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A great attention has recently been paid to the study and
applications of the Veneziano’s representation for scattering amplitu-
des/ 1 .

The Veneziano's formula incorporates in a simple and econo-
mic way many of the features of scattering amplitudes such as, for
example, the crossing symmetry, the Regge behaviour in all the
channels and the so-called "duality" which is a consequence of

J2)

An interesting problem arises whether it is possible to de-

the finite—energy sum rules

rive the Veneziano's representation by ordinary quantum field theory
methods, in particular by various methods of summing diagrams of
perturbation theory., For this reason the above problem is closely
connected with that which concerns the derivation of the asympto-
tic Regge behaviour in quantum field theon/3’4/.

In this note we show that the Veneziano type representation
for a scattering amplitude can be derived by the perturbation
theory methods., We essentially use an auxiliary integral paramet-
ric representation for scattering amplitudes which obey unsubtrac-

ted dispersion relations,



Consider some invariant amplitude T(s, 1)
T(s,0) =F(s,0) +F(u, 1), (1)

where F(s,1) is analytic in the complex s-plane with the cut at

sxs and obeys unsubtracted dispersion relations
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Using the evident identity

! -1—ats’
l—=fdx-x * H s<s’ (3)
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we get the following integral parametric representation for the fun-

ction F(s,t)
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1 s
F(s.l):ofdx-x <fix,t); s <s, (4)

where

,

Flx,1)= = fds” plsit)x” . ®)
T s

One can see that eq. (5) defines an analytic function of the va-
riable x inside the circle |x|<1 with the cut at —1<x<0 ., For
amplitudes F (s, 1) which decrease slowly than 1/s the function (5)
will have a singularity at x=1 due to the divergence of the integral
in eq, (5).

On the other hand it is easy to see that the asymptotic be-
haviour of F(s,1) ats-» -« and t=fixed is determined by the be-

haviour of the function [(x,1) near the point x=1



To find the behaviour of the fungtion f(x,1) near the point
x=1  we make use of perturbation theory. Suppose that the asym -
ptotic behaviour of F(s,1) is determined by the sum of the ladder

/3,4,

type diagrams

(s - 2 s
f‘(s,l) nzan(s,l), (6)

where

2 . n
Fo(s,0)=- £ _%[g"’ A(1) f (=5)]
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and

1 1 di”
A= —— f @, ()
87 4m? \/l'(l'-—-4m2) [ ]

As is well known the sum of the terms (7) gives the asymptotic
Regge behaviour

F(s.l)-»gz(—s)a(t) . (9)

where

at)=-1+g”A(1). (10)

However, in doing so we lose the poles of the Regge residue at
the positive values of ! which should appear in the true Regge-
pole term,

For this reason we use the method of summation of per‘tur!oa—
tion theory expansions for spectral functions rather than for the
Green function itself, Such a method was suggested for the inves-

tigation of the photon Green function in quantum electrodynamics/ 2



Finding the asymptotic of spectral functions P (s,1) from eq, (7)
and using formula (5) we get the follbwing behaviour of the functions

f ) at x=1

I'n(x,l)=ggi’[--g2A(1)ffn(l—x)]x.1 (11)

Thus to the asymptotic behaviour of ladder diagrams at s -+-
there correspond the logarithmic singularities of the function f (x,1)
at x=1 "

Taking the sum of the terms (11) we find that [(x,t) will
have a regular singularity at x=1 of the form

—~1=a(t)

f(x, =g 1=x) . (12)

Substituting eq. (12) in formula (4) we get just the expression for

the Eulerian B —function

1
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In a more general case we can write

o - 1~a(t)
fix,)=g” (1-x) @ (x,1), (14)
where ®(x,t) is a regular at x=1 and obeys the condition
o) -
d’(\,l)‘x:l—l. (19

Assuming that the function ®(x,t) has a regular singularity at x=0

we will write



n

oy s ,
P(x,t)=x 2 Cn X v | (16)

where y is not integer and

2C, =l (22)

n

As a result we obtain for the amplitude the Veneziano type repre-

sentation of the form

F(smt)=g?2 C, M-a()IT[y+n=s]

18
n=0 MMy+n-s—a(1)] 9

where the sum of the coefficients is normalized to unity, The asym-

ptotic form of eq. (18) is as follows

2 a(t)
F(s,l)—»g Fl-a(t)](~s) . (19)

s+ — 00

which possesses the poles at the points where a(i) =zero or po-
sitive integer, If we now reexpand the expression (19) in powers
of g2 and keep only the principal logarithmic terms we find after
summation just the "old" result { 9) without any poles.

Thus the method we use here allows one to take into account
in some sense the "younger" logarithmic terms as well as the prin-
cipal ones, Notice that the set crossing symmetry and the line-
arity of the trajectory a(t) is absent in eq. (18). The latter is

* probably due to a rather simplified model considered here when
amplitudeé are dominated at high energies by the two-particle in-
termediate state in t -channel/ 6/.
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