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An· exact static spherically symmetrical solution of ·the- Einstein 

equations, :when a gravitational and a massless scalar field with. a 

point source are present, was obtained by Fisher in 1948/1/., 

., For the Einstein equations. G v ·=8rrt<T v ( K. ·is the gravitation 
. ~- ~ 

consti:mt) the. material tensor of. the massless scalar field is 

tv =-.1.....v vv v ·v +-1-a 11
V vv av 

so ll . . 4rr . ~ . 8 " ~ a 

and the scalar field . equation is of the form 

If the metric is 

ds 2 
;,. __ eA d~ 2 -r 2{d 0 2 + sin28 d¢ ,2 ] +·e v dt ~ 

A,A(r), V=v(r), c=l, 

· v-.A 
and a function Z (r .) := r exp (---.--) is introduced, the: Einstein equati:-

. 2 
ons yields 

r 
2 

Z 
2 

Z " "' K 'G 2 Z ' , 

' here G · is the integration constant 
A:..v which gives V '= -G r- 2exp( ) 

2 

(2) 

of >the scaJar · field equation, 

the prime denotes _j_ • The .• . C(J r 

equation (2) can be integrated under the Galilean condition at the 
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space infinity .(ev ct1;e~ .. -ol· ). 
.. ~ . ~ . " ~ . . i 

and the conditiC!n for fue. cqrres-
•,, 

pbndence with 'the Newton"ian. approximation: ·' 

' ~ 

2JCm 
v -1- ·--+ .. ; e -:- " r "" " a~ fc>oo, (3)' 

.. _Lef ~·.note that in ~rtue 'or (3) the total mass m and (once ... .: 

more) ,the grav,itaticma:l constant JC · are introduced to the ~olution •. , 
The result of integration ·is of . the form 

here 

. . ·. 1-'P 1~p . 
(Z~Z 0 ) (Z+·Z

1
) =r 2, 

·. 

Km 
p~ -.---_, 

I 1(2~~~~~-;;-i2' 

-· 

z . 
0,1 

·. 1 
:l!K m(-- 1). 

p + 

j4): .. 

Na'w the ,limit ·as · 1< '"' 0 .. can be· reached without any di~ficulty: p -+0 , . . : . . ' . . 
2 " 2 z /t "·->1 ; With the help of equations Z . .:. 0 -and · consequently, 

0 '1. . 
· 11 : ZZ ' · ,\ · rZ ' · · . e _=:....,;..,;.,;·- and e .,. __ . -we deduce ev ctl 

" ,\ . 
e -> 1 • r Z .. 

That is, .. the. space...:time goes over into the flat Galilean one. 

It is the most natural result when no grc5.Vitation . ' "is::;preserit: 

" In the. paper/2/ of ;anis, Newrn~ri and Winicour p. ."solution is 

given Whi~h\:oincides with Fish~r;s ~me up to ~oo~in.ite 'tm~s~o~~a:
tion from-.r to Z(r) • [The last is denoted by JNW as R(r)] 

However they neglect ~e. ~ondition fa~ the cor~espondence with the 

Newtonian app~6ximation _taking _the integration consta~i r0 =· i~ .. in~te~ 
· 1 I · · 41C G 2 · ' · . • · · · 

ad Qf 2 K m and obtain ll a -= V 1 + · . . in5tmd of /l _Q.: _ _-' 
P " -2 . " v + 2 • 

r 0 · · K m. 

!:::>o they arrived at the incorrect conclusion that the sol'utlon 

has. an e:S!ie'nti~l s'ingUiarlty ~en ./( ~ 0. x/~ 

__ xf_ This ,an<;!. foll()wing remark conGei"n also. the recent work of Oeser 
and Higbie/3/. · .. 

·; 

' ~-! . 

4 

·~ .. 

~. 

':' . 

I 
; 

1. 
i 
l 

'}, 

;~· .. '·l'i.l' . .''· 

I 

l 'I 
(· 
\ 

' 

.. ( 
,·,: 

f. 
1. 

\I.' 
t~: 
. ! 

·· .. 

-' 

-. .. .. ::. .. 

~--~"'. 
,· .. J ~ -

::.Now let us' corisider."the .lir~it ~en G '"'0: and 

"disappeci.~~~ It ~ould-~eem th~t We·mJ~t cibtain.-U~~ 
~ol~t(on. ~n this- li.mit. I:Ioweve~, ·this tr~!15ition is'--~~ 
in the rieighbourhoocf of the· origin ·h·=o) . / Nea~ · th 

· lutio~·-{4)'~ ~ari b~~- e¥Pandect 'in the":tor~··· 0;. <> 

. ·.. .> . . . . .·.: P:f:1 -~. :··· •. ~ +1,>-2~~-- ~~+a.: .· 

(z ··z ) ( 2JCm ). _ 1 ,1-p· ._.P. _. c·. ). p-1 .. - = ---· P_ r +- --· r· .. 
' 0 p -p-~:-p.;•:" -

-:::; •• , ~: ....... , .... ; j; :>'ir--

"It 'is clear, that there is an essential singularity: as 

··-But. it i~ b.1so. c;bvious, that the :origin' is .·a "siJ:~gwar· 
lution and it. is···uke a critical algebraical point. (Thi! 

c~~idered :some tirr;e~ ago·. by Markov' ~nd · the --a:utr. 
shown t~at it -preve.nts frorri the 'c~rlst~ctiori of the 

at. ieast tin 'the phenomenoiogiCal; pr'~~~u're ·is' intrc 

·.A.t. the same time,' the point· r o: <>o is· n~t .si~g1 

the Eq.~ (2). i~ te~~s of.y;,.~·, x=',} has the form 
r . r 

_ . , . ic G~ 
y .=(-x y +y )---.--• 

XX .> X y 2 

: ' ~· .. 

•'' 

iftlie·'b~undary c::;;nciitions (3) are' fulfilled, that is y 

the P_<?int x= o is ordinary and the saiuti~n is anc: 

<;·. ~ cauchy's the;~effi/61).'1VIor~over, the ·limits ··as I( 

- c:=a~ • qe. rEi~ched he~e. without. difficulty. This i~ : ;,~E 
expansiqn 

.. · ~~ 

Z _ . 2Km- . i<G 2
' 2 1< 2~G 2 . 

-=1;....--.-+---+- + .. ; rc>"oo·, 
.r r· -2r2 3 r?· · ·.· 

>·· 

Consequently· the exterior ."par!: of the .Fi~her's sol 

quite CC?rrect and unique. Usingj7). we obtain 

: 2Km 1 JC2 mG 2 

=1"-·"-+·- +···· 
r 3 r 3 · 

ev r _,. oo • 
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dition for the. bqrres:.. 

1. mass m and (once. 

:.tced to the. solution •.. 

any di~ficulty: · p ~o , . 
the help of ·equations 

,A~ 1' .' 
r." 

he flat Galilean one. 

on . · · is:;:preserit 

'inicour p. ·solution is . . . ~ . . 
coordinate 'transforma~ 

by JNW as R(r)] 

·respondence With: the 
- •'. .. ,._ . . . 

:cmstant r0 = 2m . inste:-

~t~d' of j 1+ -G 2 
: 

• . : ·, ·· . · K m_ 2 

;ton that the solution 

. ,. 

.recent work of DesE¥r 

... 
' .. 

<' 
'·' ... ... . . 

·.l 

....... -
... . ... ,I'. 

: . . Now let u~ c~risider~the -li~it when G ~ 0: and the scaia~- field. 

'~fsa~peci~~. ·n · v;quld- ;;eem "t~at ~ ~4~t ·6btairi: t~~ S~h~~~~i::iinct 
soluti_on in .this .limit. However,. this tra!lSition i~":r'Eiaily .~6~iJh.ique 

~ ' ·. ' ' ' .. ' . 
in the ,iie}ghbourhood of the origin' ·('f·;,oh_ /Near t~e/· .oi:-igln the ·so-: 

. ll.itio~:-(4)" cari be\ e~panded 'in the':tor~;· : ~ ::.:.. : .... , .·:..· 
' ·- . ' . ~~ ·' . 

. . ·' ,, . P;f: 1 . 2 . p +' 3 

(z.:..z )= ( 21<m) p-t r' 1.:.·1>·+ p+_l; (2Km) ~'71 .r .. t.:.p 

, o ... p ·. . . . .. . P:- ~; . P· :·' 

4 :·· •·' ,;_. 

.,II r·.: 

. (5): 

. It ·i~ clear, th<:t there is an essential singularity as G:~ 0 ~i.e. p "'1 ). 
· ... :But it is. also obvious, that the -~rigin' is ·a '".Singular' point'. bf .the so-· : 

. l~tion and it is.·li~e a critical a:lgebraical point.· (This si~guiarity was 

c~~ldered -~orne tffu~s· ago .. by Mark6v c;;_nd the ·auth6r/4 ,5/.-;'we have 

shown t~at .·it .. pre~e-ntS from the(c~ristn:.tctiori of .• the int~ribr' solution 

at ieast tin 'the':pheno.menoicigk:a.( p~~ssu're ·is' intrqduced). ·· · 

the 

·.At the saine ·time, the point r = ~ is· n~t .singUlar· one. Indeed, 

Eq.'(2)' i~ te~~s ;()r;..d..· x='·l· has the form 
· · r ·. r 

y 
XX 

. 2 

=(-x y' +y )~. 
X y2 

. . 

ifthe"boundary ~;;nditions (3) are' fulfilled, that is y'-+1 y 1 ·~·;.:2Km:, 
X 

the point x= 0 .· is ordinary and the solution is analytiC there ·(see. 

_<.;·~·, Ca~chy's theo~em/61). Moreover, the limits as i< ~ 0 or. as G-+ 0 . '--. . . 

. ·' ~-

can be· reiached here without. difficulty. This is seen also 'from the 

Z ~ '··· 2 - · · ~ G 2 · 
-=·l;_. Km +-· -··-+ 2 
.r· . r: 2r2 3 

r :....., Oo· • 

.. <?) -
'·· 

Consequently- the exterior .pari.: of the Fisher's solution is . f.ormally 

quite correct ~nd uri.ique. Using..(?). we obtain ... 

ev 1 
.. · 2Km .· 1 = ..:..··-+·-

r 3 

1<2 m G 2 .. · .. 
3. + ..• ; 

r 
r -+oo, 

(8). 

•,, f•' 

. .. 

-;. 



from where it follows, 

formula/7/ is used). 

that. the total mass ,is eq
1
ual to m (if Landau 

0 In ~p~rsi4,5/ ' some possibilities for the physical interpretation 

of gravitational,- scalar field solutions were considered. Ir1troducing, 

in addition, an electrostatic .. field and dust-like matter (without pressure) 

we obtained the complete solution ~thout singularities in r · • For in

stance, in this case it turns auf to be impossible to set the total mass 

zero. Indeed, it is seen from the expansion •· · • 

· v 2Km Kt2 . 
.•e ·=1-.-+--+ 

· r .. r .2 
... , f4oo, (9) 

that the Newtonian potentiaL changes his sign when m ... 0 ( t is the· 

electric charge). It can be .shown that the density of the proper mass 

becomes sim~taneously . negative in some region -of· "central body". 

The author . expresses his gratitude to Prof. M.A~ Markov for 

suggesting the problem and also L.G. Zastavenko and V.K. Mel'nikoV 

for consultations. 
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