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1. Introduction 

/1-3/ 
In previous papers a relativistic approach to particle 

scattering at high energies was developed which was based on the 

quasipotential equation for the scattedng amplitude in quantum 

fi~ld theor/
4

•
5

/ • 

. In the case of scattering of two spinless particles of equal 

masses the quasi potential equation reads: 

➔ ➔ . ➔ ➔ 2 dq 
T (p , k; E) = V [(p -k); El+ f [ 

➔ -l\2 ➔ ➔ 
V (p-q 1 ; E) T (q , k ; E) 

' q2 + m 2_ E 2 - iO 
(1.1) 

where E is the energy, p and k- are th~ center of mass 

system relative momenta of the initial and final states, respectively. 

An assumption of the nonsingular behaviour of the local 

quasipotentia/
6

/: 

'V (E 
"K ➔ 

lur 
e 

leads to the Glauber or eikonal representation for the small angle 

scattering amplitude x/: 
x/ On the energy shell ~.:J._=(;-kh lies in a plane orthogonal to 

the vector ( p + k➔ ) • 
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T ( ;;
2 

; .E ) = _s_ 2 i/S 
(2 rr ) i f d P e .I.. 

with ·eikonal function 

1 00 

X =-fV (E i' ) dz 
s -oo 

21x _ 
1 e 

2i 

?'= (p z ) • 

(1,3) 

(1,4) 

In deriving the representation (1.3) terms were neglected which 

decrease as 1 / P or faster, as compared to the leading contri

butions at high energy. Such contributions, unessential at ultra-

high energies, may turn out to be important when dealing with 

various effect in the subasymptotic region (behaviour of real 

parts of the scattering amplitudes,. polarizations, etc,), 

In the present work we study the problem of taking into 

account of the corrections to the elastic scattering amplitude of the 

relative order 1 / p , considering the pure imaginary quasipoten-
. /1-3 7/ 

at high energies ' • tial, which increases as s 

'The problem of the series expansion of the scattering ampli

tude in terms of inverse powers of momentum has been discussed 

in a number of papers/8-l2/ in the framework of the usual potential 

scatterihg, 

In r.ef.f 1 3/ second Born approximation to the scattering phase· 

was considered and the . contribution t9 the scattering amplitude 

arising from it was discussed, 

4 
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2. Quasipotential Equation in Coordinate Space 

We shall use in what follows the quasipotential equation 

f th f t . f t ti 1· • f" t· /14/ or e wave unc 10n o wo par c es 1n con 1gura 10n space. , 

which has the form of non-local differential equation: 

~1 ➔ ➔ 
_ V ( E ; r ) t/J. ➔ (r ) 

p . vm2-v2 

with quasipotential of the following type 

V (E; r') = 2ipE v (r'), 

where v (; ) is a smooth positive function of ? 
We look for the solution of equation (2.1) corresponding 

to the small angle scattering of high energy particles in the form: 

➔ 

Ip ➔ ( r ) 
p 

e 
Ip z 

with, boundary condition for the function 

(2.4) 

An assumption of smooth behaviour of the quasipotential 

(2.2) allows the non-local differential equation (2.1) to be reduced 

to a local one. 

Indeed, multiplying equation (2.1) from the left by 

making use of the operator expansions 

5 

-lpz 
e and 



-lpz ➔2 ➔ 2 lpz ➔2 2 ➔2 2 
e (V +p )e =2ipa +V =(a +ip) +v

1 
+p 

z ,z. 

-lpz 1 
e . 

ym2 - v2 

lpz 1 iaz 
e = - [ 1 + -- + 0 (1 / p2 

E p 
) '] 

we are led to the following local differential equation for 

(neglecting terms of order 1 / p ) : 

(2 i Pa 
z 

➔2 

+v F➔ ( ;) 
p 

ia ➔ ➔ 
- 2 ip O+ -2'-)v(r) F ➔ (r) 

p p 

Seeking the solution of eq. (2,6) in the form: 

z 

F i1 (/) = exp [ - f X ( p , z ' ) d z ' 
--00 

(2.5a) 

(2.5b) 

i-

F ➔ (r') 
p 

(2.6) 

(2.7) 

we get the nonlinear integro-differential equation for the function X 

2ip)((p,z) 2i p ( 1 + 
ia z 

) V (r') + 
p (2.s) 

-\ ➔ ➔ 2 ➔ ➔ 
+2v(rJ ~(p,z)-azx(p,z) +X (p,z) -7/J [r; X], 

where 

z ➔ ➔ z ➔ ➔ ( ~ 
7/ [ t>; X ] = J V 2 X ( p , z '} dz ' - [ f V X (p , z ') dz ' ] 

2
• 2. 9, 

J --00 l --00 ·,!. 
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Expanding X in terms of inverse · powers of p 

X (;,z) =x(O)(p,z) +-1 -x0 '(/,z) +. .. (2.10) 
2ip 

we obt.ainx/ 

(0) (·.... ) X p,z 

(2.12). 

Note that 

c1, < ..... ) I X p,z . 
. ~·.:.Jloo 

and the integral in (2. 7) diverges when z .... 00 • 

x/It is interesting to note that in the abserice of the rela
tivistic factor 1 / y m 2 - ~ 2 in eq. (2.i) the first term in (2.12) 
turns out to' be three times smaller. 
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Because of this it is convenient to introduce the quantity 

~(I) ( p 'Z) X( I) ( p➔ , Z ) - 0 ( Z ) Y ( p) (2.14) 

so that 

z 

f x(I> (p, z ')dz' 
z ~ ➔ 

J X o > dz ' + z 0 ( z ) y ( p ) (2~15) -
The integral on the right hand side of eq. (2.15) is conver-

gent when z ➔ oo • 

Thus the solution of eq. (2.6) with an accuracy of 1 1 p 

is of the form: 

F _ _,. (;) 
·P 

= exp z0(z) y('p) 
[- Zip 

z ➔ , , 1 z (1) ➔ , , - J v(p·,z )dz -
2
--:-J X (p-, z )dz ]. 

-oo ·\ Ip -oo 

(2.16) 

The connection of the wave function 

amplitude reads: 

if, with the scattering 

T (['I; E ) = __ l_ J d; if, co>* V ( E ; ; ) if, (;) (2.17) 
(2 ") a R ➔ ➔ ➔ 

/j, 2= ( p _ k ) 2. 

Making use of (2.16) we get the following expression for the 

small angle scattering amplitude at high energy: 

T ( i 2 
E) =2ipE 

1 ➔➔ 

J 
d 2 d . lp /j, I [t,. 0 (z) ➔ 

(211)3 p z e Le z "+·2p y Cp)] 

x v( ;) e 

z , ➔ , , l z ~(1) ➔ , , -J v ( p , z. ) dz - -- J X (p ,z ) dz 
--<><> 21P-oo 

(2.18) 
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➔2 

Here 
cl.! ➔2 2 til 2 

ti = ti + ti , and on the energy shell ti z = --- + 0 (1/p ) . 
l • z · 2 p 

Expansion of the integrand in (2.18) in terms of inverse 

powers of the momentum leads to the following expansion for the 

scattering amplitude : 

where 

1 (1) ➔ 2 
+--T .(ti;E), 

2 i p 

"' 
➔A➔ J ➔ , , 

(0) 1 J d 2P elplll (e - __ ..,tp,z )dz T . =-2ipE ~ 
(2 TT) 3 

(2.19) 

-1 ) (2.20) 

is the eikonal approximation of the sca.tte.ring amplitude and 

"' - 2 i p E I J d 
2 

p dz 
(2 TT) 3 

+t Jz ➔,,, 
lpll.

1 
(->, - v(p,z )dz 

e . v rJ e -., x 

➔ ➔2 z ➔ 
x [ z 0 (z ) Y ( p ) · + z ti l ~£ )( (1) ( p , z ' ) dz ' ] (2.21) 

is the first correction to it.· 

Integrating by parts one can reduce expression (2.21) to the 

form 
Cl) 

T =2ipE 
I·. I Jd2 tp,tL -fvCp.z')dz' 

3
J 2( ➔. ) 

-- p e . e - 00 v p , z dz · + 
(2 TT )3 

z ➔ . 00 ➔ .. 

] ( - J V ( p • _z,, dz , - JV (p. z ,, dz ),, 
e ~ -e -00 

➔ i 00 

+ J d 2 p e Ip J J dz 1/J [ r"; v 
-00 

z ➔ 

J .dz ( ➔ - r v c P z , > d •' zv p , z) e -Ix, • z 

where the quantity 71 [;; v ] is defined by ( 2.12). · 
J 
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3 0 Momentum Space Representation 

In this section we study the problem of the type of correc

tions to the eikonal approximation, us_ing the quasipotential equa

tion (1.1) for the scattering amplitude in the momentum-space repre

sentation. 
➔ 

For· the sake of simplicity we choose the quasi potential V (E; K2) 

in the Gaussian form 

V (E ; ~ 2 ) 
. at 
1sg e 

➔ 

t = _ !:J. 2 (3.1) 

and restrict ourselves to considering forward scattering. 

An expression for the ( n + 1 )- th Born approximation of the 

zero-angle scattering amplitude can be written in the following 

form: 

n 
➔ 2 ➔ 2 

-!:i.) + .... +t:i.]. n+t 
T = (isg) f TI 

d 2 t:i. -a [ ;2 + c ti' 
I e 1 I 

2 n 
X 

(n+ 1) l=l 

xf 
n 

n 
k=l 

d q k 

. 2 ➔ 2· ( ) 2 ym + !:J. k + p+q k 

e-a[q~+(q-q)2+ (3_.2) . 1 2 ... +q!J 

(p +qk)2+i\-p2-iO 

_3, 1 is the tra~sverse and ( p +q1) the longitudinal relative momenta 

in the i -th. 'intermediate state. 

In the high energy limit the kinematical factors entering the 

expression (3.2) can be represented in the form 

10 



I 
"'-0 

2 p2 

I I 

( ) 
2 _.>2 2 

p+q .+u -p -iO 
I I 

I 
--9..L ) [ . ------

I 

p ➔ 2 

ii I 
q +-- -iO 

I 2 p 

-;; 
I 

q +2p - --·- +iO 
I 2p 

Representation (1.3) is obtained retaining only U~e lowest 

order terms in the expansions· (3.3). 

Taking into- account these factors in· the form give~ by eq. 

(3.3), the ( n + I ) -th Born . approximation is obtained as a series 

]. 

expansion in powers of I / p • The whole a.mplitude takes the 

form: 

where T(0) 

T Ct) 

+ isg 

(0) 1 (I) 
=T +--T + ... , 

2 i p 
(3.4) 

is determined by (1.3) and TO> can be written as 

➔ 2 _ _e_ 
3 2 . 4" 2 IX 

isg 
1T g 

I d - p e e + 
2 a2 y 8rr a 

➔ 2 

_ _e_ 
➔2 I d 2 p 4a (3.5) I e ( I -E..:.. ) X 

4 rr a 2 4a 

00 Z 00 

x J dz z V(z) [ exp (2ix f V (z')dz')-exp(2ixfV (z')dz')J·,. 
-00 z 
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where ➔ 2 

p 

2i X 
4 TT 2 -g 4 .. 

e (3.6) 
a 

2 
z 

V ( z ) 
I 

e 4 a • (3.7) 
v 4 TT a 

In the case of a pure _imaginary quasipotential the corrections 

of relative order I / p to the eikonal approximation are pure real. 

The minima in their angular distributions -are displaced at 

values of I t I , not coinciding with the minima of the leading 

cont~lbutions 1.3) • This leads to the so-called "filling of mini

ma" in the elastic scattering differential cross section. 

It is worth to note in this connection that for the detailed 

analysis of experimental data in terms of eikonal type expansions 

with Born approximation given, for instance, in the form of Regge 

Pole contributions/lS-lB/, it is necessary to take into account 

corrections to th.e elastic scattering amplitude at least of order I /p , 

since Born .terms corresponding to nonzero quantum number 

exchanges at = 0 are of the same order of smallness as compa-

red to the main contributions. 

The authors express their gratitude to N.N. Boi?,?lubov, 

V.G. Kadyshevsky, O.A..Khrustalev, S.P. Kuleshov, A.A. Logunov, 

R.M. l\'.(ir-Kasimov, R.M. Muradyan, V.I. Savrin, D.V •. Shirkoy, A.N.Sis

Sa!kian, N.E. 'l'yurin for helpful discussions. 
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