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1. Introduction 

At pres.ent the eikonal repres.ent<;ttion for the elastic sc:attering 

amplitude attracts a . great attention by that it can ,be successfully 

used for the description of a large number e of exi>~riments on high 

energy particle scattering. ' . 

As. far as this representation has arised in the framework of 

.. non-relativistic quantum ~echanics/1,2/. a special basis of the eikonal 

·. or Glauber form of the scattering amplitude in· the· relatiVistic region 

·. was required. Among papers devoted to this problem we should men-

etiori the ones/3,4/ in which th:e validity ofth~· eiko~al 'repre~entation 
has· been proved in the lc;>West perturbation orders. In ~ecent ·paper/:,5,6/ 

using the Logunov-'I'~vkhelidze/71 quasipotential equation the authors 

have obtained a Glauber representation for high energy small-angle 

ha?rori scattering under the ·CC>ndition that the. local quasii)ot~ntialis 
smooth • 

. A great number of. articles/8-11/ has. b~eri devoted to the study 
• ' . • • • > • 

of the eikonal .approximation in quantum field theory models. 

In particular, 'in ref./9/ the eikonal representation 'for 'the· elastic 

scattering amplitude has -been derived in the scalar model f tnt = 

g: rp·~ (x)¢ (~):by tl'l~ .functional· integration method. The. account h~s 
been made of the s -channel ladder and cross~ladder graphs. ~thout . 

radiation corrections and nucleon closed loops, ·under the assumption 
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. of asymptotically high energi~s . 
fers · t 

S-+oo .and fixed momentum trans~ 
... 

· It is oC great interest t~ ~xplore Whethe~ it is possible to· re~ . 
. resent the inelastic scattering amplitudes ih the eik~na1 form in trie' 

domain ..!.... «:I ·· · • .. ··· 
s . - .. In y1e present . paper we consider the proces~.~s . of scalar. nu~.:. tp .. 

·.leon scattering with meson production. The case ·ofsingle particle- · 

production is studied in detail. 

· In. a certain ~egion of the produced particle ·momenta it turns 

out to be possible . to express the inelastic scattering amplitUde'.' . ' - . .-. 
in terms of the elastic scattering amplitude in th~. eikonal· for~. 

2. Inela~·tic . Scatterfng Amplitude 

tion 

The t~~.:.~·ucleon scattering. amplitude 

can b~ ·. ~ritte~ in the for._~i_12/ . 

.. 
with n .-meson prod~c-

. 4 . . . n . . . , 

(27T) a (p 1 + p 2 - q 1 - q 2 - ,:1 k I ) f( p 1 p 2 1 . q 1 q 2 Lk 1° ;. kn .>"" 
. . . 

. . ~ -=' ;..' . ..:. .,I.. ~ "': 
n · 8 ·. · . · :; · · . . 'f1 - . 't" -v= •·. "'f'. . .,.,-/, 'V , 

=lEi· S~(klT F (p1p2I q_1q·/!.¢2.>.1:¢=o . '. . ' . 
-~ ~ ~ • • • ' '-> 

(2.1)'" 

where t~e .gene~ating_ functional is ~xpressed i~ termS . . of single.:. It' 
· partic~e Gre.en. functions. of a .nucleon. in. the exter~l field G ( p q I¢). 

.. as follows •, 

•.... ,. 2 

..... . ' ' ~· 

F(p1p2lq1qJ¢i:f>J = 2 ~im_2·!l<Pe -m2)(q'{-m2).· 
· · -'· _<Pe·~e>:-m-~t . · ,. 

~ ' " 

., 

. . : :.'(2.2} ;" . 
. .. .. . 8 . ·.· . . . . . 8 . .. . . ,. ·• . . . . .': 
exp{ifd~ 1~y2 a¢(y1 J D(y.1 ~y 2 ~- 8 ¢(y) _.UG(p 1q~J_¢ ~)G(~ 2q;·;¢~1 '·.-~ ·.' 

. ... ~ .. 
J,•'w<' 

. 1 . : 2 2 . . i • • ·,· • 

. · ., .. . ,. 
-r:he .. Green.)unction < '. 1 ~ 

Jl' ·--

•' 
', -~ 

. .. . ·~ .. (2:3)' 
. : ' ·~ . 

: . . . . . . . . . .. ..:.,p:~·+fq y 

..... G (p q l¢:)_=f dx dy:e- •... ·,, . . ' . ~- . . . . . ~ ·. ' 
G(;cy\¢ > 

. .~ . 

· ... 
I,,· 

. ~ .~ ·~· .. •' 

; 
•;'·· 

. .. ~ .. .. · 
f,wo .\ ' ..... . ,, ·'4 

. • 
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is. ·found: from the Kieiri-Gordon ·equation in the external <field 

. 2 .. . . . 4 . 

. ~ (0-m +g¢)G(xy 1¢ )=~ (x-y). (2.4) 

a · . /13/ Wand can be Wr-itten as a fu:-!-:ti..mal integral 

· ·. · ·. · '1 . -·. l(p:_q)x 
4 

oo • 

G(pql¢) = fim · .f.dx.e f[B· v]
0 • . p2-+m 2 p 2-m2 ; 

. (.'\.../\-- (2.;5) 
00 e 

exp I j g f¢ [X+ 2 p e + 2 f v ( 71) d 71] dg I 
. . 0 0 . . 

where 

4 ·q v e 
(2.6) 

JB.4 v e 

Inserting (2.5) into (2.2) and excluding the terms corresponding 

. to unbound graphs and going to the mass shell, as has been done 

- in rer/
9

/ we get . . 

. . . . l(pCqr)xl+l(p2-q2)x2 

F{ p1p2 l q 1q 2 1 <Pi,¢ 2 ) = f dx 1 dx 
2

c D { x 1 ~ x 
2

) ,x 

·where 

- 00 • . ~. ~2 
x =·g

2 
f df1 de 2 D[x 1-x2 +a 1(e 1 ).;,.a:i(e

2 
)·tf·v

1
(71)d71-fv (7J)d7J] '(2.s) 

. ""'l" . . . . • . 0 . . 0 2 • 
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. We consider, .fqr exqmple, the :two-n~cleon·>.scattering a'mplitude with 

single meson .proquction 

; 4 ,.- - ., -.r-; .--.:-~' . .. 
(2 77·) 8( p 1 +'p 2 - q 1 - q ~- k ) f( p 

1
p 21 q 

1 
q J k) = 

.0:' :-\ l,; :•' ;_:' 

l(pi -ql)xl''+l(p2-q2)"2 ' . . . ·oo " oo . 

.,;Idx 1dx2 e _ · ···; 'iJ(if:.:.x)I[8t
1

J [9~v 2'-J.'"'''''<· .. 12 -oo -oo 

' .{1' , .. , ,·. ' -:. -
- . oo '-lk[a (() +2IIJ (7J)d·7J) , lkx 1 I I · 

0 
I · 

ig{e Id(e · 
. -oo. I 

}-!r~;;~~ 

(2.10) 
~: ' : ~: :,.·' 

,,. : -~ 
-~ -~ -··· ,, 

;' ~ 

. +' 

00 - ' ' -· k 2 .• " ' _,' ., ._ ': 

-lkx2 - lk [ ' (;. ) r ' +e fd ( e ~2 r,2 +26v2(7J)d7J] __ . 
-oo 2 I X 

.. ~!.! '' 

, .. 

-xjd.\.exp{i,\x(x-x ,·v ,v )I 
· . . 1 .2 I 2 

Making in (2~~0) the replacement of variables 

x =:x
1

' -x
2

. y:=x
1
+x 2 :., ... 

(2.11) 

a\. . 
u~ 

i-•'• . ·a\:_,. 
~ . • i. 

v (7J(-+ v (TJ)-k [8 (' -.r;) -8 _(-TJ)] 
I· .. I . :. , '· · · I -- . , · 

and integrating over · x we· obtain ;, 
.., ... ··:} 

. ' 

• . · . 4 oo' 
4 

· oo t'. 
f ( p p .I q q I k ) = f dx D( x) I [ 8 v 

1 
] [ 8 v 2 ] f d .\ 

!·.· • . l 2 . l . 2 : ·' , -oo · , • -oo o. · 

·_,I d::;ixp [-i(l' 2 7'"ciJ ~-i k~ 1(( /;~:.ik2,U:- 1,f+iAK.1 l_+ ·. -·· .<.2.12) 
, . . ' . ~ 

·:.+Id<." exp[i(~ 1 ..,..q 1 )'x:..ika~ <<: >-!-ik2 1' 1 ;i~~ ·n .-·· 
. 2 ' . . - 2. 2 2 2 •. 

;· .. 

where· 
.. ~ '- ··- "; 

1' 

1<1 =g
2 f d ~1 d.f 2 D{ x+a

1
{.f

1 
-a 2{.f

2
)+ 

-00 • '. ~; :-- ' \ . 

eft 6 (2.13) 

+Jv {7J)d7J -fv ·(71 )d.TJ +2k [min{ .f
1 
,(

1 
>:- min(O,e

1 
)]I 
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'' .. , ~- . 

,_ ~. ,• 6 

•, 

t 
'" li 
I, 



~~ 

.... :. 

') 

We do· not consider the second, part of the amplitude Vilh"ich. 

can be obtained by the replacement q
1
.-. _·q

2 
·; since" In ref./9/. it is 

shown t{lat, in )he, eikonal regicm i~ is noneS!;;Emtial • .: ... , 

• · . Usihg the· ~~thad '~uggest~d it' Is not difficuu·:·t9 derive the 
~{ .e n:,~n~cl_~~n -~~a~~e-~i~~ ~~~~itud~- .r1~~- ~r~~ct!qn '~~ t';'o _?r. mcire 

meson {see, AppE!_ndix}. , , . _, ·· ...... , . . ... , . 1 , _.. •• , 1 
" ••. 1 ~, .,•, •• ; .·~ •• ·;; ·-~·~,-~.-~ ~,.,. ·.' -j;. :•·, .r ~~-~- -;_ .. · . .{-'~: .-.~~i:! Jl.\ i , .·~\ .·,, • 

,,· • .,_,.·, • ·•· .J • P .f ·' J.L'fJ"; 1 ~· ... ·,' •· .. r·.~:;:;···:-, .·;· n. ·." ~·,:i; 11.~ i;;·•; .·· -t-

3, · Connectiot1 between Elastic ·.·aryd . Inelastic Scattering -· 
.. . .l\r;;piut:tct~s :a. riC!· the .. 'Eik60ai App~-~xi~~ti~ri· ·. . · ... 

. ;'·'· .• ~~ ( ,.,',, ·~· ~:· • d•''::·· •::?;.'~'1''.,\·w''•/ :.:~;,.:,~:-:< ·,•··t' ,; ~. . 
'·' 

In considering .the asympt.otic behaviour of the scattering am-: 

plitude' (2.12) we introduce the foilowing -~otati~ns. . ' 
' ' . ; ' . ~ . . . 

2 . 2 ' 2 
t= T = ( p - q - k) · =( q - p ) 
.. ; . , L. .1 :.. , . , ; 2. · 2_ 

s = (p + p . ) 2. ,, ( '., . '' . 
3.1) 1 :' :: . 

•• 1 1'• 
' .. • . 1 :. ' 2. . ·? 

.. ~-. .· 

' ••• > 

. In order to study. the· inelastic scattering 1 amplitt.i<=!e in 

eikonai approximation .first of all'we' consider the_ problem. of'fc:ctD_-:-'.; 

rization of the expression (2.12) at high energies and. fixed .. momen-

.. ·.· . 

li 
t~ ··· ,tum::transfer,s, namely, 'll!e consider the .<;:onditions.· on .. the components 

l ... of the meson momentum k· under which the elastic a/nd/inelastic 

\)·,. ·•· ~mplit~des a~e link~d by the following simple relation 14 , . 
p· ... 

r· 
f, 
'-I'' 
J 
l 
'~ 

f ·=g[--~-~ 
lnel . 2 k +" 2 . Pt 1 r 

__ I_ 2+.(p ->p ,,q .'.q )] fel ,· 
2q .k.-1-L. 1,_ 2 '1 2 

1 

. (3.2) 

Itis ~een.frorJ?. eqs~·(2.12)and(2.13) that i{ it is possible to•neglect. 

in the D -function a"rguments In (2.12) . the dependence on .the. terms, 
containing k ·2:ompared ·with-' the fe~~ .. conhlinln.§r ·p

1 
, p

2
'. ·., q 

1 
, q 

2 
; . 

. t~~r;t .t,J:,e in.te.g~.;ls oyer. ~ 1 ' .. a~d ~ i ·. a~e 'e~sily . tak~n and from. 

eq: ,(2._:1,2) )t· follows Imi,-;ediately (3.2). ~his . will be valid if. the fol-

lowing restrictions . on the c~mponent~ of the momentum· of a pro

duc~d me~o~. 

k 0 «v7 

7 

.·. 

···. 
..... •' 

"'. ' . ""1··.-



·where. 
... > ••• 

· .k~ =(kx ,"k ) 
y ' 

, ...... ·. 

are fulfilled since in ·c.m.s. 

p· ,. , q -v-;; 
p to. ' q· 10 ' P 20 ' q · :.:. .y;;-. and P , q ~, 

. 20 1z 1 z 

2z . 2z 

Now we pass to the conditions which make it. possible 'to' ob-
tain for f ef in eq. (3.2) an expression in the eikonal form~ It is 

known that in the case of elastic scattering k."' 0 for. s ... oo _and 

t -fixed the: transfer vector T = ( p 
1 

- ~:~ ) = ( q 
2

- p 
2 

) _·. is perpendicular 

to the initial ;norrienta and is of the form 

. . . t . ., . . . . 
T ;,(p -p )- +· T.L, ·where {TJ. p );,(TJ..P. )=0.". (3.4) 

2. 1 s l 2 

It is just because of this fact triC:t after ·having chosen the z -

axis as the direction of motion of colliding particles p 1 , p2 in 
I I : 

the. c~m.s. i~ is possible / 97 to reduce, the integral over d 4. x to the 

integral-· over the impact parameter d~ x J. in the . expression for the· 

.. scattering amplitude. In the case under consideration of meson pro-: 

duction in the two-nucleon collision the vector is determined by the 

formula· .(3.1) and can be, expanded in the ·initial. vectors p 
1 

and. p.
2 

ln a form analogous to (3.4): 

t 4{q.ik) 
T=(p -p )-..:.-

2 1 s 
s 

where 

P + TJ. .; 2 . 

.... 
(TJ. p 

1 
)= (TJ. p

2
) =fr, T J. =(o; TJ..' 0) 

. . , 

(3.5 ) 

Hence it is seen that · for s · ... oo · and t · -fixed the longitudinal 

component does not .vanish ·since,.(q k) increases with' increasing s.' 
. ( ) l ' . t q k ' t'' .. " . . ... . 

However, the · erm · 7 p 
2 

may be neglec ed provtded that k J. 

and k z obey the following restrictions 

IL ' I k l I « k .« v s z 

. i(3.6) 

since 

... 2 2 
(q k) kJ.+IL 

in this case --1
-· p - « I 

- S 20,z · kZ' 

8 

a\.;\ .. 
~/ 
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. 
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It"is''.natiral that if the"produced ·meson is ~ 'non~relati~isti~ 
~rtide··. 

,,, .. ,, .. 
~ • :" p ·~ • • ~ < 

. :~ , .... 
.... 

I k +I ; . k~ « Jl . · .... · . ... ·· 
(3. 7) ' 

.. ' eth~h: r~~ th~ ·.vector T the 

Foll.owing · paperl9/ u· 
' ·.· ' .. 

exp~~s~i·~;; (3~·4) holds as well·~ ' · 

is possible to 'obtai;; 'the: eikonal ~~pre-
sentation tor the ·elastic part ot the ·amplitude in \3.2) · when the con~ 

.~iticms' (3.3) ~nd (3.6) o~ (3.7) are satisfied~·;. 
Indeed, -for the obtained 'restrictioris on the . components' of. the . 

produced·· meson. momentuhi the expression . · (2.13) takes. the form · 

f(p p lq q lk)=¢ (k)f(p p lqq )=. 
1212, ,12.12,· 

' · . · · 4 oo 4 . oo 1 -I x' T = 2 ¢ ( k) f d x D (x) f [ 8 11 . ] • · [ 8 11 • ] · f d A e 
. . 1 -oo . 2 -"'? o (3.8) 

. The function f ( p p I q ·· q · ) coincides with ·the two-nucleon 
· 12 I 2 /i 'e scattering' amplitude for Which in ref. 9 the eikonal 'rep~esE:mtation. 

has been found 

-1) 
elk j s 2 

f ef.. (p1p21 q1'l 2).=eirn.:;----; f .d ;t if.> 
' ' • ' ' ' ( ... 0 ' (211) , .... , > '' 

, , '• • . ' • , , ~ • X .l ~( 

.c ·· • ·:. Thus;, for .th~_ .. proce'sse;, --~ith .produ~uo~ .~r· meso~ with m~:·-. 
me,nta res.tri~ted .~by the:· co;;d,itions (3.3) and (3.6) there' exists' the 

. . . . . ~ \ . . . ,., ' . ' ~ . 

following eikoriaJ representation' of the 'amplitude' ' ' 

;' .. 

.··~· 

.. .. ' \\ 
,:·.·I 
·~· ' . ,· . . . . . . ··, . ~ . 

' , ~ . 
' .. 

' ' 
; . 

A\ • ••• 

9 

(3.10)., 

.! . 

,··.· 

''. 



In. conclusion we would like fo note that ·'there is another pos

sibility .to represent the inelastic· process amplitUde in the factorized 

form (3;2), namely in the region of large k P1, 2-s ·and. k q 1 ,2 .,. s . · • 

In this case the main contribution ~o the integrals over '( 1 and(~ 

,·, 

will be given by small ( 
1 

... l. and ( -.l. and therefore the de- ~. 

pendence in the argument of
8 

the· D, ~fun~tions (2.l2) on ( 
1 

; and~ 
. , . 

. ( 2 may be· neglected. However to large. values of k p 1 2 and k q 1 . 2 . '· . ' 
·there correspond large values of T 2. · for which ·the eik anal form 

' .· 
of the scattering· amplitude i~ invalid. 

Taking ·the opportunity the. authors express theil;' deep. gratitude 

to N.N. Bogolubov,· V.A. Matveev, A.N. Tavkhelidze for useful dis-. 

cussions and valuable remarks. 

\ Appendix 

We write the nucleon scattering amplitude with. production of 

two mesons: 
1 00 

( 
4 00 4 00 

f ~ P .I q 
1
q I k

1
k ) == f dx D(x) f[8 v 1 ] [8 v2 ] f d.\ f d ( d( 

2 2 2 -oo _.,. 0 _ 00 1 2. 

.· . 

- ~ 

l 
~ 
\ 
I 

I 

~ 

I exp[-i~p2 -q2 -k
1 

)x +i k:l( 1 I+ ik:l (;1- ik ;a
1
((

1 
)-ik

2 
a

2
(( 

2
).+i.\¢ 

1
]+ {)

·-. 
I•'> 

. . . 

+ exp[ i( p 
1 
-q 

1 
- k

1
.)X +·ik

2

1
l (

2 
I + ik: I ( 

1 
I :.. ik 

1
a

2 
((

2 
)-ik

2 
a 

1 
( ( / + i>. '¢ 

2
] + 

+exp[-i(p -q h+.ik
2 1( l:+ik

2 1( l-ik'a (( ).:,;_ik .a (( )+ 
2 2 1 1 2 2. 1 1 1 2 1 2 -. 

2 . 2. 
+2k 1 k2 ® (( 1 ,( 2 )+i.\¢8 ]+ cxp [ i(p1 ~q 1 )x +ik 1 1(11 +ik 2 1(2 j.-· 

-·.ik2 a 2 ((2 )..;.ikp 2 ((1 )+2kik
2 
8((

1
, (

2 
)+i.\<iJ

4
]l. 1 : 

:1.0 
.\ 
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.K2":2ic 2 e(g1 , ~~ )-2k;~(g 2 , (
2

) 

.. -'~Ka~ 2(kl+k2>t1eC'-·e-~>+2kte(gt,·,/-2k:ae(g2, '~ > 

"' ' e (g.') .. min ( 0,' ).;..min(g ;() . ' 
. ~ : 
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