . 

a'+.ya' 2-c' 2 

R= ------c' 

'l'he point.. W = C (i,e, t = 0 ) goes . to the point e = I 

. ' 

c+yc2-c'2. (15) 
t=------

c 

6 
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f ... • 

·. 

h (~)= g (w), 
s s 

.. and intrOduce some notations= 

m = max I h (g) I = 
s 

max I g <w> I = 

M = max 

lgi=R 

s 
..:.c'<w<c' 

max I r Ct > I s 

I h <e-> I = max I g Cw > I s e 
wE a E' 

max 

tEa E 

I £. <t > I • ·a 

(i6) 

(17) 

·where aE· and aE' are the b~Undaries of the ellipses E and E'
1 

resp. Applying the Hadamard three circles theorem/3 •4/ we have 

· lni m 
(1- -)In + 

- _; In R I h ( I ) I 
s 

In I M 
In----

1 h (I> I 
B 

(18) 
> 0 • In R. 

;lc-

From eqs. (7), (8), (10), (11), (14), and (15) it is easy to show .. 

that at 

ln·I -r-___ ,,, v ---l.-- (19) 

lnR 82 

7 
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, ... 

. If we choose 

t t ( s) 
I 

82 y2 

In 2 s 

where Y is some constant, then from Eq. (18) we get 

In m >- _r__ In __ M_ 

1£8(0)1 Ins 1£ (0) I s . 

(20) 

(21) 

Since F( s, t) for every t 

dispersion relation in s with two 

is bounded below by some power .. 

in the ellipse E · satisfies the 

subtractions/
51 and IF (s,O) I 

s -n /fi/ then we have 
' 

M 
Inl I<Kins. 

f
8 
(0) -

(22) . 

From Eq~ (21) it follows that 

In m >-yK 

I£ <O> I .. '·· (23) 

8 

' ~ 
" \ 
I j' . ' . 

. --~ .. 

I 
·t 
i 

I 

\ 

l 

' . 

· max In. 1 
-4lt2+t <t<-t 

1- - 1 

"Therefore 

. max .1 
- 4 k2 + t 1 ::; t ::; - t 

. . l 

Thus the inequality. (: 

. the explicit expres~ic 

' . 

i .··. . I 

I 
\ 

I 
' j 
'l 
:I 
.. 

~I 

l' 
i 
I 
t 

';' Suppose that ir 

_of F (s, t) reaches i 

'!'hen we have 

It is obvious tJ 

imagi~ry part Im F ( 



(20) 

, (18) we get 

(21) 

se E · satisfies the 

is/5/ and I F(s,O) I 
then we have 

. (22). 

. (23) 

. / 

... 

. ,. 

· .. 

max·· In I 
-4 t2 + t1$. t $. -t1 

'Therefore 

fs (t) 

£
8 

(0 ) 

I F(s,.!]l 

- 4 k2 + I 1 $.I $. - I F ( s ' 0) 
. 1 

max 

I. a 
> -K -a-. 

a . 
> e_-K T. 

. (24) 

(25) 

'I'hus the inequality (5) has been proved. Mor:eover, we found 

the explicit expression for the constant {3 (a ) 

a -K-..-
{3(a)= e . o 

in Eq. (5): . · 

(26) 

. ~"' : ... 
Suppose that in any interval of the type (3) the magnitude 

of . F ( s, t ) reaches its maximum at the . end point 

c 'I'hen we have 

F(s __ ,_-...~ot1_(s_))_ I > f3(a). 

F(s,O) 

It is obvious that our conclusions are true also for the 

imaginary part Im F ( s, t ) . If we suppose that at t = · 0 • the 

9 
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real part of the ·amplitude is bounded below by some power 

then for it we have the same results. 

-n 
s ' 

In conclusion we note that the constant a in Eq. (4) can 

,l',< 

.be chosen to be arbitrarily small. , .. 
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