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' In many nuclear and atomic problems the so-called phase­

function method/1- 3/ has been successfully exploited. The solutions 

. of the equations of this method have a direct physical interpreta-
. . . . 

tio~ They are the scattering phase shifts for parts of the given 

potential· contained inside spheres of finite radii r • It seems to 

be · of great interest to obtain an analogous equation for the 

total scattering amplitude without expanding it in partial v.~aves. This . 

would give a useful approach to many scattering problems, especi-

ally for potentials without spherical symmetry. 

In this note an equation for the so-called scattering function o·· 

. ~ ( r, n 
1 

, k , n 
2 

) is obtained. This function ·is the scattering, 

k2 (... ... 
amplitude of a particle with energy n 1 , n 2 are the 

directions' of the initial and final momenta) for a part of th: . paten-' 

tial V ( r' ) (} ( r - r ' ) contaimid in a sphere of radius r • The 

. asymptotic value F ( oo , ii n , k, ii 
2 

) is the scattering amplitude 

for tihe whole potential v ( r) 
We start from the integral equation ( 1i =2m= 1 ) 

Wa.ve function 'l' (;, k , ~ 0 ) ...... . 

for the 

-> -+ 1 k r• n0 -+ (+) -+ -+ -+ -+ -> ( ) 
. 'l'(r,k,n

0
)=e +fdr'G_(r,r',k)V(r')'l'(r',k,n 0 ). 1 

.· 
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The Green function d+) ( r, r,. k ) = - exp ( i k I r- r'l> /4 11 I r _:_ r, I . 
. ~ ) ~f. • 

· can be represented in the form · 

(+) :_. -+ i k -+ -11: r'ri'• ri 3 
G. (r,r', k)=--{ O(r-r') Jdn e · 

(4a)2. 3 

(l). .. ... 

H (kr,n.n.
3

) + 

+O(r'-·r) f.dna e 
tkrnt'·~ 3 ( 1) k , .. , ... ) } H ( r , -·n • n 8 

Where the following quantity is used 

H
11

'
21

(kr .ii .ij )=-L i (U+i)ifh 1 
.. 

21(;kr)P (; .; ) 
' 1 2 kr . . e . .. e 1 2 

f= 0 

being an analogue of the plane wave expansionx/ 

e 
.. .. 

1 k r n 1• n 2 =_!_ i (2f+1)iej (kr)P (n· .ii). 
kr f= o· . e e 1 2 

(2) 

(3) 

. (1.2) .. ... . 
Let us. note here that the functions H (kr,n . ri ) satisfy 

1 2 
two important relations 

( 1i2) .. .. .. r H (kr, n • ii ) d n = + 4 11 
' 1 2 2 -

+1k r e-

ikr 

(1,2) ·.. .. . . .. .. 
H (kr, n 1 .:n2 )-. :!:,48(1 :;::n 1·ii2) 

k r-+ oo · 

+tkr e-

ikr 

(4) 

x/, · - ·( 1.21 
The Riccati-Bessel Je ( kr h -2/nd Riccati-Hankel he (ki:) 

functions are defined here. as in • • 
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·From (1.)-(4) one· finds that When r .. oo the wave 

to a superposition of a plane wave propagating 
~ . ~ 

'vector n 0 .and an outgoing spherical wave, 

In the spirit of the. phase-function approach - \ . 

the .amplitude ,fun~tion A ( r, ii J' k , ii 
0

) ~nd . the sec: 

F ( r. ii • k • n· ) considering· the wave function as 1 2 . . 

superposition of two. solutions of the potential fre 

~uation 

" . _. _. 
·. · · _. -, -+ -t> • -t> Jtrn • n 
'l'(r,.n·,k,n·)=fdnA(r,n·,k,n){e 1 + 
. . 0 . 1 1 0 

ik .. .. .. ( 1) . .. .. 
+-- (dn2 F(r,n·~'k,n2)H (kr,n·h

2
)J. 

411 • . 

C?mparing eqs. (1.) and (5) we find 

.. k,.. . .. .. . ik ~ , -~ ·~,. , ... , .. A(r,n·, n )=8(n :-n )--. -Jdr O(r -r)u ,..r ,-n ·fi) 
l . 0 . 1 0 ( 4. )2 1 

I fT ,' \ , , 
. ,_., ... 

-+ ... . _. 1 -+ . -1kr n•n 2 f~niA(r,ni,k,it0 )F(r,it1 ,k,n 2)=--Jdr'O(r-r')e . 
. 4ir 

.. k ...... ( .. kit Thus. A(oo, n., ,n~)=B(n.-nJ and F oo,nl. , 

total scattering amplitude for the potential . v ( r) • 
Differentiating ,eqs. (6) ~and (7) with respect 1 

.: eq. (5) ,we obtain the, sought,...;for equation. for F 

. 2 . .. ... 
·()' . -+ -+ . T -+ -+ ' 1krn•n1 ..,...-F(r,n ik,n· )=-- fdnV(r,n){ e ar 2 411 . 

ik -+ ... k'· +-fdn· F(r,n , , 
4ir 3 1 

-1krri~-;: ik -+ · -+ -+ Ill .. -+ 
·le · 2 +--:;;· Jdn·4 F(r,n4,k,n;)H (kr,-n•ii

4 
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From (1)-{4) one· finds that When r ... oo the wave function tends 

to a superposition of a plane wave propagating along the unit .... 
'vector n 0 and an outgoing spherical wave, 

In the spirit of the phase-function approach we introduce 

the amplitude .function A(r, ii pk, ii 0 ) ~nd the scattering function 

F ( r, ·n , k , n· ) considering· the wave function as. a linea; l 2 . 

superposition of . two. solutions of the potential free Schroedinger 
!;!quation 

...... · ...... k ... ·) d ... A( ..... k-+ ikrnl•n 'P(r,.n, ,n = r n r,n, ,n )le + 
' 0 . 1 1 0 

(5) 

C?mparing eqs. (1) and (5) we find 

A( ... k, ... >. < ... ... ·) i k d ~ ( , ) • ..< 1n. · , ... , .... > v· < ... ,..Ill( ::\ k .... ) <. , r,n·, n =8 n ~n --ji r 6 r-r u \"r ,-n·n r rr r~ ,n , 6) 
. 1. 0 . ~ 0 ( 4ir )2 .· , . I 0 . - • 

. . -ikr'riO: ~ ·' -+ _,. =" 

J4niA(r,ni,k,n0)F(r,ii1,k,ii2)=-LJdr'(J{r-r')e 2 V{?'>W(r',k
1
"u, ). (7) 

Thus A(oo, ii 1 ,k,n~)=8(~1 -n.') and F(oo,n
1
,k,·n

2
) is the 

t~tai scattering amplitude for the potential v ( r) .. 
Differentiating .eqs. (6) ·and (7) with respect to 'I! and using 

. eq. (5) .we obtain the1 ~ought;..;for equation for F 

. 2 ... ... . a . . ... ... . 'I' ... ... ' lit rn. nl 
-=-F(r,n ik,n )=-- fdnV(r,n)l e ar . 2 471 

ik . ... . ... ·.... . (I) ...... 
+-Jdn F(r,n ,k,n )H (kr,n· n ) I • 

4. 3 l 3 3 . 
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with the boundary condition I 

F(O,n l,k,~ 2 ) = O. (9) 

The integra-differential eq. (B) together with .the boundary condi­

tion ( 9) is equivalent to an obvious integral equation. 

From eq. (B) one can see that at any finite value r = R the 

quantity- F(R, n ,k, ~ ) is equal to the scattering amplitude 
1 2 

for ·a part of 

of radius R 

the potential V (r) (} <R -r) contained inside. a sphere 
-+k-+ -+ .-+ 

,because F(R,n
1

, ,n
2

) =F(oo, n 1 ,k, n2) in that case. 

It can be easily verified that the solution of eq. (B) satis-

fies the reciprocity relation 

F(r,n 
1
,k,n

2
) =F(r,-n 2 ,k,-ii'1 

(10) 

and for real potentials the unitarity condition 

F(r,n ,k,n ) - F*(r,it ,k,n ... ) =~ Jd iiF(r .~ ,k,n) F*(r,; ,k, n ). 
1 2 2 1 Zrr . 1_ 2 

(11) 

For a central potential V ( r ) the scattering amplitude depends 

only on the scalar product ~ 1 • 7t 2 = cos (} 12 and eq. (B) reduces 

to 

a r2 V(r) -+ n.rcos(} ik -+ - Ol · 
- F(r,k,cos e )=--- Jdn {e 01- Jdn F(r,k,cose )H (kr,rose ) l· ar 12 4 0 4rr 3 . 13 03 

1T (12) 

-ikrCos(} ik -+ (1) 
.{ e 02 +--Jdn F(r-,k,rose )H (k r,-rose )!. 

4 1T 4 42 0 4 

6 

Let us note that eq. ( 12) can be obtained al 

the partial wave ·expansion 

1 00 

F(.r,k,Coso>=.- ~ (2f+l)fe(r ,k)Pe(ros e> 
k f=o 

and ~ell~known/i-3/ equations for the partial' scattE 

: r ff ( r, k) =- · t . V( r )[ j f (kr) +i f f ( r, k) h ~11 (kr) ]2
, f 

;Eq. (a) can serve as the basis both for 

computatio~ and for _various approximate treatment 

problems. ·In particular the Born approximation is c 

neglects in the right-hand side of eq. (B) the terms 

A more complete discussion of eqs. (B), (12), 

aches to their solutions and also an investigation 

H
1 
ll(kr,cos (}) and H2\kr, cos (} ) will be give 
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(9) 

:>oundary condi­

ttior1. 

! value r=R the 

ering amplitude 

ned inside. a sphere 

k; .0'
2

) .' in that case~ 

of eq •. (8) satis-

(10) 

~ amplitude depends 

1d :'eq; (8) reduces 

. . (l) . 

'(r k coso )H (kr,cose ) l· 
' ' . 13 . 0 3 
·' : . (12) . 

; e ) l . 
04 

.. ,, 
.. 

,) 

~· 

Let us· note that eq, (12) can:. b.e obtained also if one uses . ._. . . 

the partial 'wave expansion 

(13) 

. . . . /i 3/ 
and well-known - equations ·for the partial scattering amplitudes 

.;Eq. (8) can serve as the basis both for numerical 

computati~~ and for various approximate treatments of scattering · 

. problems. ·In particular .the Born approximation is obtained if one· 
. ' 

' 

neglects in the right-hand side of eq. (8) the terms containing F~ ·. 

A more complete discussion of eqs, (8), (12), different appro- · 

· aches to 'their solutions and also an investigation· of the functions 

H
1 u(kr,~s O) and H2\kr; cos (} ) will be given elsewhere. 
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