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‘In many nuclear and atomic problems the so—called phase-

function method/ 1~ 3/ has been successfully exploited, The solutions

- . of the equatlons of this method have a direct physical mterpreta—

_t10n. They ‘are the scattermg phase shlfts for parts of the glven
potentlal contamed inside spheres of finite radii r . It seems to
be of great interest to obtain an analogous equahon for the .

" total scattermg amplitude thhout expandmg 1t in partial waves, This,

wou.ld -give a useful approach to many scattermg problems, espec1-' :

ally for potentials without spherical symmetry. -
In this note an equatlon for the so-called scattermg funchon

ilj"(r;,nl Lk, o ,) s obtamed. This function is the scattering,

amplitude of a particle with energy k? (r-; 19 32 are the

directions of the initial and final momenta) for a part of the poten-’

tial V(f')o(r-1’) contained in a sphere of radius r . The

. asymptofic value F( ’En ) k, H ) is the scattering amplitude

" for the whole potential V(r) . o

We start from the integral equation (i = 2m 1) for the

wave function ¥(r,k, n o)

SN

.‘I’(r,k,no)=e s +fer (rr,k)V(r’)‘l’(r k';o)’ (1)



The Green functlon " (r 7 ,k)--m(xkn_rp/hn_r |

; can be represented in the form .
5o SR w, a), .
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i/vhere the  following quantity is used 4
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belng an analogue of the plane wave expansion x/
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Let us. note here that the functzons H

fl’z) satisfy "

two 1mportant relations
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/’I‘he Rlccatl—Bessel J
functions are defined here as in



iF‘rom) (1)-(4) 'oné‘finds’ thé.t when f+w the wave function tends
‘to a superposmon of a plane wave propagatmg along the urut
vector 50 and an outgomg sphencal wave,

In the sp1r1t -of the phase—funchon approach we mtroduce ’

. the amphtude funct;on A(r, n,,k,n,) and the scaitering t‘unchon
F (r, o ks n ) consxdermg the wave function as a linear '
- superposmon of two soluhons of the potenhal free Schroedmger

’equahon '

. -
lkrn n

:‘I’(r nkn)—fdnA(rn kn){e | + (5)
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: C_omparing eqs.’ (1) and (5) we find

fdr e(r r)H( (kr - -n)V(r’)‘P(r kn ), (6)

A(r n ,k,n )= 8(n.—n )—(

' : ke 2, R
'[dﬁ"lA(r,ﬁ"l,k,ﬁ’d)F(r,ﬂ’l,k,ﬁ‘2)=-rfdi"’0'(r-r’)e ‘ V(r"’)\ll(r',k,ho ). (7)
Thus - A(w, ik, 5)=5(R-1) and F(ao,n k,d,) s the

total scattering amphtude for the potential - V( ) .
MR Dxfferenhatmg eqs. (6) and (7). with respect to and using
. €q (5) we' obtain’ the. sought-for equation for F

fkrnsn,

2F(r,i I,I(,ﬁé)'-_-,—i- rdav@n)te fdn F(r,n o JH "(kr i-8).
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with the boundary condition ‘ .

F(0,d ,kn,) =0 V S O

The integrodifferential eq. (8) together with ;the pboundary condi~
tion (9) is equivalent to an obvious integral equation.

From eq. (8) one can see that at any finite value r=R the
quantity - F‘(R,n 1, , _(;2 ) is equal to the scattering amphtude
for a part of the potential V(f)6(R-r) contained inside a sphere
of radius R , because F(R,Hl,k,ﬁz) =F(, nl,k, “E), in that case.

It can be easily verified that the solution of eq. .(8) satis-

fies the reciprocity relation

F(r,n k,ﬁ’z):F‘(l",—l_lb‘z,k,—(_l’l)l | (10)

l’

‘ and for real potentials the unitarity condition

ik

B, i) = F(5 k) n,k ). (11)

For a central potent1a1 V(r) the scattering amplitude depends
only on the scalar product k n n , =008 0, and eq. (8) reduces

to

2
' -———F(r k, c0s 6, ) r Vo) fdr_l'oiel“cose ;k fdn F(rk cosg )H (kr,coso )l

ar 4n (12)

~1krCos
002

> (n .
k fdn, F(r-,k,cosou)H (k r,—cos o, ).

4n

-{e



Let us note that eq. (12) can be obtamed also 1f one uses

the parhal wave expansxon *

M8'

F(r k Coso)=%—' (z»e‘+:'1i")rf¢‘(r';k)',pé(ms 6)

; (13)

0

“an.cl wellfkn‘own/ 1—3/ : eoi‘.tations 'for' the partial SCattering amplitudes;~ -
c:_r:fe'(rfk)s;lff_lt.' \‘/‘(r:)‘[,j’,‘Z (kr) +i fz(r,k)h‘,;’ (kr)", fe(o,‘k)fo; v (‘14>

Eq. (8) can serve as the basis both for . numerical °

: 'computatlons and for varlous approximate treatments of scattermg
: . problems In partlcular the Born approximation is obtained if one
":neglects m the mght—hand 51de of eq. (8) the terms contammg | O
A ‘more complete dlscussmn of egs. (8), (12), different appro- *
: aches to their solutxons and also an mvestlgahon of the functions -

3 H (kr os 0) '. and H‘ Akr; cos 6) will be given elsewhere,
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