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After having established dispersion relations/
1

•
2

/ an important 

factor of the development of strc1g interaction theory was the Man

delstam hypothesis on the existence of a unique analytic functidn 

of the variables s , t and u which coincides in the physical 

domains of these variables with the scattering amplitudes of the 

appropriate channels. Another important factor was the postulate on 

the Regge behaviour of scattering amplitudes, which essentially re

duces to a dynamical requirement that the bound states in the t -

channel should define the asymptotic behaviour of the amplitude at 

high energies in the s -channel. 

The use of the analyticity and of the assumption about the 

Regge behaviour of the amplitude leads to finite energy sum rules which 

establish an integral connection between the imaginary part of the 

scattering amplitude at low and medium energies a.nd the Regge 

pole parameters defining the high-energy behaviour of the scattering 

amplitude/3- 5 /. 
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The analysis of the finite-energy sum rules (F'ESR) has shown 

that in a number of cases the integ~p.ls of the imaginary parts of 

the scattering amplitudes are saturated Wil'l the contributions of the 

resonance states 'in the s -channel, This fact has led to the 

appearance of the notion of the so-called global duality: the integ

ral of the sum of the resonances in the s -channel is equal to the 

integral of the sum of the Regge poles in the t -channel. 

A next step was the introduction of the principle of local 

duality according to which the scattering amplitude is defined in an 

alternative manner either by the sum of the resonances in the l'j -

channel, or by the sum of the Regge poles in the t -channels. 

Veneziano/
6

/ has suggested a model of the scattering amplitu

de having a Regge behaviour in all the channels and satisfying 

the requirement of crossing symmetry and the principle of local 

duality. However, we note that the amplitudes in the Venziano model 

and in its various generalizations/?-gj do not obey unitarity and 

have wrong analytic properties./10/, 

In this paper we study this problem using an auxiliary in

tegral parametric representation for scattering amplitudes which 

obey unsubtracted dispersion relations/11/. 

We shall show on a simple example in perturbation theory that 

this representation might be useful in the study of asymptqtic be

haviour and the problem of expandability of scattering amplitudes 

in the Euler beta functions, Then, using F'ESR we give a possible 

formulation of the principle of "local duality" and show that dual 

amplitude defined in such a way can be expanded in general case 

in a discrete and a continuous series of Veneziano terms, 

F'or the crossing symmetric amplitude and linear Regge tra

jectories the generalized Veneziano representation can be written 

in the following form : 
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II 
'I It 

I 

I 
l 

II 

... 
F(s,t)• fp (z)B(z- a(s); z-a(t)), 

0 
(1) 

where a distribution function P (z) consists of a discret.e sum of 

the terms 8 ( z- n) and a continuous part at .z ~ z 0 • a ( s 
0
.), 

where s 0 is a threshold singularity. 

ConsiQer some invariant amplitude T(s, t) .: : 

T ( s, t) • F ( s, t) ±. .F ( n, t) , (2) 

where F ( s, t) . i$ analytic in the complex s -plane with the cut 

at s >...;s
0 

and obeys unsub~ted dispersion relations 

1 "" Ia F ( s ',t) 
F(s,t)• -I----.-- ds'. 

11 8 o s '-a 

Using the evident lde!ltit.Y 

l t -1 + & 

-· [ dxx a o 
Re~> 0 

(3) 

(4) 

we get the following integral parametric representation for the a~ 

plitude F( s, t) x{._ 

1 -1-s 
F(s, t) • I dxx Hx, t) 

0 
(5) s<s 

0 

where 

I "" " f(x,t) ·-fds x laF (s,t). 
" "a 

(6) 

One can see that the eq. ( 6) defines an analytic function of the 

variable x inside the circle I xl < l with the cut at -l< x ~ 0 

X/ Obviously, the representation ( 5) determines the amplitude ( 3) in the 
half-plane Re(s-sa )<0 • In the region Re(s-so)=t.O the amplitudeF(a_1) 
can be determined by means of an analytic continuation. 
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For amplitudes F( s, t) which decrease more slowly than 1/s 
• 

the function f ( x, t) will have singularities at x=1 due to the diver-

gence of the integral in eq. ( 6). 

On the other hand it is easy to see that the asymptotic be

haviour of F(s.,t) at s-+-oc is determined by the behaviour of th~ 

function f( x , t ) near the point x = 1 • 

Now we make use of perturbation theory to get an information 

about the behaviour of the function f( x , t) near x = 1 

Consider the asymptotic behaviour of the ladder type diag

rams/12,13/ 

2 2 
F (s,t) ... -..L..l..[g <1.(t) fn(-s)] n, 

n s-+-oc ·s nl (7) 

where 

{8) 

As is well known the sum of the terms {7) gives the asymptotic 

Regge behaviour 

F ( ) 2 ( ) a (t) 
s, t -+ g -s , (9) 

s-+-oo 

where 

(10) 

However, in doing so we lose the poles of the Regge residue at 

the points where a ( t ) = zero of positive integer which should appe

ar in the thrue R egge-pole term. 

We shall use the method of summation of p~rturbation theory 

expansion for spectral functions rather than for the Green fun-

ctions itself. Such a method was suggested for the investigation of 

the photon Green function in quantum electrodynamicJ
14

/, 
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So we shall 'consider that the asxmptotic of the ladder diag

rams determines the main singularities Of the function f (X, l ) at 

the point x • l 

Finding the asymptotic of lm F n (•s, t) from eq. (7). and 

using formula ( 6) we get near the point x • l 

fn(x,d=g 2 ~[~g 2 ~(tHn (1-x)]n. (11) 
n. 

Taking the sum of the terms (11) we find at x"' l 

2 -1-a(t) 
f( x, t) •g 0- x) (12) 

Substituting eq. (12) In formula (5) we obtain just the expression 

for the Euler beta function 

1 -1-a(.t) r(-8)f(-a(L)] 
F( s 't)- g)' d X X -• .. tl- X) ., 2----·---

r[-8-a(t)] 
(13) 

The asymptotic form of eq. (13) is as follows 

F(s,t) ... g2r[-a(t)] (-8 ·) aCt> (14) 
a .... oo 

which possesses the poles at the points where a ( t) • .zero or po

sitive integer. 

However, the expression (13) is meromorphic function of 8 

whereas we have assumed the amplitude F( s, t) to be an analytic 

function of 8 in the complex plane with the cut at 8 ~ 8 0 • The 

contradiction is due to the fact that eq. (12. ) gives the right be-

haviour of the function r (x' l ) only at .the point x .,. 1 and in par-

ticular is incorrect near the point x = 0 • 
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The behaviour of f ( x, t) near x=O is determined by the struc

ture of nearby singularities of the am?litude F( s, t) • Below we 

shall use FESR to study the properties of the function Hs, t) 

Using the Cauchy theorem for the function 'I' ( z) = xz F ( z, t ) 

one can get 

R 
l B l Z 

f ( x, t ) "" - f ds x Im F ( s, f) =- - J d z x F ( z, t ), 
R 1T "O 2rri CR 

where C R is a big circle of radius R 

Obviously 

f(x,t)= fim fR(x,t). 
R -+oo 

(15) 

(16) 

As one can see from eq. ( 15) the function f ( x , t) is determined 
.R 

either by an imaginary part of .F(s, t) on the real axis ot by an 

asymptotic behaviour of F ( s, t ) on the big circle C R in the 

complex s - plane. 

Usually in studying FESR one considers the model in which 

the scattering amplitude is determined on the real axis by an asym

ptotic sum of the equidistant poles 

F(s,t)= I g (t) .::..1--
n..o n .n.+ s -s 

s -real (17) 
p 

and has an asymptotic behaviour, which can be represented by an 

infinite sum of Regge polesx/ 

x/ Obviously, one should consider the asymptotic behaviour (18) 
to be valid outside of some sector I args I< t inside of which on 
the real axis there appear the poles of eq. (17). 

8 



oo a'(t)- n 

F(s,t) ->- If3 (t)r[n-a(t)]( ..... s) 
Is 1-:+oo n~o n (18) 

Substituting eqs. (17) and (18) in formula (15) and going to the limit 

· R .... oo we find that f( x , t) can be represented in alternative may 

be 
00 B +n 

p 
f (x , t ) .. I g ( t ) x 

n=O n (19) 

or 

oo -1-a(t")·+n 
f(x,t) .. I f3 (t){l-x) 

n=O n 
(20) 

The expressions (19) and (20) allow one to give the following pos

sible formulation of the 'A'inciple of local duality: the function f~ t) 

is completely determir;ed either by its expansion at the point x -0 

or by its expansion at the point x = I 

One can see that for the case considered above the main sin

gularities of f(x, t ) at the points x = 0 and x .. I are factorized, i.e. 

.. - 1- a (t) 
f ( X· 1 t ) = X p {I- X ) IIJ (x 

1 
t ) ; 

where Ill ( x, t ) is a regular function in the interval. Decompose 

Ill ( x, t ) on two parts by 

Ill ( x, t) .. A (x, t ) + (l- 2 x ) B ( x , t ) , 

(21) 

(22) 

where A ( s, t ) and B(s, t) are regular and symmetric under substi-

tutions X -> (I- x) 
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Using expansions-__o!A(x, t) aryJ B( x, t) in powers of x (1-x) 

00 

A ( x, t) • I a { x (1 .... x)] n 
n..O n 

(23a) 

8(x,d• I b [x(1-x)] n 
....0 n 

(23b) 

we obtain the expansion of the amplitude F ( 8 , t ) in the Euler beta 

functions: 

00 

F (8 , t ) • I a ~ t) B ( n + 8 - 8 ; :it- a ( t)) + 
n..O n p (24) 

00 

+lib (t){B[at.-8 -8;n +1-a(t)] -B{n+8 +1-8;n-a (t)]] . .-o n P ~' 

For the linear Regge trajectory with the unite slope i.e. 

a ( t). a +t we can construct using eq •. (24) an amplitude with a 
0 

definite symmetry under crossing 8 .... t 

In particular case, when 

j -a~8 )•a +8 .. o. 
min p 0 p 

(25) 

and the coefficients a (t) 
n 

and b (t) do not depend on t 
n 

we 

get the following Veneziano type representations: 

00 

F ( 8, t) • I a B ( n - a (t}; n - a { 8)) (26a) 
n..O n 

and 
00 r ( B- a (8)) r ( D- a (t)) 

F(8,t)• :Ib {a(8)-a(t)l-,--------
n..O n r ( 2 n + 1- a ( 8 )- a (l )) 

(26b) 
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' 

/15,16/ 
for cros~ing symmetric· and crossing antisymmetric amplitu-

; 
des, respectively. 

Suppose now, that F ( s , t) has a cut in the compJex 

ne with an expansion on the threshold given by 

s -pla-

00 

lm F ( s , t ) "' I c ( t ) ( s - s 
n20 n 0 

) 
1/2 +n 

(27) 
.s ~a 0 

In this case a crossing symmetric amplitude can be constructed 

under the condition that in asymptotic there presents the contribu

tion of a Regge cut: 

F ( s, t) "'(- s ) 
cot 

l "1-+ "" 

a '(t) -3/2- n 
I d (t)Un (-s)] 
n::O n 

The correspor.ding behaviour of the function f (s, t) 

(28) 

near the 
) 

r points X .. 0 and X "' I is as follows: 

and 

-3/2- n "o 
f(x, t),.x I g (t)[ -fn x (1-x)] 

n 
X"' 0 

-1-a '(t) "" 

f(x, t) =(1-x) I TJ 
n::O 

X"' 1 
n 

-3/ 2-n 
(t)[- fn x(l-x)] . 

(29) 

(30) 

One can construct the function f (x, t) of this type with fac

torizing main singularities in accordance with the principle of lo

cal duality in the form 

-t-a' (t ) 

f(x,t),x
80

(1-x) 
oo -3/2-n 
I ( (t) [ -fn x{l-x)] 
n~ n 

11 
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i~ 
' 

Substituting eq. (31) in the formula (5) and using the identity 

l 
-a/3-n I oo l/~+n A 

[-fax(l-:~dl ·---fdAA [x(l .... x)] (32) 
T(3/2+a) 0 

we find the following continuous series in the Euler beta functions : 

F ( s, t) "'f d A 'I' (A-, t ) B (A+ s 
0 
-s ; A -·a '( t.)) , 

0 

where 

n..O r (3/2 +a) 

In particular case when the position of the Regge cut a ' ( t ) 

(33) 

(34) 

is a linear function of t with unite slope arrl a' ( s J • 0 arrl when 

the function p ( z ) "' 'I' (z - s 
0 

, t ) does not depend on t we get 

the following generalized Veneziano representation for crossing 

symmetric amplitude: 

F(s,t) .. fdzp(z)B{z-a(s);z -a(t)), 
zo 

(35) 

where z 
0
za(sJ 

The discrete sum of the beta functions (26a) can be included in 

the representation (35) if one adds to the distribution function:p(z) 

the sum I. a n &~z-n) 

Notice that the finite widths of resonances can be taken into 

account in eq. (35) by substitution of a discontinuity of the Breit

Wigner pole instead of the term B(z-a) in the distribution function 

p( z) • 

Thus the representations of type (33) arrl (35) might be use

ful in studying of the unitarity problem in the Veneziano model. 
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