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We COY,lSider the ·one-meson Low equations of the static ba

ryon. model / 1 / 

,\ l 00 

f(z)=-a-+-f 
a z rr 1 

2 

d w p < w > I raj w + i o) 1 
+ 

w.- z 

(1) 
+ · l i' C !_ t dwp(w)l f,B(w+iO) 1

2 

17 ,8= I a,8 1T I W + Z 

( a= l, ... , n ) •. 

The meS0!'1 energy is . w in a system of. units,, where th~ . meson 

mass is unity. The amplitude f ( w + i 0) describes scattering of 
, . a 
. : pseudoscalar mesons in p -waves, In terms of the cut-off function · 

v ( k ) the function p ( w ) · is defined by 

We suppose that, p (w) · is a~alytic on the complex plane w with 
I 

cuts .( -oo , -1), (l, oo ) , for· the exeption of possible poles and· pos.;.. 

·sesses the. properties 

p ( z *) "'- p * ( z ), 'p ( -z) = p ( z ). 

The real constants ,\ 
a 

and C a ,8 • satisfy the conditions 

.. 



C ;=C + 
2 

C =1, CA=-A ,, .. 
•,, 

where C is the matrix of the numbers C a f3 and A is a vector 

with .components A a • • 

·,It ·may be then shown/2-
3

/ that the solving of eqs• (1) }'edu

ces to the problem of finding the functions S (w ·) (a= 1, .. , n ) 
a 

with the following properties: 

L. S ( w) are meromorphiC functions 
a : 

2 S (w*}=S (w)* • a a 

3. S (w) S ( 11-w)"' 1 
a a 

n ~ 

4. S (- w) = d + l C R S R ( w ), d = 1 :.. l C a R 
a a /3~1 at' fJ a f3~1 tJ 

5. Sa(w)=l+O(p(w))· 17 . 17 when w .... oo , . - .2 < Re w < 2 . 

We give here some considerations concerning the explicit 

solving ofthe problem. 

Let En ° be an n ~imensional complex vector space with 

elements , s =( s , •• , s · ) =I s I ; s are complex number. We intra-
·. I n · · a l:l . •· · 

duce the following· transformations in E 
0 

. n 

. A I : E: ~ s ... (..!.. •••.• _1_) t;;; E c . 
, s

1 
s n n 

A2 
' c n c 
E .:;;Js .... {d +l CRsR}G-E 

n a /3~l at' fJ n 

·Denote by § the group generated· by A 1 and A2 •· The fl.inction 

<IJ (s I , ... , S n ) ~ <IJ ( S ) .is called automorphic with . respect . to the 

·group § if it has the follo~ng properties: 

A) <ll ( s ) ~s a single-values analytic function. 

4 

r ~· ; . 

·l 
1'"; .•' 

" y" 
'!i 

~ l 
''l•i 

i( 

·--... :_' 

· B) When the point s .lies in 'the ·domain of de fir: 

~tion ~ ( ~ ) ; theti; fue point .g:s lies ir1'• the sarr 

g G:§ 

c) <ll < ·g s > = <ll ( s ) for a·ny g~§ 

we·· shall prove the. following. theorem. 

. Theorem • Let .. Sa( w) ( a= 1 , ••. , n ) . be some f1 

1ng· properties 1,3,4. We assume that · fi.m S '(w)=p 
a . a 

..:.1! < Rew < ..!!.;_ • 
2 2 

Let <ll( s) be' a function a:utomorphic with respect tc 

and ·let it:' tend to· a certain limit (finite or infinite) 

(a"' 1, ... , n ) ; Then the ·eguality 

<ll (S (w), ••• ,S (w))=R(cos2w), · 
I n 

\. 

where R . is a ·certain rational function • is vali 

Proof. For the function h ( w) "= <ll (S 
1 

( w ), •• , S n l 

. . . 1 1 . 
h(17-~)=<ll(S(17,-w)),. <ll( , ••• ,---)= 

S1(w) S n( w) 

<ll (A
1

S (~v))-::<1! (S(w))=h(w) 

h(-w)=<ll (S(-w\)),<IJ (A
2
S(w))=<ll (S (w)),.h(w). 

This means that h( w) is' automorphic _with respect 

generated by the transfo.rmations w '"' 11-. w and w 
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and · ,\ is a vector 

ring· of eqs. (1) .. redu

S a (w ) (a= 1, .. , n ) 

af3 

R . 17 . 
: ew< 2 . 

cerning the explicit 

c vector. space with 

lex num.ber. We intra-

and A2 • 'I'he function . . 
:: with" resp~ct. to the 

'~ ,/ 

· B) Wh~n the point s lies in the domain of definition of the fun-

·.· qtion <fl ( s) then· the point gg lies in the same domain fcir any 

g (;. § 

c) <fl < g s ) = <fl < s ) for any g (;. § 

We' shall prove the · following theorem. 

Theorem • Let be some functions possess-

'ing properties 1,3,4. We assume that · ei·m S (w)=p as w-> "". · ·, 
a a 

..:,.!.!: < Rew < ..!L 
2 2 

Let <fl( s) be· a function automorphic with respect to • the group ·· § 

and let i(' tend to· a certain limit (finite or infinite) when 8 a ... P a · 

(a=l, ... ,n) ." Then the ·equality 

<fl ( S ( w ), ... , S ( w )) "'R (cos 2 w), . 
1 n (2). 

where R . is a ·certain rational function • is valid 

Proof. For the function h ( w) = <fl (S 
1 

( w ), ·:., S n ( w)) we have 

h (17-"d .. <fl ( S( 17"" w )) .. <ll ( ___:;_1_, ... , __ l __ ) = 

S1( w) S n( w) 

h ( ~ w) = <fl ( S (- w\)) = <fl ( 1\S ( w))= <fl ( S ( w)) "' h. ( w ) • 

This means that h( w) is automorphic. with respect to the group 

generated by the transformations w '= 17-, w and w ',""- w • The -
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half-ban~ - T < Re ~ < ~ ._, Im w > 0 

tal ·domain of. this· group. There is a 

J- ' •• ~ 

may serv.e. as a fundamen-

parabolic . point at infinity. Ac-
, t-1. . • • :•' 

cording to the· conditions of the theorem the function h ( w) ·has· a . 

limit at this point. H~nce, · h( w) . is a si'Tlple automorphic functio~/4/. . 
On the other hand, cos 2w is -also a simple automo_rphic function 

and has the only simple pole in the fundamental domain (at . the 

point oo ). According to the well-known theorem of a4tomorphic fun:

~tio~s/4/, the function h(w) is a ratio:.al function of cos2w' · ,i.e •. =q•(2) · 

holds. Thus, the theorem has been proved. : 

~t ell 1 ( '? ) , • • • , ell n ( S ) be functionally independent functions, 

automorphic with respect 'to § and satisfying the . conditions of 

the· theorem. 

Consider the following equations 

ell ( s , .. , s ) = R ( cos 2 w ) , 
l l n l 

ell (s , ... ,s )~R (c~s2w ), 
n 1 n n 

{3) 

where R 1 , ·:, Rn are ar~itrary rational functions. These equations 

can, generally speaking' be solved with respect to s1 ' •• , s n. 

It follows from the theorem that the ·solutions S ( w) of our problem 

for which th!=re exists a limit for w .... oo 

among the solutions of the system {3). 

Example: 

Let n ,:,2 and 
l. 4 

c""/-3 3 
2 

3 

l 
3 

6 

..!!.. < Rew. < ...!!.. are 
2 2 

' ' 

"•-;,>, 

':..,"':. 

~ '. 

'l'he.eXa.mple ...vas studied 'by G. Wan~ers/5/. It is: nc 

·check. that the functions 

-:0: 

.. . s +2s 
'ell • ( s 's ) ,;, cos ( 217 . 1 . 2 ) 

1 1 2 
s1·-s2 

ell .(s ,s 
2 . 1 2 

2s 1 +s
2 

s +2s 
_.,..:.._-=.._· s + 1 . 2_ 

s +2s 2 '(2s +s )s 
1 2 . 1 2 2 

are. automorphic with respect to the group § in ou 

{3) we obtain 

'-..' 

. B(w)(B(w)-2) 
S (w)= -~--_;_ 

1 

S
2 

< w)= · 

2 
B-(w)-1 

n<w 
B(w) - l 

D(w), 

D( w ), 

:Where 

B ( w) "' _!__arc c~s Ri ( ca;; 2w), 
217. ' 

. l . ~2 . 
:D( w)=- (R ( cos2w ).+ y R'.( cos2w)-4). 
~ . 2 2 - 2• .. 

If the ~ational functions_ R
1 

and R2 ·are such that 

Si(w) , S 
2
hv) ·obtained by (4) and~ (5) are meromo 

then they are a solution ~f our prob~em •. 

·.Remark: TJ?.e _theorem we proved shows that .1 

certain connection between ·the scattering matrix .. anc 
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,\ 

serve. as a fundamen-

:ic , point at infinity. Ac

function h ( w ) · has· a . 

automorphic· functio~/4/. 
automorphic function 

1ental domain (at . the .. 
·em .of a~tomorphic fun-;

:tion of cos2w~ ,i.e •. :q.(2) · 

1dependent ,·functions, 

'lg the . conditions of 

(3) 

:>ns. ·These·· equation!"3 

. pect to s 1 , •• , s n .•. 

; . 

; S(w) .of our problem. 

.!!..<Rew < rr 
2 ~ 

are 
I •' !-.._-, 

,. " . . .. 

The ~xample was studied ·by G. Wan~ers/5/. 
) ·~ . ·. ' . 

It is .. not difficult to 

:check that the functions 

'<I> • ( s 's ) ,;, cos ( 21T 
. 1 1 2 

s + 2s 
1 . . .2) 

s 1 -s 2 

<I> .( s 's 
2 . 1 2 

2s +s 
I 2 

s + 2s 
I 2 

s +2s 
1 2 

s 2 + ( 2 s +s );-
. I 2 2 

are automorphic with respect to the group § in our case. ·solving· 

(3) we obtain 

i. 

B(w)(B(w)-2) 
s ( w) ~ . ---:-----

1 2 
B.(w)-1 

o<w 
S

2 
(w)=·----

B(w) - l 

D(w), 

D( w ), 

:Where 

B ( w ) "' _L_ arc cos R 1. ( C!B 2 w ) , 
21T . 

\ 

. l . ~--2-----
;D( w)=- (R ( cos2w).+ y' R\· ( cos2w)-4 ) • 
~ 2 2 - 2_ 

(4) 

.. 

(5) . 

If the rational functions: R
1 

and R2 are such that the functions 

S;(w) , S 
2
hv) ·obtained by (4) and,(5) are meromorphic and real 

then they are a solution of our problem •. 

Remark: The theorem we proved shows· that there exists a 

certain connection between ·the. scattering matrix and • the fuhctions 
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.. ;aut~~orbl:lic with 'respec.t to. the group . § .• Roughly' speaking, the 

,f~~ctiocis'sa(w) · are th~ inve~e fu~di~~ of the\,auto~orphic l_<ll,BCs)l •. 
In the case of one var1able a theoremt: '··is known. according to~
which th~ inverse function of a c~rtain auton10rphic function is rep;-· 

resented in . the form 'of the quotien ~f two solutions of a li~ear 
·, 

differentkll equation. If is interesting to know whether ·there exists 

an anlli_og of ·.this the ore~ for the functions of many variables and · . . 
·what. it can yield for' the .scattering ~trix. : 
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