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Summary

A generalization of the well-known Tolman problem to the
case of an electrically charged dust-like matter of the central-sym-
metrical system is considered.

In Sec. I the first integrals of the appropriate system of
Einstein-Maxwell equations are found, ‘

In Sec., 2 the problem is formulated in such a special form
that when the total charge of the system tends to zero the closed
Friedmann world metrics arises, This system is considered at the,
initial moment, namely, at the moment of maximum expansion, For
a small charge the external and internal solutions are sewed
together, : :

For any arbitrary small electric charge the metrics is found
to be unclosed, The metrics of a near.Friedmann part of the
world ‘turns through a narrow throat (for a small charge)' into the
Nordstrém-Raissner metrics with parameters vk m p=¢€gq *

The, expression for the electric potential 'in the throat

] = -—\/2_- " is independent of- the .electric chjlge. “With increa-
K : ) e VK
sing charge the radius of the throat r,= ——%2 grows, The

state of the throat in classical description is essentially unstable
from the point of view of quantum physics. The production of
pairs of various kinds in large electric fields of the throat makes
the latter polarized up to an effective charge Z < 137, indepen-~
dently of the initial arbitrary large charge of a material system.

ISP S

1, Generalization of the Tolman Solution to the Case

of Electrically Charged Dust-Like Matter

The solution of the  Einstein equations for" the caé,e of
a central-symmetric gravitation field in the comoving coordinates
syst/im for dust-like matter (pressurep=0 ') was found by R,Tol-
man’ ',

For a number of problems it is interesting to generalize
the Tolman solution to the case of an electrically charged dust-
like ‘matter,

As is known, the closed Friedmann world is described by
particular solutions of the Tolman problem,

It is also known that for charged matter the world _rﬁe_trics
cannot be closed even in the case if the matter density exceeds.
the critical one.

The question arises as to how the closed Friedmann world
metrics is deformed under the.action of, e,g. weak perturbation
induced by an electric charge, The answer to this question must
be obtained by solving the system of the Einstein-Maxwell equa-

tions
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The detailed form of eq. (1) is
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arises as a result of solving the Maxwell equations under the

. . ign . 0
condition that the system is spherically symmetric. Here The point denotes the differentiation with respect to x., , the dash

is the differentiation with respect to 9 .
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In our case the comoving system 'is not synchronous:v4-0. From

(V) integrating over x° , we get the relation

A
::2 £ C(q)e 2 ,
04 1‘2
where
2 H
r = e
Eq. (VI) yields _
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r C(q)

. Eq. (IV) can be rewritten in the form
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Integrating eq. (10) over x° we get

v'r

-~ dx%+ln (1 £+ £),

']n(r')2 =A+

T

where f =f(q), 1+f>0.

Denoting by ¢ the expression
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eq. (11) can now be rewritten in the form
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The expression for ¢ can be obtained in the folléwing

way: Using (13) eq. (12) can be rewritten in the form of the in-

tegral equation for ¢
2ee’ e
S

C(q)\/1+f~ r

Hence for ¢ we get the differential equation
o) .
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ﬁ( 2ee’
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Inserting (17) into (13) 'we get
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Eq. (1) can be rewritten as

we get the relation
. ! 2 '
, - .o ) . . K e e )
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It is easy to check that A \ ‘Eq. (11) gives no new relations, it is a consequence of
2 -
. 1) ‘th ation d b S, -
e_)‘ (r'2+r'rv')z(1+f)(1—-—-——2-)’ ¢ equations use v '
r The first integrals of egs. (I) and (Ill) contain three
eV (2 r+ r.z— rrv) = -l_(e r2r ) T . _ » unknown functions
r .

0 .
Integrating (22) over X we obtain

f(q), m(q)
-v -2 2mlq) 1

and e(q). (27)
8°(141) . |
eV r%-0+ M 2( K4 e? — (+f ), (23) These functions concretize the problem - they must be given
r
r ¢ 4 , by initial conditions.

0 , ,
where m(q) is the integration constant over x° . Eq. Il should ‘ As the space-like hypersurface I which must specify initi
be rewritten as - g al conditions we choose the surface x%=0 . The relation
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inserting into the obtained expressions (21) and ( 23) and denoting

We choose as the 4 canonical coordinate the distance from the
, Ao, ) ‘
centre at the initial time moment (e 1), then the relation
(28) becomes the definition '
by '
2
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Further we specialize our problem mainly for the case in
which there arises a closed Friedmann world when the electric

charge of the system in question tends to zero,

2. Friedmann World Deformed by the Presence

of Electric Charge

a) Internal solution

In what follows we will try to specify the unknown func-
‘tions f(q) , m(q)and e(q) so that at e(q)-> 0 the closed Fried-
mann world metrics will be obtained. Sinae, in the closed world
the t.otaly electric charge is zver"o then it is clear‘a priori that the
metrics of the world under cqnsideration even for small electric
charge .must be incompletely closed and the Friedmann metrics
deformed by the charge must have outside matter a Nordstrdm—
Raissner "Aussenwelt". Our problem is to find, at least, particular
examples for which it is poésible to describe in a continious man-
ner all the space of such a world,

Thus, we expect that the internal solution close to the
Friedmann solution for the closed world must pass through the
throat to the well-known external Nordstrom-Raissner solution,

Therefore for the internal solution we try to formulate the
initial conditioﬁs (to the x°=0" moment of maximum expansion of
the s&rstem) are the closest to the Friedmann ones, A

Namely, let

1° for x°- 0 all the space belong to the R-domainlz/,

2° initial velocities of all the particle be =zero,

3° the energy density at the initial moment be rindependent‘

of gq

10

) v
T o+E)=¢ < const.

Below we will show that the*problem with such conditions in the
case of .electrically charged dust has a solution, i.e.. there exists
such a function C(q) or M(q) which is compatible with the given
conditions, ’

With thev given initial conditions eq. (29) is rewritten in the

form
(l" 2 r )r . ) !
1- - =8 K4 eorz. (31)
r [
Denote
8nk . B 3
c-T o =4ao_. (32)
Integrating eq. (31) we get
2 : .
r
1~ =r"? (33)
4al
0
or
q
r=2g _sin . (34’)
2a
0
and expression (29) can now be rewritten as follows
2 % Clq) + e _® _ggm? 9 (35
— = sin .
c? ct 2  2a )

[

Next we specify the distribution of the charge.



Let all particles of dust of the system have the same ratio

of the charge to the mass, equal to B.
We denote
1 q

— of : C(q)‘dq=M(q).. . : (36)

then the new condition is written as
e(qg) =B M(q). (37)

_ Now the equality (35) takes on the form of the equation for
finding M(q) '

. g
- - M ‘
2M’(q)+B° 9) 3?9, (38)
4a§sin2 k! 2q0
2a0
where
M= K2—M, B-= _B_ .
[+ VK

By means of substitution it can be checked thateq. (39) is

satisfied by the following expression

M= _29- sin X (betg bx+ sinx - cos ¥ ), _ (39)
B
where
w=—% . bayi_ Bt
2a0 4

It is easy to check that for ,3-»0 M transforms into

_ 3 B ».."2
M (q) = a (x- 202X, (40)

2 0 2
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Le, into the e;épression for the "internal mass" in the non-
charged Friedmann world x/ .
Further using (9) it is possible to get
* .
e VIO (_Sinbx ¢ (41) .
b sin Y
With theée remarks we finish to consider the internal solu-
ﬁon at the initial time moment namely at the moment of maximum-
expansion of the system, ;
In the next paragraphs the solution in vacuum (in the regions
where €= 0 ) and the problem of sewing of the internal and ex-

ternal solutions are analysed.

b) External Nordstrom-Reissner solution

As is known the geometry of the space outside the spheri-
cally symmetric mass m , with electric charge e, is described

by the Nordstrom-Reissner metrics

dr?

ds? =0 (r)d1? '~ - r2do? , (42)
®(r) '
where ‘
2K m K e?
O(r) =l - —0 0, ‘o, (43)
c2l' c4l'2 :

In the' problem considered one should distinguish among three

cases

x/

fect in the closed world is zero 1.

The total mass taking into account the gravitational mass de-

13



0 —_—
1. \/Kmo>eo, ‘
0 —
2. \/Kmo=eo,
(49)
3°, \/K—mo<eo.

In the first case the metrics is characterized by two pseudo-sin-

.gularities of the Schwarzschild type

Ot )=0(r)=0.

For r,<r<r, the coordinate r has a time-like character.,
Using the Kruskal type coordinate it is possible to describe the
. . 4/ :
space~time for this case / . A test particle placed in r=r, for

x.=0 ¢ the ti T ’rrK,mo -
0 or the time I'= P reaches r =r, , stops and returns

to r,.

At the initial moment (moment of time symmetry) the space
geometry has the form of a "wormhole" (the Einstein- Rosen brid-
ges), Its throat pulses with a period 2T and never is closed
(contrary to the Schwarzschild case), The complete closing of the
throat is prevented by field electric lines going through it to
the Euclidean infinity,

The second case (20) differs from the first one by that the
T-domain is absent. At the point

. - Km0= eo\/K

h
c?

c 2

x/ 2Km ; ( ‘
For e -0 &(r)=1- —2—2- the Schwarzschild solution may

be int(—:)r:}pr?ted as tl7e exter'nal solution on for a semi-closed
world . In ref, the Kruskal metmc has its physical inter-
pretation,

14

® has a zero of the second order

®(r) = (1— —b)? . . -
r ’ o (45)

As it follows from further analysis in this case the geometry
at the moment of time symmetry may be of two kinds:

0
a - "wormhole",

and

B° - géometry with monotonous change

of r in particular, realized in the Papapetrou model (static model

of charged dust with B'= -=1).

e
_ o
When a semi-closed charged world is implied the external
solution satisfying the Euclidean condition at infinity is of ‘the type

aO

case 3° (e >V&my turns into case 2°(8 ") (with decreasin
eo). Here singularities are absent all the space being of the R .
type. In this case semi~closed worlds (with the Euclidean condi-
tion at infinity) a.re not realized, The limit /§ =1 vyields the every-
where static system (Papapetrou model).

We are interested in the problem of sewing the external
Nordstrom-~Raissner solution with the internal solution describing
a near closed’ world, ji.e, the world the metrics of which, as e -0
would transform to the metrics of the closed Friedmann world,

For =/ 0 our problem is to continue as much as possib-
le the mternal Friedmann solution (to decrease the sizes of the
throat) to a degree allowed by the presence of the electric field.

From this point of view it is advisable to consider the deforma-

15



tion of the Friedmann metrics by a weak eleciric charge
B« 1 .

From all. the cases considered, only case 2°(a satisfies
our conditions, All the remaining cases do not lead to the closed

world when e - 0.

c) Sewing of the internal and external. solu-

tions

In order that it will be convenient to sew the boundary

conditions we transform (7) to a form close to (42), namely, to

ds?=B d1? —a dr? =¢r%4do?, | - (46)

where as x! (or g -coordinate) we have chosen a coordinate the

. 2
square of which is the coefficient of do ™,

i dr-rdx © :
The transformation dx '= —_———, dx%=dx?°
- r .

transforms

the first two terms of (7) as follows

e/ (dx 9 2-—e)‘idxl)2={[eu—e>‘(-i;,‘)2]l'6 dx°+eh—i,[ ev_e)\(L’)Z]-% dr}?-
. r r r
(42)

(r'ge_A—r'2e—V)-ldr 2.

- The expression in the brackets can be transformed by means
of the integrating multiplier p(1,r) to the form
. - T —14
[eV—e)\(—l-’-) 1% dxo+e)‘—"-2[ev—e)\(—'—;)2] dr= !
r r r

that contains in the right-hand side the total differential,

16
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For further consideration of importance is the expression

for

- : . (8)

From the conditions of sewing the internal and external

solutions on the surface 2

in out in out
== ’ = ’ e 4
a a 12 r r .‘E ) ( 9)
we get -
. " 2 2
K m Ke

(r'2eMg2e7Y N =1~ L : . (50)

a=a, e? LI ctr 0

Applying (21),(22) ana (25) we find

mlagg)=myy elqy)=c,. (52)

We have not received as yet answer to the main question,
namely for what q, we are forced to sew the internal and external
solutions if we want to continue the Friedmann world up to its
maximum possible closeness with minimum size of the throat at
the moment of time symmetry, In case 3°A the sewing of a semi-
closed world with a space Euclidean at infinity is impossible,
Consequently, on the boundary vk m JLag)> e‘(q ,) and the de-

sired ¢, is found from the equation

Vim(g)=elqg).’ . (52)

g



x/

The condition (52) can be written in the form

2 g

r
2 ‘ .
=2 (1 - —2) (53)
0 r . -
0
Vee, < m ,
where r = 5 = 5 ,and r, and rg are the values
c c '

of r and t’ on the boundary of the matter, The condition. (53)
for a semi-closed world (r’<0) in the case of a- Euclidean
space at-infinity leads to the relation r W< T that corresponds
to the presence of "wormhole" i.e, to the case 20 (a®).

“Thus, for the semi-closed world with Euclidean metrics at

infinity condition (52) can be rewritten as

r .
l" = —-L - . (54)

0 r
0

Let us investigate in more detail the model of a weakly charged
world B<«1 ( or nB_<<1 )e
In this case

3

M=S-a (x —sinx  + 05X, )+ 0(g*),

(55)

-
n

3 o . ' S
—2——[3 ao(xo—slnxo-cosxo)+0(ﬁ ),

2a sin r’ = cos
oS Xy 0 Ty S X5’

-
il

x/E:q. (31) is rewritten in this case in the form [(l‘j-l"g)r] =

2 2
K e, ., . 2Km0 ke Owi
-7~ T r from where r’'2=1- 5 + TR wing

to the continuity of r and r’ on the matter-vacuum boundary
in this domain of r (52) holds, :

‘18

where

0< x, <nm ,‘ X = o .
0 2a,
eg e T Q
The condition (54) for 5~ <X (<7 and small B is written
in the form
1+(1+—3-B)cosx—-3ﬁ- Xo
. -3 o : 5
. 4 0 4 sin Y ( 6)

For B=0 x =7 ie, X, reaches its maximum, that is the world
becomes a completely closed Friedmann world,

For a small charge B <1 the desired boundary of the
internal (Friedmann) solution must be anywhere near 7, ie
Xo=7~8 where & is small,

Indeed, as follows from the graph (Fig, 1), eq. (56) has *
the only solution y 0 * :

For B« 1 X, is close to 7 , for 13—* 1 x; tends to I

- ‘ 2 .

When the world charge (eo) InCreases, its external

(Schwarzshild ) mass and correspondingly the throat radius

increase too, It is essential to stress that with increasing €y
the electric field potential in the throat |
ey , ,
b, = —% (58)
h
does not change and remains constant
B, = L |
h ‘ (59)

VK
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The quantity th plays the role of a maximum potential; it is
\ Th the throat imitates th lectric fi
composed of world constants and, what is of interest, contains us e imitates the electric field (charges) source

though no material source of charges have been localized in the
throat.
L]

A more detailed consideration shows that the field in the

no electric charge.

I. Throat
external space and the field between the matter and the throat

The condition VK m o=¢€, ensures the throat to be static. have opposite signs

An external observer always sees a charged as much as possib-

x/

le continued semi-closed vworld in the form of a harden sphere™. ) » F = e , . : (in the external space, (60)
The dynamics of a part of near closed uniformaly charg,ed : tr r? : domain 0) '
world remains non-stationary in this case too. _ ‘
After the moment of maximum: expansion the charge cloud : : ' 'Fh - __e_; ] (petween matterand th::oat,
described by the internal solution contracts, But the collapse f : ‘ r : domain I (Fig.Il)

of the system is stopped by electric forces at extremely small

radius defined by the sizes of the throat, i.e. by the total electric - Indeed, the connection between Fxoq and F, is given by the
charge of the system, : transtormation
It should be stressed that in the throat there is no matter, P D(t,r) P ’
, = — o, -
The fact that the material cloud is non-static does not influence tr D(x°, q) xa : (61)
the statical character of the throat. In the throat the field lines _ ' x| . ' (t )
. ) ' ) ‘ e? Further it can be shown™ that sign —————— =signtr’ . |fe,
are contracted in a maximum possible manner (¢ = —=--). ‘ D(t,r) D’(x°%q)
’ _ | h' NIy the sign of or is the same as for r’ so we have (60).
From the throat the field lines diverge both outside, to the side s D(x° q)
of the Euclidean irifinity and inside the near Friedmann world, g A dat )2 o dr )2,
/ . . xoxo. ax g'«t axo E”,
*'We recall: in the case VK m,>e, the throat oscilla- ) —( Jdt )2 ( dr )2
tes between r, 'and r, . At e,;»VKkm, r,;»r,.In the case , - 8gq~ aq— By dq rr ’
Vi my=e, at ey +0 the external (Schwarzschﬂd) mass vanishes, but - - v
The world becomes completely closed, i.e. in the case V'« | m =e, ' onxo>0 + B qq<0 ’
all the mass is of electric origin, Under these conditions any g. >0 ‘ <0
initial value of the internal mass of non-electromagnetic origin tt ! _ e :
is complefely cancelled by the gravitational mass defect, : : Consequently,
- ot )® > (255
ey 8 ‘_LU - -7 B g
from where |-——— -f;ﬁ'-| > g" a‘ l and consequently the sign of
. . X x
D(1,r) di 9
. = 5 r _J9r _:21_ is defined by the first term, since
D(x',q) 9x° dgq T ax
20 A ; .
. always 0> 0 - the txme always increases ("arrow of time").
X
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In the very throat the test electric charge must be at
rest,

In domains [ and 0 it is easy to realize the static fi’ame
of reference using charged weightless particles of dust,

Thus system coincides with the Nordstrom-Raissner one, As
is known the entire description of the Nordstrom-Reissner metrics
(i.e. including the domain between its two péeudosingularities) is
given by the Kruskal type coordinates (non-static frame ‘of refe—
rence), In our case the domain (r;,r;) reduces to one solution
r =r,=r namely to the throat,

The static frame of reference does not cover only this

part near the throat,

Polarized Throats

(neceSSIty of quantum descrlptlon of the throat)

Ve,

Basing on eq. (57) (r, = —c—g—") we are led to the conclusion
that the throat radius increases proportionally to the total electric
charge, This is the descripﬁoh of the throat from the point of ‘
view of the classical theory. But from the point of view of quantum
physics such a state of the throat cannot be: stable, Indeed,
if at some initial moment there arises a throat with the above
properﬁes then in its superintense electric field it occurs inevi-
tably a rapid process of production of any kind electrically char-
ged pairs, proton-antiproton pairs, any kind meson pai.rs and fi-
nally, electron-positron pairs, Opposite charges will tend to decre-
ase the t'hroat effective charge while the charges of another com-
ponent of pairs will flow together.to the Euclidean infinity,

In this process the throat charge gradually decreases toget-

her with the throat radius and the internal nietrics of the system

22

becomes more and more close., We consider this effect in more
detail not so much to give an exhausting quantitative description
as to attract attention to this very, interesting, in our opinion
situation namely the necessity of application of quantum theory
in a ultré—macro—world just for the description of such processes
which' seems to play essential role only in micro-world, The
gialitative estimates being, as yet, far from the desired ones, are
in themselves of some interest,

The production of electricaliy charged pairs in a strong
homogeneous electric field has been considered by NikiéhoJ 6/.

If there is a homogeneéus electrostatic field of inten-

sity E filling up the space of a cube of dimensions L then the

probability of formation of a pair in it( say, electron pair) with
a given momentum (p) and spin (r) for all the time is given
by the expression -
23, 2 2 2 2
c?(p?+p?+mie’)
Wo =exp(~7 1.2 g )
Pr Eh
€ ¢ (63)

(E=(0,0,E)),

where m  is the particle mass, ;;’ is the particle momentum of
a produced pair after switching off the field.

In such a problem p must be assigned to the discrete
spectrum, i.e,

Lp=27hn  (i=123).

Eq. (63) can be rewritten in the form

2 4
7m c 2mh,? c? 27h\? 2, (64)
=exp (= ——2— - (~——) ) (-—2(=22) n?).
w” "2 gf exp " eEhe Yexp(~ ‘e hc P e hc a2
23



Here the state of the produced particle is characterized by the

numbers (o ,n,,n ,r).

Summing W nn,n,r over all the quantum numbers and then

by the integral we get -

replacing the sum over n ,n,
n 20 "
m 2
WeiNeip(- —2° )eEhe(—L)® 02(& ), (65)
. eEhc 27 he o
where . :
T 27he . 2 60 {-’2
= - -N, ®(,)= s d&
“o=V Eie L o)== 1 e
(66) .
¢
N=n v P maxs 2”[111!..0(m0+ max).

For a large maximum momentum. P _, ., (o >»>1  and (D(«fo)zl.
Following (65),(66) the probability of production of a pair in the

unit of volume
' 2 4
P - c’
we 2 Ima B exp(———2C) 03¢ ). (67)
(27 h) * c eEhe o
Next, we apply illegally eq. (67) to an inhomogeneous static field
Ze ) I

E=—p (4=
r r
In calculating the total number of pairs N, over the whole space

P max t0 be dependent on r

in (67) we assume
Ze?
,p max " or ’ (68)

where Ze |s the total charge of the material system,
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For the total number of pairs produced in a given field for

the all .time we obtain

2 4 »
1677 “e h o0 7.m?2e¢
N = 8 = - ———— -— 0 2)d =
A TSN i o (- s
(69)
. 2
16nZ2e4h 0 e_f Y
(27h)% e A, 3
| where
’ —————————
' A \// ﬂm;]c4
i = -—a ]
° Ze*he ©
Ve Ze
a. = —
o
c
!  is the minimum radius,
| - Since
, - _62 3
e” 1 e 1 2
A{) f -df—-?Afg " dx—'—"—2— El( AO)' (70)
. :
then ‘
N 1 (2a)®E (A )
=-—~(Za NmA ) (72)

P - .
1 ( e_—)2 5:1045’

2 .

For small A, ie, for Z <<
Ta mo‘/K
2 2 (72)
. Ei(—A°)=c+lnAo,
¢ - is the Euler constant, and consequently,‘
e:)9 =c=1In (ﬂkZa)] ~
. (73)

Np=~—y(Za) [In(
n mo\/K
w1 (Za)  Im(—2__)2%,
72 e

movK
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“The condition Z-N ;| =max=12, gives the wvalue of the charg_e

Z, which remains noncancelled the pair production effect

2
=max{ Z[1-Z — In ( ° _)'1y- " .
" m,V & 4a2]n(—g——)

Z

t

In other words, the pair production effect in such a strong
‘electric field decreases the effective charge of the throat down
to the finite value Z , = 137, independently of the magnitude of
the initial charge Z x/;_ k

The independence of the final charge of an arbitrarily value
of the bare charge follows also from the wéll—known Landau
formula/ of connecting the value of the bare charge e, localized in
a small domain with the value of the physically effective charge

down to which the vacuum polarization effect decreases the initial

charge
e 2
el = 1 - . (75)
e? A 2 ' :
1+ — In(—+--)
3n m . e ? 2 _
For large €, or more exacily, for L P ) » 1,
‘ 3w mg
e 2 =3 _L . . (76)

ln (-A-)*
. 0

x/’I‘his result is rather natural since for Z >137, as is known,
begins the process of the real production of pairs/7-8/.
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It is interesting to note t}.hat in rough estimates of eq. (73)
the same characteristic logarithm as in the -Landau formula arises"
and the 'argumentof the logarithm in eq, (73) gives. the following
value the introduced Landau expression

A= _° . 1028 ev. (77)
e .

This: is just the wvalue of A which is discussed in the paper

by Landau in connection with the possible .role of the gravitation
in elementary particle theory. The image of the object under dis-.
cussion is very complicated even from the point of view of the

Schwarzschild observer. The matter is that at the initial moment

‘of the existence of such a system with large electric charge its

external sizes proportional to the charge may be very large

Z eyVx o )
1 . . ;

r, = —i-2———- The pair production decreases the initial charge Z,
down to Z,~137 and, consequeriﬂyx/

rf< 27—‘#—5—- = 10—3~ocm.

r c

But in this region Z( Z, =137)the shells (round the field source)
with radii -1% ( m being the particle 'mf:lsses of produced pairs)
begin to fill up. If we take into account that hadron particles

(e.g. protons) have their own sizes then round the system in
question there arises an original- atmbsphere which increases its
external sizes by about 20 orders of ma_gnitude. Accidently or not

accidently, the object characteristic in its external properties

x/ r'h < 10—30cm, since in the previous estimates the
possibility of production if any kind pairs has not been taken into
account,
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of micro-world physics arises from a cosmologic object and. its

internal content remains the same,

10/

In ref, the author introduces for the objects with k )

above properties a special term "friedmons'.
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‘External sApace‘

Throat -~

Internal space

Fig. 2. The section of the space-time for the charged world
r = const, 6=32- ). J- internal space, 0 -external
space, I, II - sections of the world (e40) for different r,
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