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The study of finite energy sum rules / 1-4/ and their solutions
leads to construction of dual amplitudes for the elastic and quasi-
elastic scattering processes of hadrons /5-9/.

In the papers 110,11/ 5 method of constructing dual amplitudes
with arbitrary numbers of interacting particles was developed. Re-
cently a number of papers have been published, concerned with
the formulation of a diagram technique for such amplitudes /12/, The
diagram technique is built up by using a possibility of factorization
in the external momenta, through a set of an infinite number of ope-
rators which obey oscillator type commutators, The use of this in-
finite set of operators leads to an infinite degeneration of the resi-
ques of the single poles in the scattering amplitude, thus making
the physical interpretation rather complicated. So a problem arises
to factorize the dual amplitudes in terms of a finite oscillator type
operators,

In the present paper we show that the tactorization with a
finite set of oscillators could be done by applying the method of

coherent states /13/ to describe the two-particle resonance systems.

1, Factorization of the Dual "Four Point" Function

Let us consider the elastic scattering of two scalar particles
with masses m . We denote by p;, , p, y 4, 9, the momen-
ta of the particles (Fig, 1).
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Fig. 1,

The Veneziano amplitude, as is known, is represented by the
Euler beta function:

a( —-a(t)

B(1 —a(s),l—a(l))=f1dxx— s)(l—x) , (1.i)
0

where @ (s) and a(t) are linear Regge trajectories in the s -

and ' -channels, respectively:

als)=a’s +a (0) a(t)=a’t+a (0). (1.2)

Expressing now the ! - variable in terms of the scalar product

(p,.q,) we obtain:

a(l)=2a’(P1q1)"B+ 1, (1'3)

where B=1-a(2m?) ,0<B<1 , 0<a (2m2?) <1 . Let us rewri-
te the formula (1.1) in the following form

-

F1—a)=1" 1

B(l-a(s), 1-a(1)=% (1.4)
n=0 ['(l—a{t)-n)n! 1l+n-als)
the residue éf the function (1.1) in the pole a(s)=n+l
[ Q-a@)}=1)" (1) [(-2a"(p,q)+B8)
F-a( t)—nn! n!F(—2a'(plql)+/3 -n) (1.5)
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is a polynomial funétion of degree n depending on cosf . There-
fore we can expand it in terms of the Legendre polynomials with
0<t <n ,If 0,,¢ , and 0,,¢, are the polar angles of the
momenta p, and 4q, » respectively, then the residue (1.5) can
be represented as a scalar product of W Lp) and ¥ (q,) with
the components ‘I’hr;em(pl(ii<¢>i)=R:(pi)Yzm(Gi ¢i) . We shall show that
these vectors can be determined in the space of the oscillator type
representations of the group U(3,2) and in this way we obtain an
operator factorization. for the B -function using a finite set of ope-
rators,

The oscillator type representations of the group U(3,2) are

obtained by using the five boson creation and annihilation operators

a+.# ’b+ y 8 v b

+ = =
[a#al’]—gl‘“_’ glﬂ’ =0 pufo
(1.6)
[b*b 1
=1 g =—g =—-g =-g =1

(the other commutators are equal to zero),

The generators of the oscillator type representation A® are

determined as follows:

~

A"=F A% g, | (1.7)

where 5x5 matrices A" are generators of the fundamental repre-
sentation of the group U(3,2) yand ¢ and ¢ are five-dimen-

sional wvector operators
a -
6= F) go (gvat  b"). (1.8)

Since the unit matrix commutes with all the A it is obvious
that

5 v+ +
H=¢ ¢ = - ¢ a#av—bb (1.9)
is invariant uncier the action of the group.
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We define now the operators (1.7) as operators in the Fock

space, For this purpose we define the vacuum state
a | 0>= b| 0>=0
U

and then the basic vectors of the irreducible representation can be

written in the form:

3 n n
I (at) '(b7)7°
| Xn o, >=— 10>, (1.10)
¥ Valalnl !
0 1 2

n!n
3 5

where n, + Zn# =n is an eigenvalue of the operator H.

The space of the functions (1,10) has an indefinite metric because
it is a finite dimensional tensor representation of the noncompact
group U13,2).

Consider the wvectors

1 n—
¥ (p)>= 2 ———(a"p)* (b*)"7 0> = L(a¥psb")"[ 0> (1.112)
k! (n-k)! n:
which are eigenfunctions of the operator H with eigenvalue n ,

belonging to a fixed irreducible representation.

The scalar product of two such vectors

n

<¥ (p)|¥ (q)>=-(—_‘-1—) 1+ (pq)]

n n!

5 (1,12

does not determine a positive norm, But in the space R we can
redefine the scalar product so that the norm of the vectors (1.11)
becomes positive., For this purpose we define the coefficients D:(a “B)

in the following decomposition

I'(=2a"x +B) n K
__.__E_=2Dk(a',ﬁ)x . (1.13)
r (—2a X+ B -n)

We shall list some properties of these coefficients:

i) the matrix

i

;
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k! B )k-k'

—(- =

A L(B)=
P k1 (k—k")! 2a

n
gives a translation for the second variable in D (a’,B)
n n
kzl)k(a',/3)/\kk,(y)=|)k, (a”,B+y ).

(1.14)

n n
Therefore the Dy (¢,0) completely determine D (@’'8) for arbit-

rary fB.
if) D:(a ’,0) satisfy identically the recurrence relation
D™ (a’,0) =~2a" nk" (¢’ 0=(+)D (a0 (1.15)
So D: (a”,0) . are related to s(n, k) -~ the Stirling numbers

of the first kind / 14/ :
D (a0 =(-2a") s (nsl,ks1). (1.16)

iii) The following identity holds

n k=n &

D (a/B8)D_ (a’y) (m+s)! k
z — : = D (B+y-1) 1,17
n n!(k—n) ! m'k's' mts B Y ( )

iv) There is a contour integral representation in the form
D, (a’,B) ~-2q y4B=1 = —nel k=1
-—“—'—— ==Ll | Jdxdy (1-x) (—x)  y . (1.18)

n: 7 G c

1 2

Both the contours are circles with centers at the origin and radii PP < L

V) D: (a’.B) are related also with the expansions

_2 ’ -1 n n
(1+x) ay+f = 2 —x—Dk(a'.ls)yk

n,k n!
(1.19)
L (24 t*(1+x)=SXD "(a’, 1).
k! k

n!



The proof of these properties is given in appendix A, to-
gether with some additional formulae.

Let us introduce the operator Ula',f)

D(a',B)=l—‘(ﬁ+l)l—‘(i_\,+l) X

_2a'y+B_1 ~H-1 ,12-1
-(Ll—)-f [ dx dy(1-x) (=x) y s (1.20)
4n ¢ ¢
12
”~ ’LV + “ +
where K =—¢g a” a ,L=-=b b «
poov
Obviously D(a’, B) is nondegenerate operator which

commutes with H . Hence it is a diagonal operator in the

spece of the oscillator type representations of the group

(Y (), ¥ (qN=<¥E)ID(a’,B) ¥ (q)>. (1.217)

usingD(a,8) as a metric tensor. Consequently it is easy to verify

that for the vectors (1.11) we have

_D) (=2 (pg)+ B )
(¥ (pu (qn-CRIZewml Pl (1.22)
ne M (=2a (pq)+fi-n)
If p=gq and pq:pg-- m>  this scalar product determines a positive
norm of the vectors ¥ (p) . Indeed in this case
h
-2 . 2 3 o )
(=) _T(=2a’m” +f3) :I—'-a(lm“) e (bmH 1] cee [ (hm®) 40+ 1) > 0.

n' N-2a w2+ -n) n-

Thus the equality (1.22) gives the required factorization of
the residue (1.5).
The wvectors (1.11) could be interpbeted as wave functions
of the htvo-particle resonance states, satisfying the bllowing eq.:
(]—a(s)*" )\I, (I) )::0. ! s
nood (1.23)
Hence we obtain an energy spectrum a(s)=n +1 . We denote the

Green-function of the equation (1.23) by G(s)



1 H=a(s)

-t 1
G(s)=(1- ) +H =[d .
s a(s)+H) of X x (1.24)

Then taking into account (1.4) and (1.22) it is possible to write the

amplitude (1.1) in the following form:

BU-als)1-ale)=(¥(p,),6(s)¥ (q,), (1.25)

where

+
a4 +b

¥ >= 2 y = 0
| ‘(pl) n=0l WPy) >=e [ 0> (1.26)

is a coherent state of the oscillator (L23) and the scalar product is
defined in (1,20)

D(a’,B) da 4b
+b a',B . Sat Lo ( 1.22)

(¥ ).G(s)¥(q N=<0]ec
l-a(s)+H

Let us note some features of the amplitude (1.27): the factori-
zation of the amplitude is obtained in the space of the finite - di-
mensional representations of the group U4,2) using five creation
and annihijlation operators, According to (1,23) the vacuum corres—
ponds to the lowest resonance state with energy a priori different
from zero, The coherent states (1.26) can be considered as free
two-particle states. The dependence on the other particle is effecti-
vely taken into account with a suitable choice of the resonance

spectrum,

2. Factorization of the Five Point Dual Diagram

Suppose that in five-particle systems the interaction occurs
in the following manner: i) two particles transform into a resonance
state, (ii) further this configuration interacts with the third incoming
particle, forming a new resonance state, (iii) finally—a decay into



two free particles, This can be represented graphically by the following

diagram:
Q\ - / i
s > \
Py Pe
Fig. 2.
Let us define the energy variables s, and s for the resonance

2
state as follows:
2
s =(p +p )? = (p+p +p )
1 0o 1 2 3 4
2 2 ' (2.2)
52=(p0+p1 ML ) =(p3+p4 ). ‘

In the case of identical particles the resonance state in the system of
the two fixed particles (0-1 for example ) is simultaneously & reso-
nance state in the three-particle system (2—3—4) Thus the resonan-
ce wave function besides the two-particle equation (1. 23) must sa-
tisfy some three-particle equation of the same type. Such a three-
'partlcle equation can be obtamed from Eq. (1.23) when the operator
H is now the Casimir operator for the group UB3,2)xU3,2) in the

oscillator re presentation

H=H +H , : , S (2.9)
where
H=--¢"a" a.  -bT b . ,i=12. (2.3)
i W TWwr W ‘ ’
The operators (a? ,'b+1 ) and (a%t , b:) commute with each
2p . .
‘other.

Hence we have the tollowing equations tor the resonances

state function in the sy‘stem‘of (0-1) - particles .
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[H,—a(s,)]l‘l’n(p,)>=0 (2.40)

[HI+H2—a(sl)]l‘Pn(p1)‘>= 0. (2.4b)

Analogously, for the resonance state in the system of the particles

(3-4) we require that
<q’n(ps)[[Hl+H2—a(sz)]=0 (2.58)
<¥ (p)] [Hz‘“(sz)]= 0. (2.5b)

From here we obtain the following solutions

1 tyn
"Pn (Pl)?__'n! [p18+1+b1] | 0>

. . (2.6)
<y (p)]=—<0|lp(a +a )+b +b |.
n '8 n! 31 2 1 3
The corresponding coherent states have the form (1,26):
P 3++b+
I‘P(pl)>'—:2|‘l’n(pl)>=e ot 1o
(2.?)

Da(nl+ 52)+b1+ b2
<‘P(pa)52<q’ (pa)l=< U,e
n n

In the representation space of the group U(3,2) xU(3,2) the
metric tensor D  which gives a positive norm of the states (2.6)
is the direct product of the metric tensors D, and D 2  Ccorrespon-
ding to the first and the second factors,

D-D (“{’B)Da (a”,B, ). (2.8)

Now we shall seek an expression for the five-point dual diagram

in the form:

11



B5E (‘I’(p3 ).G2 (sz)r(pz)Gl(Sl)‘P(P‘))v (2.9)

where

-1 1 —(1(5l Y+ H
G (s)=[H —als)+l]. = [dx x
1 1 1 1 0 1

1 ! (2.10a)

-1 ! a(m)+H +H
Gz(sz)E[H1+H2_a(52)+l] = [ x, dx (2.10Db)

and I’ (p2 } is the wvertex, which we shall determine, requiring an

agreement of (2.9) with the well known expression for B,

—-a(s ) =—a(s.) -a —-a p
_ 1 2 _ 1207 _ 28071 _ . 13
B5 —-J’dxldx2 x| X, ! xl) (1 X, ) (1 x‘xz) . (2.11)

Here we comply the following notations for the trajectories:

2
=a (pi +P1+1) +a (0)

141
(2.12)
p =-2a(p p )ty .
13 13 13
wiiere y '3 is a constant.
Let us introduce the operator
1 n , k n—~k
V(pa;b;B)= 2 —Dk(aB)(pa) b, (2.13)

n,k n!

where the coefficients Dl(a’,ﬁ) have been defined in the first section

(1.13). Accoring to the first of the equations (1.19) we have a for-
mal representation :

...2a'£+B-l
V(pa:b; B )= (1+b) " | (2.14)

Two properties of this operator are of interest. The first one

connects it with the metric tensor

12



<0<e™tt D(a’,B)=<0|V(pa;b;8 ). (2.15)

This equation shows that in the sense of the metric D(a’,8)
the resonance state on the right-hand side is contravariant to the
coherent state on the left-hand side, Therefore, the operators V

b
and e ™"

are related with each other, Indeed the formal equality
(2.14) determines V  as a finite difference analog of the expo-
nent / 15/. Another property which confirms the above analogy is

contained in the following  identity

V(pa;b;1+,8)V’(qa;b;1+y )=V( (p+qla;b;14+84y) . (2.16)

(The proof is given in appendix B ). Forfn_g.lly it can be obtained
directly using (2.14), The equality (2,16) determines the operator
v as a repreSentation of the five-dimensional translation group
and in the same sense it is an analog of e P*t®
Now using (2.15) we rewrite (2.9) in the form:

+
at
1

e 3 ’ p b+
B5=<0|V(p3a2;b2; Bz)V(paﬂl;bI ;,BI)G2(S2)F( p2)Gl(sl)eI 10>, (2.17)

Using (2.10a) we can evaluate that

+ 1 +
p a +b+ —-a(s 1) x p at +x b

G (s Je' ! o> = x e 1 11 11 dx | 0>, (2.18)
11 0 1 1
Let us multiply this equality on the left by the operator
ib . 'l'hen we obtain
v(pzal’bl"Bl) 4

Rert oy -
V(p2al; bl;,BI)GI(sI)e |0 > =<
2.19)
1 —a(s ) -a (
= 1 - 12 + +
_ofdxlxl (1 xl) exp(xlp lal+x1b1)10>'
Obviously if we choose I (pz) in the form
RN
F(p, )= Vip,a, b 58 ) (2.20)
)

13



then the expression (2.17) coincides with (2,11), Finally we have:

+
s 4+ b

B _(¥(p ). G (s)e 22 % Viaibif)6 (s )¥(p)
s Pyl by 18,0€ P2y 1"81 AR Py (2.22)

3. Factorization of the N -Point Dual Diagram

The results obtained in the previdus two sections can be

easily generalized to the N -—point functions.

P n-a Pu-3 B P Py
I
N-$ l\%

Pu-t
Fig. 3.
Here p, are the momenta of the i -th particle, The definition
of the variables s ,s, ...s8 . is:
:'2 3
s =(k-=0 P (3.1

Slightly modifying B, and Bb we get:

et 4ot
pa_+b plul+b1
B =<0}e V (p)G (s )e 10>
4 1 T2’ T
P, n++b+ p2 a:;-%—b: plu+1+bT (3'2)
3% 3
B5 =<0 e V2(p3)V1(p3 )G2(52)e Vl(pz)Gl(sl)e 10>
Here we use denotations
Vi(pk)=V((pka‘);bi ;Bi)- (3.3)



The additional left-hand exponent in the equality (3.2) is rewritten
down only for symmeiry reasons, ('he lett-hand vacuum state trans-
formed it into unity).
The operator
¥

LR

e =e . . (3. 4y

must be put into correspondence with I _th external line of the
diagram,
The operator

i=1

r -my 3.5
1 k=t k (p i ) ( )
corresponds to the vertex with the incoming i -th particle,

To every intérnal line with variable s, we put into corres-

pondence the propagator

= -1 1 —a(s')+ﬁ:
Gi (s‘)E[Hi-a(sl)+l] =fdex ) (3.6)
0
where
= i
H =3H (3.7)
Ut A .
and
H =—g®a*t -bT b . 3.8
k gu a(k)# a(k)l/ (k) (k) ( )

Thus, multiplying the operators (3.4), (3.5) and (3.6) in the order
corresponding to the elements of the diagram (Fig.3) and taking a
vacuum expection value we obtain

Cn-2

§2 fl
B =<0]e Teoy G yiyls96,(s)e’ TG (s)e! 0> (3.9)



which is a correct expression for the 4- and S5-point functions (1.1),
(2.11).

We shall show that the expression (3.9) for all N coincides
with the known dual amplitude /16/, To do this we substitute into
(3.9) the operator G, (s' ) from the expression (3.6). Then we get
N-3 _dimensional integral with the inteprand:

N-3 —a(s,) $nr Ho_ :2 €2 H '3
11 x '<Ole"2r‘ x TP« e I x le l[0>. (3.10)
=1 1 N-3 2
¢, ~
Note that the operator e commutes with all T, © and H,
when k<i and f <i . Therefore instead of (3,10) we can write
N3
- - ~ S
N-8 _a(s)) Hy_s H, Hy k=t k
i
1 X <0[FN_2 X st %y sz , [0 >. (3.112)

i=1

Separating from every vertex T, the (i-1) -th factor, ie.
r =Ty
AN A AL e (3-12)

=
and taking its commutators with the all x * k<i we obtain

—a(s ) N—- 4 Hy_s N-5 -
Mx '<00V (p JIx "> v (p )x "*
=1 1 k=t ¥ N-3 N-s k=t k, N-3 T N-4
Ne3 (3.13)
H, ;1 N-3 ‘ EE €t
Xy xg W \) (—xj(pH1 a );-ijj :Bl)e | 0>.
a'p +bt
The vector e |0> is an eigenstate of the operators a w0
m
b ) with the eigenvalues Paou and I respectively, For this
reason: N3
N-3 ZE £
MTVi-x (p a )i-x b ;B8 let=! 10> =
j=1 FEE NS S i j
N=3
Ne3 Ez é-[ (3.14)
=V (-x (p p J)i-x ;B Jet=! 10> .

§=1 § i+1 i i i



From the definition of the operators V((pa)ib;B) (2.13) and (2,14) it

foolows that

N-3 N-3 2 k41,k
TV(-(p p Xx 5-x ;B )=1N(l-x , (3.15)
k=1 k+! kK k kK k=1 k
where
2
@ =a '(pk_H +p, ) +a(@=2a’ (p ey P k)—Bk+1.
So the integrand (3.13) is transformed to
N=3 _acs,) i N-4 ® -N=5 H -4
x5 (1-x ) +<0|l'IV(p )x " mv (p )xN
f=1 i 1 k=1 k; N-2 N=3 k=1k, =~ N-3 N—4
2
! (3.16)
B, §, 3¢
x x &=t | 0>
2 1

Using the method described above for the remaining operators. in
(3.16) we see that (3,9) coincides identically with the Bardakci-Ruegg
formula for the N -point dual amplitude, So the N-point dual diagram
is represented by the expression (3.9) which is factorized in the
momenta p i(i=1,2,...N—2)'

The essential feature of this factorization is that it is achieved
by a finite number of creation and annihilation operators, These
operators, as alréady clarified in the first section, give a finite-
dimensional representation of the group U(3,2) according to which
the residues of the resonances are expanded, It can be seen from
(3.16) that the N —point diagram contains N-3 mutually commuting
sets of operators (a‘;’ b ), (i =1,2,..,N-3) . In this sense we can
consider a given factorization to be determined by the group

UBd,2) xU(3,2).... xUAB,2)

(3.17)

(N-3)times

17



The formula (3.9) can be expressed in a more symmetric form
noting that .on the right-hand side of the propagator G ,;(s;) only
the creation and annihilation operators carrying indeces k<i appear.,

Hence (3.9) does not change its form if one substitutes

=~ -1 1 —a(s'i)+§
G'(Si)=(H _a(si)+1) =()delxl R (3.18)
where
H= 2 H
k=1 k

and H_ is given by (3.8)., This means that we extend the chain
(3.17) to infinity. For the same reason the expression (3.9) remains

unchanged if instead of f i from (3,5) we put
F(p)=1TV (p ) (3.19)
i k=1 k i

Consequently we obtain new expressions for the propagators and
vertices which do not depend on their position in the formula (3.9).
EFinally we have

B =<0[e§N-2F (p  )G(s
N N-2 N

) Gls_ )e§2 T(p )G(s )e‘fllo>. (3.29)

Although an infinite set of operators occurs in the last formula, in
fact, we deal with only some of them, as could be seen from (3,9)
because all remaining operators will be annihilated by the vacuum,

Summarizing, we obtain a diagrammatic technique of building-
up the N -~point dual amplitude, according to the following rules:

a) The operator ‘e € (3.4) corresponds to the i-th external
line of the diagram (Fig. 3). _

b) The operator TI'(p,) (3.19) corresponds to the i -th vertex
(see Fig., 3).

c) The propagator G (si )} (3.18) corresponds to the internal
line indicated by s, on Fig, 3.

18



d) Preserving the order stated in Fig, 3 we multiply the ope-
rators a), b), c) and taking the vacuum expectation value we obtain
the exact expression for the N -point function.,

The factorization of the N -particle dual diagram, we have
obtained, probably is not the most economical one in the sense of
the dimensionality of the group., Let us illustrate this statement by
an example concerning the five-point diagram, It is seen that

paa++b+

<0|e 1

H-a(s )+l
2

+ o+
V(pza ;b 5B8)D(e’,B7)x

+
pla ++b

| 0>

1
xV(p a;b;B8) —
Py P H-a(s,)+1

coincides with (2.11), Thus we have built up the five- and four-
point function factorization using in both cases only the group U(3,2).

The authors express their deep gratitude to N,N, Bogolubov,
D.I. Blokhintsev, V.G, Kadyshevsky, A.A, Logunov, V.A, Matveev,
R.M. Muradyan, V.l Ogievetsky, D,V, Shirkov and J.A., Smorodinsky
for many fruitful discussions and critical remarks,

Appendix A

Let us rewrite in detail the definition (1.13) for coefficients
n
Dx(a’,B8) ‘

BB (g a1 N f-2a'x-). (B 20 xom) -
I'~2a’x+ B-n) (A1)

=zn: (a’,8)x* and D (a’,B)=0 ,k>n.

1) Translating the argument

x> x = X
2a”’
we get:
I'(=2a- ) n ! k~k ,
(=2a'x+B+y - 5D (a’,B) k Y ) ok
[(=2a’x+B+y-n) ** K k'l (k-k")! 2a”

A



On the other hand
I'(=2a’x+ B+y)
I'(-2a’x+B+y-n) ¥ ¥

Consequently we have

EDk(a',B)Akk,(y)=Dk,(a'.ﬁ+y), (A.2)

where
1 k—k ’
A (y)e ey
k “Mk~k ) 2a’
The matrices A ,(y) form an one-parameter commutative group.
kk -

Indeed:

AL BIA L) =A L (Bry).

With normalization condition
! k—k
AL O= fim —= - X% |
' y=o kN (k—k”) ! 2a’ kk

2) Using the identity

_?_ F(-2a'xt@_=(_2a ) d I'(~2a’x +8) (A.4)
Ix I'(~-2a’x+8-n) dB  T'(~2a’x+B-n)

the following representation of the coefficients D :(a’,,B) holds

k
n 229 d*
D" (a: B y 2 4 _rg)., (A.5)
k k! dB* I'(B-n) -
Indeed from (A.1) follows that

'(-2a ‘x+8)

D: (a',B):.l_(_aTk .
k! dx T (~2a” x+8-n) *=*
If now we use the identity (A.4) to transform the right-hand side
of the last relation we get (A,5),
3) If B=0 we have

T2 5p" e, 0x * (A.6)
I'(-2a "x~n) k

20



multiplying this equality by (-2a’x-n-1) we get

I'(-2a’x) n k n
EEE———— T Dk_ (a’,0x ~(n+1)3 Dk (a’,Q)xk,
I'-2a’x -n-1)
Hence )
nt1 n n
D . (a',0)=—2a'Uk_l(a', '0)—(n+l)Dk (a”, 0) (A.‘?)

the last gives the relation between the coefficients and the Stirling
numbers s(n,k) .

T8
I'(B~-n)

4) The polynomials are related with the Laguerre

polynomials Lan (0).

P o T8

n n! F(B—n)-

(A.8)

a
Let us use one known property of the L (x)

a+f+1

L o (y)- (x+y)

in the form

s LY @By ),

Differentiating the last equality k times in B and s times in

¥y, and taking into account (A.8) and (A.5) we obtain
D, (B0, "0)  (kew)t
2 k s - _
m m!( ne-m)! nlk!s! Dk+s(/3+y . (A.9)

5) The binomial

-2a’y +3-1

(1-x) (A.lO)

has the following x -power expansion

(l—x) -2a Y+B"1= s r (—2a'y+,8)('—l)n o

n!I'(-2a"y+8~n)
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and using (A.1) we obtain

-2a’y+f3-1 n
(1-x) -zl D:(a'.ﬁ)x“yk.
1

(A1)

So the function (A,10) is a gdenerator function for the coefficients

[):(l (a’,8 ) . Therefore direcly the foilowing integral representation
holds

D“(a: ) 1 ~-2a ' y+8 -1 —n—1 —k—1
ke 1 Jf dxdx (1~x) ( —x) y (A.12)
n! 4n ¢, o,
where C, and C, are closed contours which contain the points
x=0 and y=0 . They must intersect the positive axis in the

interval (0,1).
From (A.11) we get

1 ik o, k B-1 x" _n
—k—!(—2a ) Zn (l—x)(l-—x =2 l:-‘—[) k(a ,/3 ) (A.13)

The formulae (1.18) can be obtained from (A.10) and (A,13)
if we put x »-x in (A.10) and B8=1 in (A.13).

Appendix B

To prove the formula (2.16) let us multiply V(pa,b,B) and
V(qa,b,y) by each other:

n+n —k—k’

D, @,8)D (")

i
V(paib; 8)V(qasb;y)=3 (pa)“(qa) b

!

n'n"!

n

The substitutions n~> m—n and k3s -k give
D: (a”,B) Dm_';(a',y)

n!(m-n)!

me—s

V(ipa;b;B8 )V(qa;biy)= % (pan)k (qa)s—kb

Taking into account the identity (A.9) we get
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D (a’,Bry=1)
Vipaib: B)V(qaibiy) = 3 — Pl o) (qa) *% 2o

m! k!(s—k)!

1 tm s
2-—; D [(p+qlal® bm™

m!
and consequently
V(paib; B)V(qasb;y)=V({(p+qla;b;B+y -1).

Hence the formula (2.16) can be obtained by substituting

B->B+1 y-oy+ 1.
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