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§ 1. In t r o duct i on 

Several · /1-Bf, . 
authors {see e.g. ) have noticed that the three-body 

systems in .. quantum mechanics possess the symmetry ·of the.·motion 

of the five dimensional sphere. This symmetry cari ·be observed both 

in the case of the free motion and in the case of elastic· forces. 

Obviously, the quantum mechanical problem has the same sym

metry as the . classical one. Thus it seems to be worth wile to con

sider the classical equations of motion from this point of view. 

Arbitrary motio~s of t~e three-body system can be described 

as rotations aJ:1d deformations of a triangle formed by t_he three par

ticles. The 'equations of motion of the triangle turn out .to b~ very 

sircllar to the equation~ of two c'oupled tops; one of th~m reflects 

the' hidden (non-geometrical) symmetry of the deformational motion of 

the triang're. 

In the present paper we collected different types of equations 

and formulae connected with the classical three-body problem. In 

calculating, we have used along with the special coordinate system 

described in/6/ the ingenious (but not well-known) method . of quasi-

coordinates deve;oped by Boltzmann/9/. 
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§ 2• . ~on-Rota.t~ng ~riangles (Examples) 

Dealing with a three-particle system, let's first remind the .sys

tem of C!=>ordinates introduced in i6/. The radius-vectors of the three . 

particles x1 ( i = 1, 2,3) are fixed by the condition 

-+ .:.. ...... 
xI+. x2 + x3 0. (1} 

.... .... 
'!'he Jacobi coordinates g and TJ are given in the case of equal 

masses in the formx f 
-; = - v ~2 (;! +~ ) 

. . 1 2 

.... l ( .... .... ) . TJ = -- x -x ..;2 I 2 

2 2 2 2 2 2 
g + TJ • ·= X I+ X 2 + X 3 = p ' 

(2) 

~here p. is the radius of the five-dimensional sphere. Further, we 

intrOduce the complex vector 
.... .... 
z={+iif' 

'• (3) * .... .... 
-t"=g-iTJ. 

· Consider .. now a triangle, with vertices x 1 , x 2 , x 3 • The position 
... 

of this triangle .in space is characterized by. the vectors f I and c2 •. 
... ... ... 

which form together with the vector C = C 1 x C 2 ' the moving coordina-

te system •. '!'hey are connected with the vectors z and~* in the· 

following way: ,\ 
b. .... .. .... p -1-

z = --e 2 

v2 

l:;r -l:,r .... 
(e c l+ie c2 

-1~ I~ I~ 
i*=Le 2 

..fl. 

2 .... 2 
(e C- ie 

I 
f2). 

.. ·xt For different masses we 

.... · m (m +m + m ) 
g=mx(3 12 3 

3 3 
m 1 + m2 

have 

~ 
) ; 

~ 

TJ 

4 

Y.. • 
( ~..2... ) (X' - x . ). 

I 2 
m +m 

1 3 

(4)· 

r 

.t 

r 

( 

~ 

... 
- .j 

'J 

( 

r 
l 



The variables A . and a determine the form of the· 

expressions (4) we can write ! and ij in the form 

triangle. Using 

.... p a-A .... a+A .... 
g ~ - (cos -- e + sin -2-- e 2 ) vr 2 I 

.... P ( . a -A ~.... a+A -+ 
TJ = -- Sin -- L 1 + COS -- f 2 ), 

v2 2 2 
(5) 

That means, that we can consider ( and .... as a result of two· TJ 
transformations n- p-( cnsi sin~ )( 

a 

···: )f') cos-
·2 

.... y2. ,\ a 
(6) 

. TJ -sin 2 COST sin- cos 2 . e2 2 

To make the picture clearer, consider the case of a non-rotating 

triangle. We need for that purpose the expressionS 

. 2 
g2 = E._ ( l + sin a sin A ) , 

2 

2 2 

TJ 
2 

= !:_ 0-sin a sin A ), 
2 

->.... p 
gTJ = - sina cos A. 

2 
.... 

The angle El between vectors g and TJ 

(. ~ =I e-1 I TJ I cos ~ 
can be written in terms of our variables as 

cos A sin a 

cosEl= --:======-
yl..:.. sin2A sin 2a· 

· · Note, that the components of the moment of inertia are 

(7) 

(8) 

(9) 

(10) 

(:t:t) 

Thus it is obvious, that, if a .. canst, the variations of A iead to such · 

deformations of. the triangle., which do not affect the values of mo

m.enta of inertia. 
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If a is constant, .we can write 

p ---
1 g I = -== v' l + C sin .\ , . y2 

1111 =!... v' 1- C sin.\, y2 . 
t:\ c cos.\ 

cos \:1 = ---:=:::::;=~:-: 

v'l-C 2sin2.\ 

where C =sin a 

For example, if a=O ,i.e. C= 0 

p p 
I g1 ;: - • 1111 = - • cos e = o. 

v'2 v'2 
-> 

we have 

• 

• 
(12) 

(13): 

In this case the vectors g and ~ are orthogonal independently from 

the value of .\ , and only similarity transformations of the triangle· 
are possible. On the other 

. p -.---lgl=--:= yl +sin.\, 
y2 

1111 = L Y 1-sin .\, 
v'2 

cos e = 1 

hand, if a = !L . 2 , then 

... , 
i.e. the system is linear, and .the ends of the vectors g 
are oscillating about the point !;,.- · 

(14) 

-? 
and 11 

Expressing the positions of all the three particles in the c.m • ... ... 
sysfem in terms of e and 11 : 

-+ l t l -> v'2 ( 2 7T -t:-> 2TT ->) 
x =- - <o + - 11 = - cos- <o + sin - 17 

l v'6 v2 3 3 3 

... I t l ... v' 2( 4TT i! . 4TT ... ) 
x =--=., --="' = - cos-<, +SID -17 . 2 

y6 y2 3 . 3 3 

;; =v.2.f 
3 3 

(15) 

it will be easy to represent the position of the particles by their 

radius-vectors. As an ·.illustration, we consider the case a=E:.. with 
. 2 

different values of .\ 
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.IC'• I . • x,~ ~~,7 x~ x, X.s 

~~7 'x 
A= 0 .. 

A=!!_ 
6 

,,~ • 1 I .. ~,~ 
A=..!:. A=.!!.. 

4 3 
,,~ 

A=!!_ . 
. . 2 

Consider now those deformations, which are connected with· the change 
of a , i.e. which don't leave the moment of inertia unaltered. 

Let "-= 0 ' 
then 

. p p 
1~1=-, 1771=--, sina = cosEl. 

V2 V2 (16) 

E _, 
The angle between "' and 11 is 

TT • 
· El=- -a 

. 2 .. 
and we have 

We list here a few particular cases: 
. 0 "' . 1T a= , ob= "2 



TT Q __ rr_ -· 
a= :r' :"'- 6 TT 

a=r. 9= 0 

~ 

? Vl- :=::::. • 'jC 7 :.;;? -· ) .... -X'z. . X', ~' l 
)C3 

x.t 

3 
a= 4"' E),- !!_ 

4 a:: 11' 8e:- !!.. 

X~ Xz 

) ' ..... ".3 • ~ < 1 I \- I J 

x1 

~ x, 
Considering the case A=.!!... 

2 
, from the formulae 

p ----1 e I= ---=. v' 1 + sin a 
v'2 

p ·::----
177 I 'F -=- v' 1 -sin a v'2 • 
cos El= 0 

2 

~ 

-> 

it can be easily seen, that e and 11 are orthogonal 

lengths can oscillate between zero and p. 
a=O' .1.~ a=..!L 

~ 6 

1i 
f 

x3 

8 

~~- ...... -. - --- --- -·-----~ ·-~·-·-·--- ---

(17) 

, and their. 

~ 
x.5 



TT· 
a= !L a=-

,4 3 

l .. 
~ 

"l 
..:. 

~ 

a= .!L 
2 

.. 
x, ,_ X a ~ 
x" 

§ 3. The Free Lagrangian 

In this paragraph we present the Euler equations. First of all, 

we have .to construct the Lagrangian L =T7U • For· free particles 

we have 

I ds 2 
L=T=-(-). 

2 . dt 

Let's begin with the expression 

1 ' 1 -lA 
dz=-zdp-izdA+-e (e xz*)da-(dwxz), 

P, 2 

. (18) 

(19) 

where dw. is the infinitesimal rotation with projections dw 1 onto the 

fixed axes. The rotations about the moving axes . are defined as 

dO = e I dw. ( :\ 
I • 20/ 

They can be expressed in terms of the Eul~r angles in the form 
d nl=- cos¢ sin() d¢ + sin¢ld ()' 

. I 2 

d n 2 sin ¢ 1 sinO d¢2 . + cos¢ 1 dO, 

d n a= - · d ¢ 1 ~ cos e d ¢ 2 • ( 21) 

9 
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From (19) we ~t 

d s 
2= I dz 12 = 

2I 2 I 2 I 2 I 2 2 
=p [T da +T d.\. +2" dQ 1 + '2d 0 

2 
+ d n 

3 

-sin a d0 1 d0 2 -co~ a d0
3 

d.\ 1+ dp 2 • 

Obviously, the wa~ted expression will be 

\ T =.!.. P2 [.!..·a 2 + .!..~ 2 + ..l 0 2 + L 0 2 + 0 2 _ 
2. 4 4 2 1 2 2 3 

-sinad 1 0 2 -cosan.}.l+i-p 2• 

Due ·to the formula 

aT 
p =-.-

1 aq' 

we can write down· the momenta 

I a. 
p =-p a 

. " 4 
I 2 I • ~ 

p = -p (~,\ -cos an ) 
,\ 2 2 3 

I 2 • • 

Po
1 

= z-P W 1 -sina Q2 ) 

I 2 • 
p n = 2 p ( 02 -sin a n 1 

2 

I 2 • • 
PO =- p (203 ...:.cos a.\ ) 

3 2 

. 
p = p 
p 

·and the corresponding p 
1 

· I . • I 2 •• p =-ppa +-p a 
" 2 4 

• . I 2 I •• • • •• . 1 • • ·· • • 
p.\=2p (~+sinaa0 3- cosa.03 ) +p(2",\p -cosa.0

3
p 

10 

- -~-: --- -~-,--~ --
------~~----~--·- ----- ~ 

(23) 

(24) 

(25) 



• 1 2 •• • • •• • • • 

Pn~zP {n 1 -cosaa0 2-sina 0 2 ) +p (p0
1 

-sinap0 2 

1 2 •• . • •• • ' • • 
p =

2
-p (02 -cosaal:l 1-sina0 )+p(pQ -sinapD 

Q 2 I . 2 I 

l 2 •• • • •• • • 
p =-p (20 +sinaaA -cosa ,\) +p (2p0

3 
-cosapA 

o~ 2 a . 

p ,; "p 
p 

Now we can construct the equations of motion 

(26) 

(27) 

To obtain the equations explicitly, we have to return to the Euler 

angles. Indeed, 0 are not derivatives of any ~ngles 0 (that's 
I · I 

wl:Y they are called quasi-coordihates), and the Euler equation in 

terms of ·these quasi-coordinates will be writter1 in another form. 

Thus, instead of (23) we ·have to take the Lagrangian .expres- . 

sed in terms of the Euler angles: 

1 2 [I .2 I ·2 •2 .I· •2 I ·2 
T = 2 p 4 a + 4 ,\ + ¢ I + 2- 0 + z¢2 + 

I 2 • 2 
+-cos 0¢2 + 2cos0¢ 1¢ 2 + 

2 

l 2 • 2 
·+sin a(-sin2¢1 sin 0 ¢.2 +eos2¢1 sin 0¢2 e 

. . 2' . 

+cos a (¢I ~ + cos 0¢2 A ) ] + ~· p 2. 

1.1. 

(28) 



The equations of. free motion are, as follows: 
1 ' • • • • 
- a·+ sin a ( rp 1 A + cos(} rp 

2 
A ) -

2 . 

1 2 • 2 • • 
-cos a (-sin 2 rp sin (} rp 

2 
+ cos 2 rp sin (} rp 

2 
(} -

2 1 . . 

1 • 2 1 •• 
- 2 sin2¢1 (} ) + p p a == 0, 

(29) 

I .. . • 
- A - sin a (a¢ + cos (}a· rp ) + 
2 1 2 

+cos a<¢ - sinOdr/J + coso,p· ) + 
1 2 2 

1 • • 2 • • • • 
+-pA +-cosa (¢1 p+cosO rp

2
p)==0, p p . (30) 

¢ -sin 00¢ +cos(}~· + .L cos aX -
1 2 2 2 

- .l sin~a-{-d-A~cosi¢- sin 2 (} ¢ 2 _ · ·--2- 1 2 

. . 
•2 -2sin2¢1 sin (} rp

2
(} -cos 2¢

1 
(} ) + 

(31) 
I . . • •.. . • 

+ - (2 ¢. p + 2 cos () ¢
2 

p + cos a A p ) == 0, p I I . 

.l..sinacos2¢ e +.Lsin0(1+ sinasin2¢ );p-
2 . 1 2 1 2 

- (1 +sin a sin2¢ ) ¢1 rJ +sin a (cos2¢ sinO¢ ~ + 
1 1 1 2 

1 • 2 ~ • 
+- ctg0cos2rp (} +sin 2¢ cosO¢ () )+ 

2 1 1 . 2 

I · I I . • + cos a (-sin 2¢ sin 0 arp + -cos 2¢ () l't- -A(} )+ 
2 1 2 2 1 2 

+ !_ [sin0~2 p(l+ sin a sin2¢ ) +sin a cos 2¢ Op]== 0, 
p 1 l 

(32) 

12 
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0-sin a sin 2¢1. )f/+ ~ ~in20 c;: + 2sin o¢1 ¢.2 +sin a (cos2¢1sin o¢"2 

:-2cos2¢1 ¢1 0 -2sin 2¢lsin0¢1 ¢2- ·~sin 2¢1 ;:8 +sin 0 ¢2,\) + 

+ cos a (cos2¢ sinO~; -sin 2¢ a O+ sinO¢ >.. ) + 
. 1 2 1 2 

+ ~ [ ep·+ sin a <cos2¢ sin of>¢ - sin2¢ 1> o·n= o, 
p . 1 2 1 

and finally, 

•• 1 • 2 1 • 2 •. 2 1 • 2 1 • 2 1 2 • 2 • •. 
p-p[;ra+-;rA +¢ 1 +20 +2c/>2+ 2 cos 0¢ 2 +2cos0¢ 1 ¢ 2 + 

+sin a <i sln2¢1 sin
2
0¢ :+ cos2¢ !sin 0¢~ e -1 sin2¢ ;8 1 + 

+ cos a ( ¢1 ,\. + cos 0 ¢ 2 ,\ ) ] = 0. 

In the follovving we vvill consider a few partiCular cases. 

1) Motion of the triangle in the plane 

e = ¢ = o. 
2 

In this case the free Lagrangian can be written in the form 

1 .2 1 1 • • 
T =-yP [4 a2.+4A:z +cosa¢1,\ +¢12] +\-p2, 

or remembering ·, that 

1 2 .1 • • 
p ¢ = 2 p . ( 2 'P j+ 2 cos 0¢2 + cos a ,\ ) 

1 . 

1 2 • 2 2 • 
P"" =-

2 
P [¢2 O+cos o +sinasin2¢ sin 0)+2cosO¢ + 

'1"2 ' 1 1 

+sin acos 2¢
1 

sin oe +cos a cosOA l 

1 A . 
p =-rfl [u+sina(ros2¢ sino¢ -sin2¢ () )], 
0 2 1 .2 1 . 

13 
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.. 1 2 1 1 2 
T . ;, - [ 2 p + . ( - p - 2 p p cos a 

· 2 " sin 2 a 2 ¢ ¢ ,\ p . 1 1 

+2p2)]+!_p2 .. 
,\ 2 p 

The equations of motion are in this case the following: 

1 •• 1 • • • • 
-
2
- a +- p a + sin a ¢ ,\ = 0, 

p 1 

1 •• 1·' •• •• 2 •• 
-
2
- .\ + -p.\- sin a a ¢

1 
+cos a¢

1 
+-cos a ¢

1 
p = 0, 

p p 

:P +Lc~saA" -~sinaaA + ...!.(2¢ p +cos aAp):O, 
1 2 2 p 1 --

•• 1•2 1·2 '2 
p-p(-,-a +-.\ +¢ +cos 

4 4 1 

2) Deforming triangle, 

e = ;p = o. p ..~.. = o. 
. 2 . 't' 1 

al A)=O. 
't'1 . 

The free Lagrangian obtaii.s the form· 
12 1·21'2 2 .L'2 

T=z-P (Ta +4",\ sin a )+ 2 p = 

2( 2 1 2) 12 =-z p +--p,\ +-p 
p " sin 2 a 2 P 

. ( 37) 

(38) 

(39) 

L1=t;s note here, that for p· = 0 this expression has the same form 
p 

as the Lagrangian of the rotator. We see here an example of the 

hidden symmetry, which can be generalized· to the case of a deform

ing rotator • 

. The equations of motion corresponding. to the Lagr~nge functi-

on (39), are 

1 •• 1 • • 1 . '2 
- a + - p a - - SID a cos a ,\. = 0 
2 p 2 

1 •• 1 • • • 
sin a(-.\ +- p ,\ ) +cos a a ,\ = 0 

2 p 
•• (1 •2 1. ·2 ,'2) 0 p -p -- a +-SID a" = • 

4 4 

~4 

(40) 

/), 



If we add on the right hand side ·forces depending only on p we 

get the equations of a non rigid rotator. 

§4 •. Potentials for Three-Body Systems. 

Let's investigate two exam'ples of interacting particles. 

1). The harmonic oscillator potential. 

The equilibrium state of the three-particle system 'is an equila

teral triangle with a side P 0 • It can be . described ·by the vectors 

ij and f 
0 . 0 

[ ~] ... 
1J 

0 

(41) 

0 • 
2 2 

~ -1] = 0. 
0 0 

The parameters a 
0 

and ' 

will have the values 

.\ 
0 

corresponding· to the equilibrium state 

a 
0 

"' TT , ,\ 
0 

= 0, 

and consequently 

TT 
1- ... 

2 c 
I (42) 

... 
c ). 

2 

Consider the motion of the three particles in the potential: 

I [ 2 2] U=2 (~-~0) + (1]-TJO) 

I (. 2 2 2 . a .\ ) + --. p + p - pp sm -cos- . 
2' 0 ° 2 2 

(43) 
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· .. From the formula 
au 

F =--1 aq I 

we obtain 

I · a . A· F = -- p p cos- cos -
.. 2 0 2 2 

I , a ,\. 
fA =-: T pp0 sin 2 sin "T 

F ' . a ,\ 
p = - p + p 0 sm 2 cos 2-

F,_ = F,_ = F O = 0. 
'I'! '1-'2 . 

(44) 

(45) 

Constructing L = T - U 

tion 

, it is easy to· get now the equations of mo-

d aL aL = o. ----
dt . a • aq 

q I I 
(46) 

d aL aL 
The equations -- -- - --= 0 . . dt a¢

1 
a¢

1 
instead of the equations (29), (30) 

(where ¢3 == e ) stay unchanged; 

and ( 34) we obtain 

I .. I 2 • 2 • • I "2 2 a -cos a ("2-sin 2¢1 sin 0¢ 2 + cos2¢
1 

sin 0¢2 0 -~sin 2 ¢
1 

0 ) + 

. (47) · · • • I . . Po a ,\ 
+sin a(¢ ,\ +cos 0¢ ,\ ) + -p a - -cos-- cos--= 0, 

I 2 p p 2 2 

I • • • • •• 
-A"-sinaCi¢ +cos Oa¢ )+cosa(9 -sinOO¢ +cosO¢ )+ 
2 I 2 I 2 2 

· I • • 2 ·( • • .1 • ) Po a ,\ 
+.--p,\ +-co::; a ¢ p ·+ cosO<p p +-sin-sin-= 0, 

p p I 2 p 2 2· (48) 

and 

•• I •2 I·2 •2 I •2 I •2 I 2 ·2 • • 
p-p[-a +-4 ,\ +¢ 1 +-0 +-¢ 2 +-cos 0¢

2
+2 cosO¢¢ + 

4 2 ·2 2 . . I 2 

I 2 • 2 • • • 2 
+sina(-2 sin2¢1 sin 0¢ 2 +cos2¢ sinO¢ O-Lsin2¢ 0 )+ 

I 2 2 I 
(49) 

+cos a (¢I A +cos e¢ 2,\ ) ] + p -p osin .!!.. cos !L = 0. 
2 2 

16 
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\ 
1 

Consider now once more the case of a non....;rotating triangle. 
. • • I • e =¢ 2 = 0 and .p =0 , i.e. ¢ =-...:..cos aA. 

¢I I 2 . 

The . equations of motion obtain the form 

1 " 1 • • 1 • 2 Po a A 
2 a+- pa- 2' sin a cos aA -- cos -

2 
cMT = 0 

p p 

2 1 ·· 1 • • • Po a A 
sin a(2A +-pA )+sinacosa~A +-sin -sin-= 0 

p p 2 2 

p- p (~a 2+~sin 2
aA

2
) +p-p sin~cos l. =0. 

4 4 0 2 2 

If in this case we take p = 0 , we will have 
0 

1 .• 1 •• 1 .2 
--a+ - p a --sin a cos a A = 0 

2 p 2 
< 1 •. 1 • . . 

sin a (2A + ppA )+cos a a A~ 0 

.. 1· 2 1 2 °2 
p -p (-a- +-sin a A ) + p = 0. 

4 4 

) . 

(50) 

(51) 

As an example, we. consider solutions with constant A and a and il-

lustrate a few cases of the deformed triangle· in details. The projec-

tions of the radius-vectors ; 1 onto the axes {'
1 

lows 

(I) P ( • a:-A. 1 a-A 
x =- s1n----cos --) 

I 2 2 \fT 2 

(I) p (. a-A 1- . a-,\) 
·X2=-- sm--._--+ -cos 

2 2 v3' 2 

(I) p a-A 
x =-cos--
. a v3 2 

and 

<2) p a+ A i ,\ 
x =-(cos -----sin~) 

I 2 · 2. - 2 y3 

17 

... 
and . e 2 are as fol-

(52) 

., 



'• 

(2) P a+>. 1 a+A 
x 2 = - - (cos -- + - sin --- ) _ 

2 2 y3 2 I 

(2) p • a+A 
x =-sm--. 

3 ..;3 2 

If a = const, and ,\ = const, and p 
0 

_!- 0 , we obtain from (50) 

P0 A -
- cos ~ cos 2 = 0 
p 

Po •. a . A 
- sm -sm- = 0 (53) 
p 2 2 

a A 
p + p - p 

0 
sin '2 cos 2 = 0 . 

It can be easily seen, that in this case a and ,\ are multiples of .rr, 

and only similar~ty transformations are possible, for example: 
I • 

A= 0, a= TT 

x(l~e_ 
I 2 

(I) .J!.. 
X2=- 2 

(I~ 0 
X -

3 

(2l_~-1 p 
XI- 2y'J 

(2) -- _l_p 
X 2 - 2y'.f 

(2) ....e._ 
x3=v3 

tz. 

x,..., 1 · .. x.~. 

I\ ~ {I .. t { } f 

x3 

18 

A= 0, 

x(I~_E... 
I 2 

(I) p 
X 2= Z 

x(l~ 0 
3 

l.& 

)(f 

a =3rr 

(2) p 
X =---

2,;1r 
(2) _E.._ 

X 2 = 2y3 

(2) p 
X =--=. 

3 y3 

.! 
f 

j 
I 

"I 

I 
.1 

I 

I 
I 
I 

l 
I 

1 

. -i 
I 

i 



3) 

.t 

A=", a= 0 

x<I>= _:.E... 
I 2 

(I) 

x·3 = 0 

' (2) p 
X 1 =_. -· 
· 2v:r 

<2>= __ P_ 
x2 

2y'3 

(2) p 
xa 

If, on the contrary , p 
0 

= 0 , then the fixed value· of a still doesn't. 

determine the value of ,\ , so that arbitrary deformations are pos

sible, We give in the following a few examples: 
a) ,\=a 

(I) p 
X 

(I) . p 
X =- --

2 2v3 
(I) p 

X 3 = -• 
V3 

A=a = 0 

(2) p 
' :::::-·, 

I 2 

(2) 

x2 

<2> o . I 
x = "- (cos a - -- sin a ) 

I 2 -V3 

x(
2

) = _P_ (cos a +_.!_sin a) 
2. 2 · v3 
(2) p 

x 8 = -=-sin a 
V3 

p 
=- -, 

2 

(2) 
X =0 a ·X(~)=-_!! , X~)=-.!:__, x

8
(
2 )= ..!!_ 

2v'3 2vr v!l 

tz. 

19 

., 



b) 

17 
A=a=a 

,t~o, X (
2 )= _p_, X (

2 )=!.... 
I 2 2 3 2 

A= a=.!. 
6 "r .. 

x(2) = _f!_' x(22_..£._ 'x(2~_P_ 

I 2V3 2 ,;3 3 2V3. 
t z. 

.{t / '• ~ . . , '¥" 7 I 

17 
A= a =4 A =a=17 

x(
2

) = _P_ (1-.!... ), P~- ..L(l+.!..), x(2 ~P_ 
. I 2V2 ,;3 2 2V3 ,;3 3 yo 

(2) p (2)- .e.... 
x l =--' x2 - 2 ' 

2 

>'c 

)C.z. 

a -A= !:_ 
3 

x(l)= 0 
I 

(I) p 
X =--

2 

x<l)_ P 3-2 

e 
l. 

l )(3 

I 

-l( 

(2) p ( 17 ) l ( 17 )) x =- cos (A+- - --sin A +-
I .2 6 ,;3 6 

(2) p ( ( 17 l ( 17 )) x =-- cos A+-)+- sin A+-
22 6 ,;3 6 

~<2 >= !_:_sin (A +!!....) 
3 \13 6 . 

-lz. 

(2)_ 0 
xa -

-{ 
x3 t 

A= 0, a = f- · 
x<2>= ~' ,!2). _ _g_, x (2~~ 

I 2V3 2 V3 . 3 2V3 

tz. 

'' .x.~ 

A=!.., a=~ 
3 3 

(2) p (2) p (2) p 

~. 

X =--X =---,X =-
I 2,;3' 2 2va 3

· ,;3 

.e%. • 

.tf 

A=..!!..., a=!!_ 
6 2 

x'2~0 x <2~-!:._: x<2 ~..E.. 
I ' 2 2 '•3 2 

t.& 

X.,; 

17 5 
A =-·,a = -17 

2 6 

X (2~ _e_, X(
2 >,. 0, X (2~ ..E._ 

I 2 2 · 3 2 

..t.l.. 

x. 

X a 
I 
I 
I 
1. 

. . 

.(( 

-t, 



A=..!1T,a 
3 

=, 7T 

(2) p (2) p (2) p 
X 1 =-~'X 2 =--='X 3 =--=-

y3 2y3 2y3 

tl 

X, I ~~ « •I 

x. 

I 
I 

.{I 

A=!L", a=Lir 
6· 6 

'•· 
(2) p (2) p (2) p 

xt =----='x2=--=,x a=~ 
2y3 2y3 y3 

t.z. 

-----~liX3 
I 
I 
I 
! 

I 7 : "! . /7.V / · I 

)Cl. 'XI 

2). Three-body problem in the celestial mechanics (the Laplace 

case/lO /). Self-consistent field in classical mechani::s. 

Suppose, ·that an attractive Newtonian potential is acting bet

ween three particles. We will show, that there exists such a solution, 

for which all the thr.ee particles stay in the vertices of an equilate

ral triangle, while each particle is moving along an elliptic trajectory 

about the common centre-of-mass in such a vva.y, as if there was a 

central body, th~ mass of which is equal to ·the sum of masses of 

the three • particles. 

Suppose ~ = 0 = ¢ ~ be equal to zero. If the particles form an 

equilateral triangle, we have a= 0 , and the distance between the 

particles is p • The potential energy in this· case .is ettual to U=- ~, . p 

so that the equations of motion take the form 

•• · [I ·2 •2 • ·] 3 
p -p -A + ¢ +¢ A + - = 0 

4 I I 2 p 

.. 
I •• •• P • 2 • • 
--A +¢ +-A +- ¢ p = 0. 
2 I p , p I 

(54) 

22 

Introducing a new variable 
. ·• I . . . 
1/J =-A+¢· 

2 ·I 

we obtain the Kepler ·equations 

•• .i. 2 3 0 p -p'l' +-= 
. p2 

•• 2 •• 
1/J + - p 1/J = 0. 

p 

(5 

(51 

If we express now ~ , x and ~ 
3 

in terms of p , We get fc 
I 2 

them the equations of three ellipses. It is easy to prove,· that i 

the case of a f. 0 the equations will not lead to the Kepler equc: 

tions. Note, that the type of the solution is independent of the for 

of the potential. Indeed, we use only the f~d that the forces actin 

on any of the three particles are directed to the centre-:-of-mass c 
th~ triangle. 

§ 5. Euler Equations in Terms of Quasi-Coordinates 

In § 3 we have obtained the Eul~r equations in terms of th 

"true" coordinates a , A , p . , ¢
1 1 ¢

2 
and 8 • Now our purpo 

se is to make it clear, how the form of the equations will change 

if we consider the components of angu1a.r velocity ·n 
1 

· (f~rmally W• 

will call them derivatives of quasi-coordinates) instead of. the deri. 

va.tives of the Euler angles ¢.. (we denoted ¢a == 8 ). Obviously 0 . . 
do not correspond to any variables n 

1 
, and only dO 

1 
make1 

sense. Still, as it was shown by Boltzmann, formally it is possiblE 
to use the quasi-coordinates. 

We start from · 

_L aL _ aL = 0 
dt a,PA acp>.. 

The connection between iJ. 

n =~ B ;p 
p 

rp . P 

A= 1,2,3). 

and ;pi 
d.O 

can be written as 

or = ~ B d¢ 
p 

rp p 

. 23 
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·and \1. 

cb k = ~ Ake 0 e r 
or d cb k = 1 ~ ke d n r 

where P , r , k , e = I , 2 , 3 . 

Multiplying (57) by A A r and summarizing we get 

d aL aL 
~ A I - (--.- ) - -- l = o. 
A· Ar dt acfJA a¢ A 

M~king use of (58) we can write 

~=~~B 
a¢ " ail "A 

A " 

and thus 

; 

..,. . d a L a L d B,A a L 
..... A>.. I~B .. A-(-)·+ ~------1=0.· 
A r " dt ah " a.d d t a¢ 

" " A 

As·soon as 

~A, B ,=o 
A "! s 1\ rs 

we obtain 

· . .?_(aL_ )+~~A dBsA_~-~A aL_=o. 
--·-dt a{l A" Ar dt a{! A Ar acp 

r 3 A 

. ; r 

(60) 

(6~) 

(62) 

• 

(63) 

(64) 

Making use of the conditions (58) and (59),· one can: express the 1 

equation in the form 

_d_(a~> + ~ "£ ~ 
dt an r A. 

aL 
-~A --=0. 

A Ar a¢ 
A 

" m 

aL • as , an . 
~ A A - 0 ( --8

" .:.. ~ )-e Ar me an e a¢ a¢ 
s m A 

(65) 
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,_ 

The expression 
aB sA aB 

~ ~A . A ( ·----"11)"' 
A m Ar me a¢ a¢ 

A 
Y "' e ('t 

m 

does not depend on the motion of the system, only on the conne 

tion between. tl]e derivatives' of th~· true coordinates and of the qua~ . . 
CODrdinates • Thus, finally, the equations . of motion obtain the follo 

ing form: 

d aL • aL aL -(-) + ~ ~ .Oo-Y - ~AA -=0. 
dt a ri " e L an rse A r a¢ 

r ·,. A 

(c 

. 
In the last term the partial derivative is calculated at constant 0 i 

Formally one usually writes this term as~ ani 
The Euler equation written in the form (67h is invariant unc 

a transformation group which includes the nonintegrable transforn 

tion of coordinates (58), (59). If the transformation is integrable, fr 

the· middle term in (67) vanishes, and the equation takes the us . . . . 

form. 
In our case y rse is a totally· antisymmetric unit tensor, hence 

is easy to write down 'the equations of motion .in terms of the qua 

coordinates: 

I •• • ·· • · I 
-2 a + cos a n In 2 - sin a. n 3 A + - p a = 0 

. p 

I ·· . . •• I · · -A+ sin a a 0
3
-cosail

3
+ -(Ap -2cosa 0 p )=0 

2 p a 

·· I .2 I •2 I •2 I · 2 • 2 
P -p ( - a + - A + - 0 + - 0 2 + n 3 -. 4 . 4 2 I 2 

. . .. 
-sin a 0

1
0

2 
-cos a0

3
A)=O 

n -cos a an -sina n -0 n -sina n n + 
I 2 2 23 13 

+cosa,\ n +.2..(p0 -sinap n >=o 
2 p I . 2 . 

n :_cos a a ri -sin an + n n -cos an· X + 
2 I I I 3 . I · 

+.sin·a 0
3
0

2
+ .2. (p0

2
- sinap f1 1 )= 0 ·. 

p 
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. • • . •• • 2 . • 2 
20 3 +sin a a.\- cos· a,\ +sin a (fl 1 - 0 2) + 

2 • • 
+ - (p 0 -sin a p 0 ) = 0. 

p . 2 . . 1 

Cor:sidering the case 01 = 02 = 0 , we obtain 
I ·· . I . · 2 a -sin a 0 3,\ + p pa = 0 

I .. . .· . .. . . . 
-.\ +sinaa.O -cosaO +.L(,\p"-2cosa.U

3
p )=0 · 

2 3 3 p • 

1 2 1 "2 '2 •• 
P .. ..:p (-a+-.\ + 0 -cosa!J .\)= 0 

4 4 3 3 .: 

. • •• 2 • • 
203 + sinaa.\ -cosa.\ +-(2p0 3 cosap.\ )=0 • 

p 

'l'he equations of the non--rotating triangle 

o =0 = o, p = o 
1 2 !J3 

will be 

1·• I .2 I • -a --sin a cos a X +- p a = 0 
2 2 p 

1 •• • I -sin a.\ +cos a a.\ + -A. p sin a= o 
2 . p 
•• I·2 1 "2 2 
p- p (4 a + 4 .\ sin a )= 0. 

.,. 

If at the same time· n = 0 . 3 , we have cos a.\=0 , i.e. either 
1T 

a=-
2 

and then 

.I •• 1 •• 
-.\ +-Ap=O 
2 p 

I · 2 
p --p.\=0 

.4 

or X = 0 and consequently 

/ 

I ·· I · . -a+-pa=O 
2 p 

p" 1 • 2 0 -4pa = • 

26 

(73) 

(74) 

(75) 

(76) 

(77) 

Finally, we express the Lagrange function and the equations . of mo

. tion in terms of an another system of quasi-coordinates, which des

cribe the deformationS of the triang~e a~so. 

·Assume 
. ,\ . . ,\ 

1T 1 =a sin 2 + 0 3 Si!J a COS 2 
. ' . ,\- . ,\ 

772 =a cos 2- 0 3 sin a. sin 2 
1 • 

1T = .,.,... ,\ - cos a n 
3 ~ 3 

.and introduce 
~ I . . 
o =-(O -O ) 

1 ..;2 1 2 

I . 
o =-<n +0 ). 

2 - . 1 2 y2 
In terms of these variables the free La.grangian takes the 

p2 1 2 I ,; .L ~ 2 1 • 2 
T = - [ (- 1r 

2 + 1r
2 + " ) + - ( I + sin a ) 0 2 + ( I -sin a ) 0 ] + - p 

2 212 3 2 .1 2 2 2 

or introducing 7T 
h=--a' 

2 
~ . ~ 

p I 2 2 2 2 h ~2 2 h "' :! I • 2 
T =-[(-77 +TT +TT )+cos -0 +sin -0 

2
] +-p • 

2 4 12 3 21 2 2 

(78: 

(79: 

form 

(80) 

(81) 

The Lagrangian written in the form (81) corresponds to the motion 

of two coupled tops. If the triangle is either only rotating· or only 

deforming , ( 81) leads to the usual equation of motion of a top. 

Finally, we will list the equations of· motion in terms of the 

variables ( 78) and (79 ). 'l'he general e:xpression is 

..d. ( aT ) + I I " iiT. y ' - I A ' aT = 0.. . 
dt a"r " e e a" .. "'E A .\r aq.\ (82) 

We introduced here the notations q 
1 

=a , q 
2
= .\ 

TT=iB'~ 
r P rp p 

q = o 
3 3 ' 

. (83) 
q = ~ A 'o 17 o 

k e k L L 
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and,. correspondingly, 

· aB' · as· 
~~A'A' (~---"-m)=y' 
A m Ar m f a q a q rsf 

A 

·. 

In our case Y :.E =- r •• E , hence we obtain 

1 d 2 1 20 A ~2 ;,2 
---(p rr 1 )- -p sm- cosa(fl 1 -H}=0 
4 ·dt 4 2 

d 2 3 2 1 2 A =2 =2 
- ( p 11 2)- -

4
· p 111 11 - - p cos - COS a ( Q - fl ) = 0 

dt 3 4 2 I 2 

d ( 2 ) 3 2 d't·P "a +yP 111112=0 

• • < 1 2 2 2> 0=
2 2 b n= 2 0 2 b p .. -p -11 + 11 + 11 +. cos - + sm - = 0 

. 4 I 2 3 l. 2 2 2 

- 2·= 1 A A = 
ofl +-P n + --(cos-rr -sin-rr) n -2 p 2 sin a 2 1 2 2 · 1 · 

cos a A ·A ~-
[(sin-rr +cos-rr )n + 

2 I 2 2 2 1-sin a 

. . 
+ 2 ctg a ( cos; 11 I -sin t 112.) 0 I+ 2 11 30 I ) = 0 

;;.2.~ 1. A A ~ 
n + -p Q ...; -- ( cos - 11 - sin -11 ) n + 1 P 1 sin a 2 1 2 2 · 2 

A A = + 
1 

cosa [(sin-rr +cos-rr )Q + 
+sin a 2 I 2 2 I 

. A A ~ = 
+2ctga(cos-1T -sin.-11 )0 +211 n ] = 0. 

21 222 32 
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' .. 
(84) 

r 
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