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Introduction 

The definition of the proper Lorentz group as transformations . . 

leaving invariant the upper sheet of the hyperboloid makes it natu-

ral to associate the spherical functions With the one-particle states 

labelled by the. four-momentum P fL • 'I'hese functions have been 

derived by J. Smorodinsky and N. Vilenkin by introducing several 

coordinate systems on the hyperboloid. There is however a number 

of homogeneous spaces according to various subgroups constituting 

the little group of a fixed point of the space in consideration, In the 

case of the subgroup S0(2)xSO(l.l)=:S0(2,C)we arrive at the two-di-

• 2 2 2 s2 ( menstonal complex spnere S 1+S 2+S 3= • 'I'he surface of this sphere 

is a complex two-dimensional or real-four dimensional manifold). The 

Lorentz . group c;an · be regarded as a group of motion of the comr-lex 

sphere •. The reason for considering the Lorentz group in this manner 

is that with the parameters inherent to the complex sphere. unitary 

representations .take probably the simplest possible form. 

In Section 1 it is proved that the . connected part of the three

dime.nsional complex rotation group is isomorphic· to the proper Lo-

rentz group. 
In Section 2 we review some results of ref.f2/ where the expli-

cit form of matrix elements of the unitary representations of the 
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Lorentz group has been obtained. Similarly to the real rotation group 

the matrix elements contain two of the Euler-angles ¢ and 1/1 (and 

in the present case their complex conjugate ¢·* , 1/1 * as well) in 

exponential factors. The dependence on () (and O* ) is contained 
. '* 

in the It~~*, nn*function which is the complex analogue of the familiar 

d! n function. In addition to the dependence of the R ,-function on 

the complex conjugate angle e * the R -function differs from the 

d -function by the appearance of the d -function of second kind , .which 

is the other linearly independent solution of the differential equation 

satisfied by d i . . 
mn 

In· Section 3 we· consider the spin'-zero two-particle momentum 

eigenstates lm1,m 2 :P0 yP< 2f>and we produce an arbitrary P0 ~:P(2 ), 
by· a Lorentz transformation fr~m a standard system • (Since P 0) 

and P ( 2) are transformed simultaneously, s =( P0 yP( 2)) 2 is fi;xed). By 

definition the standard frame is one where three-momenta are direc-

ted along the z · -axis and their 'absolute valueo have a given ra

tio ..• This frame may be the C.M. system or the equal.:..velocity sys- · 

terri etc. Afterwards we perform a Lorentz transformation · characte-

rized by the complex Euler-angles ¢> , 0 , t/J • It is clear that 

one of the 6 parameters, namely Re 1/1 (rotation about z -axis) 

is irrelevant, while ·the remaining 5 parameters tog~ther with the 

total C.M. energy s , determine unambigu·o~sly the two momenta. 

It is expedient to give the' 5 parameters of the Lorentz trans-:

formation in the following manner. We form an antisymmetric tensor 
• JlV [-!VKA. (I) (2) 

from the two momenta by puttmg S = e P K P A • The self-dual 

part of this tens or defines the semi-biveCtor S = p o p ..:. p 0 p -ip x p 
... 2 (lj(2) "(2) (1) (l) (2? 

which forms a complex sphere S = const • It is easy to see 

that a boost along z -axis by an arbitrary angle Im t/J "' x leaves 

unaltered the north pole and the subsequent 4 transformations trans ... 

late it to an other position which is chara~terized just by the ab~ve: 
complex polar-angles e ' ¢ ' while it remains, of course, on the 

surface of a complex sphere. Since the ~adius of the sphere con

sidered is in a straightforward connection with the centre-of-mass 

energy s we get finally that momenta of the two particles can be 
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parametrized by giving the radius of the··complex sphere ·. s , ·the·· 

~ample~ polar angles of the unit vector r: = S/S and the (real}' boost 

angle X i~e. I m1 , m 2 : P(t) , P ( 2) )> = I m 1 : , m ~ : S , n , x > .. 
Construction of the two-particle spherical functions- treated 

in Section 4 - with the above parametrization is ·straightforward. .We 

separate the motion due· to the boost X and form the functions 
4 . . _·. 

< n I J. j * : m • m ">transforming according to the uni~ry irred~cible rep-

resentation labelled by j , j * • In a c~rtain sense the above con:.... 

·struction is a generalization of the Jacob-Wick formalism which sepa

rates the centre,...of-n:ass motion and builds up the spherical functions 

(spin-zero case) and the representations (non-zero spin case) of the 

three.:..ctimensio~al . ~otation group on the two particle states. It .. i~ worth • I 

mentioning that though we have treated here spinless particles, the 
',• ' . . ' 

generalization to the non-zero spin case is straightforward. 

1. Lorentz Group and the Three-Dimensional Complex 
Rotation Group 

The group of three-dimensional complex rotations is one. leaving 

invariant· the quadratic .form S i+ S~ + S i = S 
2 ).e. it; consisb:, of matrices 

satisfying o To =o,. 1 •. Th~ Lie-algebra of the o < 3, c ) group coincide's 

with that of the Lorent;; group. In order to make clear the global , . 
properties it will be shown that the connected part. of . the 0 ( 3 • c ) 

group. is isomorphic to the proper Lorentz group L: 
On multiplying by the Pauli matrices we associate with S 

a 2x2 ·matrix: ' 
" 

" s S I a I 

The .reverse relation . .. 

= __!_ Tr 
2 

- 1, 2 ' 3 ) (1.1) 

,, 
a i S ) (L2) 
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Let us perform a transformation of (1 .. 1) by an arbitrary non-singular 

2x2 matrix .A ' : . 
" s ,. A 

~ A' S 
" 

A ,-1 
. 4 . ~ ,, 

Clearly. Det s ' =Det s . h' h • 1' s :z. s 2 c 'd' w tc tmp tes = •. onst er now an 

element of SL ( 2,C): 

,A 
1 

A~ , = ~----

y Det A' 

Since 

" 
,, 

A'-1 
,, 

A-1 ·s, =A' S =· A s (1,3) 

the values of net A' is irrelevant, so it is sufficient to restrict , . I 

ourselves to the elements of SL ( 2, C ) • ' " . . 
Transformation (1,3) induces by. (1,2) and SO (3, C ) 'transfor-

mation : S.' = o.k S k where 
. . 1 1 

o il.C: 
1 

2 
Tr ( ai A ak A -1 (1.4) 

Since, ~s is well known , · the SL ( 2, C ) group i:S conn~cted/4/ and 

0 ik depends continuously on A ; eq, (1.4) maps: the' SL ( 2, C ) 

group ·onto the connected part of the . 0 ( 3, C ) group. Conversely, 

it is easy to s.ee th9-t A and B. correpo~d to the same rotation 

if and only if .A·= :t B • The inverse mapping reads~ 

1 
ai (Oik +3 °ik )qk 

·· .. 1-
+ v net ai ( oi k +3 o ik)a,., 

A 

and thus there is a two-to-one homomorphy between SL ( 2, C ) and 

. the connected part of o ( 3, C) , The same connection holds between 
. t · . · +A · 

the SL ( 2, c ) and L + groups and thus the. chain 0 i k-- -- L + ---A_..,.-
involves an isomorphy between the proper Lorentz group and the . 

. connected part of ,the three-dimensional rotation group. In \1\lha.t 

follows· we shall need some simple relations transforrri~ng Lorentz 

covariant quantities to the three-dimensional complex ones, To an 

antisymmetric tensor S J..!V we can associate a complex vector and 

its complex conjugate by 
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- _1_ 
.. •. 

a . {3 ·a s. a y S /LV (1.5) 1' 4i aia od a !lf3 ~vy 

s _1_ (1 a. (7 {3 y u a sllv (1.6) (7 

4 i ia !lii v{3 Oy 
(i "'l.2,3;1l,v.~o .... ,3,a,f3,y,;1,2), 

where (u0 )a~, (ai ) ~ are the unit and Pauli-matrices.,. The raising 

and · lowering of the indices 

··t a{3 0.1 rtc ensor f: {3=£ =( ) • 
· a -I(!) 

is accomplished with the aid of· the met

(2.5) and (2.6) 'project out the self-dual 

and anti-self-dual parts of the antisymmetric tensor S llv • Inverse 
formulas read: 

s!LV 

D 1 (K'~ 1 . (3' ' '· j3 ' 
S ~ - £ S ~--( S. u, 11 a . u Y a . a-s~ a. au a Y a ~) (1.8) 

!LV 2 /LV,Kf., .. 4i 1 1a Otl . !lf3 vy 1 1a !La v/3 Oy 

( £ · is totally antisymmetric, £ = -1). 
/l V K ~ · . . · 0 123 . . , 

The complex vector S 1 &nder Lorentz transformations transforms by 
the familiar 'three-dimensional representation of the rotation group 'but 

instead of .real ~uler angles we have to put complex ones. 

Be sllv , Tllv two antlsym.metric tensors then the invariants' can 

be expressed simply as 

..1_ S /LV. T 
2 !LV' 

.. .. 
He ( S T 

_..!.. 
4 

s /LV T KA 
~ Im 

.. .. 
S T 

2. Unitary Representations of the Lorentz Group 

(1.9) 

(1.10) 

· D~notin~ the generators of spatial and hyperbolic rotations by 

M k ~ Nl:: ,~respectively ( k = 1;2,3) and introducing the combinations 

J.k 
1 1 z ( M k -iN I:: ) (2.1) 

~-

2 
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we define a complex rotation about the k -axis by 

C k (a 
-iaJk . -ia*Ktc -i( a 1 Mk -a 2 Nk 

e e · "' e (2.2) 

'th . * . Wl a= a1+ta 2 1 a =a 1 -ta2 Then an element of the proper Lorentz 

group can be decomposed as 

·> 

c < ¢ . e . 1/1 · > = c 
3 

< ¢ > c 
2 
un c3 < 1/1 > • . (2,3) 

where 

¢ = ¢ 1 + 1 ¢2 • e = e·t • + 102 . 1/1 = 1/1 + it/J 1 . 2 
(2,4) 

with the range of parameters 

0 < ¢ •. t/1 < 2rr • 0 < e < 17. 
- 1 ·1 -• .1 I 

-oo<¢ .e ,1/J <"" 2 2 2 
(2,5). ;, 

The product (2a1) decomposes. the Lorentz transformations into a 

complex rotation C 3 ( 1/I) , whfch constitutes'the little group SO ( 2) x 
o· 

x SO ( 1.1) .. SO ( 2, c ) of the north pole S "' ( 0, 0, S) of the complex 

sphere, and s~bsequen~ r~tations c 3 ( ¢) C 2(0,) which translate g 
to an arbitrary position on the surface of the ·sphere. 

Matrix elements of the unitary representations will be compu

ted in . a basis where M 3 and N 3 ·are diagonal. They are the 

generators of So ( 2, C) subgroup • The eige,nvalue of M3 ta!~e the 

values p. ·= tJ, ± 1.;t2 ... and p. =_:!-~ •± T , ... for single-valued and 

double...:.valued representations respectively, while· the eigen~lues 

of N 3 , denoted by v , are continuous, In view· of ·(2,1) states can . 

be labelled by the complex eigenvalues of the generators J 3 and 

K i,e, by m =J!.(p.+iv)and m*,.!(JL-1 v) • 
3 . 2 2 

The matr1x elements of the unitary representations are simul-

taneous eigenfunctions of the Casimir operators 
... 2 ... 2 ...... 

'j2 ,.L(M -N +2iMN) 
4 . 

' ... 2 1 ... 2 ... 2 ....... 
and K =r<M -N -2tMN): 
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I 
J2Tll,* )(q,,O,l/1 >= J(J+OT .JJ: * 

mnt*; nn* mm ; nn 

(2.6) 

'K 2 T JJ* (cp,O,l/1 )=j*(j*+l)T ll* 
mm*,nn* mm*;nn* .. . 

By virtue of (2.2) the cfo and 1/J dependence of T separates: 

* -l(mcp+m*cp*+n 1/l+n*I/J*"> 
T 

.ll . 
=e 

JJ*· 
R ... 

mm*;nn* 
( cos () • cos 8* ) . 

· ... nim*;nn* 

Write j in the form j = ; (j 
0
-l+iu) Where j 

0 
and u. are real for the 

principal series. Then a detailed investigation shows/
2

/ that 

Eqs. (2 •. 6) have·a regular solution if and only if j 
0 

takes integer or 

half-integer). values. It has the form 

ll*. . ( Nl. R z ,z*)=------------~m~n ____ __ 
mm*;nn* 

(P*Q-PQ*) (2.7) 
4 i y sin rr ( 111-n ) sin TT (m *- n * ) 

N
l ··sinrr(j-n)sinrr(j*-n*) ~ 

= [ -------- j. 
mn sin rr, ( j-m ).sin TT (j *..:.. m *) 

· Here P is the f?miliar . d -function: 

.)11-n ·'m+n 
. J j l -2- l+Z -2- . 1- :i: 
P=P (z)=n (~Z) (-) F(-j+.m,j+m+l,m-n+l;--) 

. mn m,n 2 · 2 -- · 2 (2.8) 

n 
l r{j+m+ l) r (j-n+ l) ~ 

L------. ---::---J ' z. =cos(). 
mn r(m-n+l) r (j +n+l) r (j- m + l) 

Q is the d -function of the second kind,· namely 
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n-m n+m 
. (·:.... > . -2- .-2- · · · I...:.z · 

Q=Q! = ~~n l ( 1-z ) (l±.z:) F(-j+n,j+n+l;n-m+l;-,--). (2,9). 
mn • (• ) "nm 2 2 2 

SID71' J-D · 

Eqs. (2,7), (2,8), (2.9) are valid for 

is trivial/2
/. 

Re (m ±,n) ?. 0 • · The generalization 

for arbitrary m , n. 
T ll-"' 

lation~ (~i./2~. 
functions satisfy or:fhogonality and completeness re-: 

The normalized spherical functions are 

ll*-1 ' . . ' 
f (0,¢)= [(2j+l)(2j*+1) 

mm* s·~r 2 

~ l(m¢+m*¢*>. R ll*. (cosO, cos,O*). 
e mm*; 00 . , ·. 

(2.10) 

3. Two-Particle StateE; _ arid the Complex Sphere 

Consider ·the momentum eigenstate of·two spin-zero particles: 

'-I m , m ; P. , P. > • It can be produced by a Lorentz transformation 
, I · 2 (I) ~2) • ' ' . 

from a standard system, where the three-momenta directed along z- .· 

-axis and their absolute values have a given. ratio 8 , i.e. where p 
. '' (I) 

and P <2 > 

0 
P =(E 
(I) 

have the components= 

,O,O,P ), 0
p =(E ,O,O,P ) 

I (2) 2 2 

. PI . 
with-· =-8 

p2 
(3,1) 

E.g. for the equal velo~ity frame 8 =m I m for the centre-of-mass' 
. I 2 

frame 8 = · 1 etc, . 
E A and p A ( A = 1, 2- ) can be expressed in terms of in-

variants as: 

E - 1 ( 2 A - --=-· m + P p 8 ) P yD A (I) (2) I I 

sa s --,P =--vrr 2 vrr. (3.2) 

with 
D=m 2 +m28 2 +2p p 8 

I 2 ' (1) (2)· 

s is given by eq, (3.8). 

10 



The standarc;!. frame has been fixed by the value of 8 ·' • Its 

relation to the boost angle X 
0 

· which connects the standard . and 

centre-of-mass frames is: 
• I ~ • 

p 
<- .. I u=--. , .. 

0 
S + sh X ( m2 + p p ) 

I · (I) (2) 
(3.3) 

S- sh ~ (m2 + p p 
2 (I) (2) 

in view. of (2.3) an arbitrary state •I p ·, p '> can be produced 
. (I) (2) . 

from the standard frame as follows. At first we boost along z -axis 

. by an: ~ngle X'"' lm 1/J. (Spatial rotation. about z -axis by an angle 
0 . 0 

is unnecessary since it leaves unaltered p (I) and p (2) 

'\11/ard~ we perf_orm two subsequ~rit complex rotations by 

and ¢ • · 'l'hus. we have 
' 

o' o 
1 p , p > = c < ¢ ) c < e ) c < x ) 1 P , P ·> • 

(1) . (2) 3 . 2 3 (I) . ( 2) 

). After

angles e 

(3.4) 

Using the matrix elements of the 4x4 representation listed in 

Appendix we obtain the parametrization of the two momenta defined 

by (3.4): 

0 
· p = ( ch ¢ ch e ch X + sh ¢ cos e sh X) E - ( ch ¢ ch 0 sh X+ sh ¢ cos e ch X ) P 

A 2 2 2· I A 2 2 2 I A 

I 
P - (sin¢ 

1
sh0

2
chx.- c~s¢ sine shx)E +(cos¢ sinO chx -sin¢ shO shx )P 

·A- o •I I A I I · I 2 A 
I 

(3.5) 
2 . 

p =-(cos¢ shO chx +sin.¢ sinO shx)E +(cos¢ shO shx +sin¢ -sin.e chx)P 
·A . . I 2 , I -1 • A I 2 • I . I A 

. 3 
p =-(sh¢ ch e ch X +ch¢ cosO shx )E · + (sh¢ chO shx + ch¢. cosO chx) P 

A : . 2 2 . _. 2 I A· 2 2 · · 2 I A 

) ' 

~ (A=-1,2). 
'I 
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Let us form now· an atisymmetric tens·or from 'the two momenta. 

p.v p.VKA 
s = f 

·(1) ·(2) 

p K p A 

• 

by .eq. (1,5) the corresponding complex vector is= 

... s ... 0... ..... 0 ... • ... ... 
= PO> p (2) -p (2)p(l) -I p (l)x P (2) • 

(3.6) 

(3. 7) . 

It has only one (real) invariant, the radius of the complex sphere 

. ·2 ...... 2 2 2 1 2 2 
S = S =p p -m m;, -

4 
[s-(m

1
+m

2
) J[s-(m 

1
-m

2
) 1. 

· (1) (2) I 2 ' 
(3.8) 

where 
2 

s = ( p + p ). 
(I) (2) 

(In what follows, it is supposed that S 2 f, 0 • Though the singUiarS2=0 

case is . simple-, it reqt;tires a particular treatment therefore it will be, 

discussed elsewhere). 

Under .simultaneous. Lorentz transformations (cf. Appendix) of the 

'two momenta., S transforms simply by the familiar rotation matrix 

-sin¢ sint/1+ cosOcosc;bcost,Y ·-;-sin¢·cost/J- cos·Ocosc;bsint,Y ·sinO cos¢' 

cos¢ sin t,Y +cosO sin¢ c~st,Y cos¢ cos·t/1·-cosOsincp.sin t,Y sinO sin¢ I (3.9) 

-sinO cost,{! ·sinO·sint,Y cos·O 

It is obvious that in the standard frame S : lies at the north· 
... 0 

pole of the complex sphere S2+S2 +S2 =52 
I 2 3 

, i,e. here S • s =(0,0, ~ ), 

Under a rotation about' z -axis and a boost along z -axis ~ re-

maines unaltered so it has the little ·group S0(2,C) = S0(2) x SO (1, I.). 

As it was · mentioned a rotation about z .:..axis is · irrelevent since the 

momenta. are unaffected by this .transformation as well. The boost . 

by an angle x along z -axis leaves ~ lXlaltered and the sub-

12 



[ 
I 
I 
I 
I, 

sequent Lorentz transformations C 2 ( 0) , ,C~ ( ¢ ) 

eq, (3.4) translate it to a . position S where 

as .·indicated in 

.-
S =S~inOcos¢, S ;,Ssin8sin¢, S =Scos8. · 

1 , 2 . · .a .. (3.10) 

0 ' 0 
, Since by the Eq. (3,8) ·the components of p 1 and· p 2 can be simply 

expressed in terms of the invariant s , and alternative label of the 

state IP ,p ·> = C (¢ )C (8 )C <x>l3 3 >is given by 
( I) (2) 3 2 3 · I 2 

-> 

I P p >=·Is • x >=Is , n .x >, (3.11) 
(I) (2) · 

... 
where ·~ is. a complex unit vector in the direction of S 

By means of eqs, (3.2) ,(3,5) we get the invariant two-particle 

volume element in .the form 
da da . 2 - , 

p(l) p (2) s l 
---- =----dsdndx =-SdsdOdx 

0 0 . 2 2 
P<O, P<2> Y.m2

1
m:f+S 

(3.12) 

with 

d0=sin8sin8*d8 .dO d¢ d¢ . 
. .1 2 I 2 (3.13) 

Thus the integration over· the momentum space can be decomposed 

as integrations over the boost angle X over the surface of the 

comple!X sphere and finally over the radius. It has been shown 

in/2/ that d 0 is just the invariant measure on the complex sphere, 

Using (3,12) we obtain the normalization of states in the form: 

· . 6'1jm2 \S 2 · 
<S';~'.x'•IS,ii,x>= 4(277) '1112 a (S'-S)o(n'-n)o(x'-x). 

S2 

Normalization on the s scale .yields: 

<s',ii',x~ls,n,x >=8(27T) 6 LB(s.'-s)o (n'-n)o(x'-x ), 
s 

(3.14) 

(3,15) 

where 8 (ii.,_-;) is the delta-function on the complex sphere, namely 

13 
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8(it'-n )=8(¢;-¢
1
)8 (¢;-¢ 2 )8(cosO~cosO~- cos01 cos02)8(sinO~shO~- · (3.16) .. 

- siriO she ) ·. 
1 2 

In terms of momenta, normalizations t3.14),,t3~15) correspo~d to the 

following convention of normalization of two-particle . states' 

< p 'p ' I p p > = (2 "> 6 
2 p 0 2 p o 8 <"P , - -p ) 8 <p+,- p+ ). 

1 2 1 2 (1) (2) 1 1 2 2 (3~17)' 
' 

4. Two Particle Spherical Functions 

In what follows we fix th~ 'total centre-of-mass energy and so 

the label S is supressed. If in addition one separates · the boost • 

single x and uses the standard system (3.1) the function<nl j;m>, 

can be identified with the spherical function (2.10) that is 

JJ* (2j+1)(2j*.+ 1) % l(mc/>~m'\6"'> u* 
<ii'l jm > ""f (O,O*)=l J e R (cosO,cosO*). 

mm* 8rr 2 mm*;oo (4.1) 

It transforms according to irreducible unitary representations of ·the 

Lorentz group and satisfies the orthogonality and completeness re

lations 

f dQ < j 'm 'I;>< i: I j m >=8 8 (a'- a )8 , 8 ( v '- v ) 
· l~l 0 · flfl. 

(4.2). ' 

(a, a'~ 0) 

::£ ~ · j da {' dv <it' I jm><jmf'n>=8 (n'-it), (4.3) 

fl=-O<J i 0 =-O<l 0 

where 

. 1 (' 1 . ) 1 ( . ') J=-J- +la.,m=-fl+IV, 
2 0 2 

j and fl take integel' values,· while a and v continuous. dO 
0 

is given by Eq. (3.13). 
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APPENDIX 

A contravariant four-vector transforms as X , fl. =Lfl. X v 
v 

0 

elements Liiv can be 

(2.3) as follows: x/ 

' 
expressed in terms of -complex Euler 

ch¢
2

ch(J cht,/1 +sh¢ cos(} sht/1 
2 2 2 I 2 

L 1= sh¢2 sin0 1cost,/11 -ch¢2 sh(J 2 sint/11 

I . 
L 1= cos¢ cos(} cost/! -sin¢ ch(J sint/1 

. I I I I 2 I 

I 
.L 

2
=-cos¢ cos.(} ·sint/1 -.sin¢·ch(J cost/! 

I I I I 2 I 

I . , 
L =-sin¢ ·sh(J .sht,/1 +cos¢ ·sin(} cht,/1 

3 . I 2 ' 2 I I 2 

2 . 
L 0 =-cosrf>.sh(Jcht/1 -sin¢ sin(Jsht/1 

I 2 2 I 1 2 

2 
L = sin¢ cos(} cos t/1 + pos ¢ ch (} sint/1 

I I I I I 2 I 

x/ Matrix elements listed in rer/2/ correspond to another definition of 
complex Euler angles. 
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1. 

'' I 

2 

L =-sin¢ cos(} ,slnt/1 + cos¢ chO costfr 
2 I, 1 1 1 2 1 

2 
,L 3 = cos¢

1 
shO 

2 
sht/1 

2 
+sin¢ 

1 
sinO 

1 
cht/1 

2 

3 

L = - sh ¢ ch (} ch tjJ - ch¢ cosO sht/1 
2 I 2 

3 
L 

0 2 2 2 

1
= -ch¢

2 
sin0

1 
cos¢ 

1 
+sh¢ 2 sJJO~sintfr 1 

3 • 
L = ch ¢ si n (} sin t/1 + sh ¢ sh (} cos t/1 · 

2 2 I I 2 2 I 

3 
L = sh -1. ch (} sh tjJ + ch -1. cos (} ch t/1 • 

3' .'f' 2 2 , 2 · 'f' 2 I 2 
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