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1. Introduction 

The aim of !his paper is to represent the space of the disfd

butions invariant to the orthochronous ·proper Lorentz group L "+ 
defined on the topological product M n of n Minkowski spaces, 

by the distribution space defined on the manifold of orbits of Lorentz 

group in M n • The orbit manifold is concretely realized by the mat-

rix manifold, with the Lorentz invariant matrix elements •. For n = l 

the problem was solved in11 '
2

•31 and for n = 2,3 in/ 41 and/5/. 

We. denote by M"' R 
4
. the Minkowski space ·of real points 

x =( x 0
, x 1 

, x 2 
, x 3 

) with the scalar product <x,y >= x0 y0 - !: / / 
e =I 

for <?-ny 

Let 

x, y ~ M ( R m is the m _:dimensional Euclidean real space). 

M n be the topological product of n Minkowski spaces for-
" med with the points x = ( x 1 '~"'' X: n ) for x 

1 
~ M , i = l , •.• , n • ~ ( M n ), D ( R 4 

n ) 

is the Schwartz's space of t~e complex-valued Coo- test functions 

with comp~ct support in M n and its dual D ' ( M n ) is the space 

of the distt'ibutions in Mn /6/; 
The distribution f ~ D ' ( M n ) is 

if f =fA , where 

fA(¢)= f(¢k 

¢~D(Mn), ~ . .;'! A~ L 1 
. If n ' + • 

3 

said to be Lorentz invariant 

(1) 



For A 0 ~ L*+ (where L"'+ is antichronous proper Lorentz group) 

every Lorentz invariant distribution f can be decomposed into the 

even ~rt f + = ; ( f + f A 
0 

) and ·the odd part f _ = t ( f - f A 
0 

) • 

. 'we denote by 0; (Mn) and 0 ~ (M n) the even and odd Lo-

rentz invariant distribution spaces, respectively. 

s 
n 

2. Representation of Lorentz Invariant Distributions· on 

Lorentz Orbit M:-:tnifold 

Let S n be the manitold at the n x n real symmeti-ical matrices. 

is a ..Ln(n + 1) -dimensional analytic real 'manifold.· 
2 . ' 

We define the ·following determinants 

j 1". j p 

G ( u) "' det ( u ) 
I ,,,1· ' lj 

i = i ' ..• , i 
1 p 

1 p 

, I 
1 
... I 

G (,j·),G P (u), 
II "'I P, I ... i 

1 p 

= j 1 ' .•• , j ) ' 
p 

(2) : 

where u ~ S ; p , i , ... , i , j , ... , j = 1 , '"' n • 
n I p I p 

', " > 

Let us introduce the map TT : M n - sn such that rr( x) = u 

and u IJ "' < x 1 , xi, > (S( (;:. M n ) , i, j = 1 , ... , n • 

We showed in/7 / that the image u n of M n . by mapping TT 

is. a semialgebraic manifold formed with the matrices u (;:.. S n which 

satisfy the following conditions .· 

1. u 1 1 ~ 0 impli-es ,G IJ (u).:::; 0 and G 1 i k ( u) :::_ 0 • (3) 

2. u 1 1 < 0 · and G 1 l · (u).::; 0 impli~~ -. G Ilk (u) >-.. 0, 

3. 'G n ( u ) < 0 , 
ljkL - -..... 

4. rank u :::_ 4, 

where i , j , k, f = I , ... , n • 

We can consider U n . as the orbit manifold. of the full Lorentz 

group L in M n • Indeed, two points in M n are equivalent if they 

belong to the same orbit of L and we devide M n ~ith_,r.espect 
~ 

to this equivalence relation. Then there exists a bijective mapping, 

( 

,.··~ 
4 



! 

.! 
I 

.I 

induced by projection TT . 1 Which ··carrieS any matriX U G. un'\.1 Q 
. . • -1- . ~ A 

to the'-'orbit. ·" (0) of L, !n Mn\1 0 I ( 0 is the zero point of M n 

and ::::-. .-? is the .zerO matriX Of U n ; TT- '(0} is the Union Of the 2 n 

orbits of L containing the ~ectors x <;;. M n with x 1, ••• ,.x n isotr6pe and 

collinear )17/ •. The ~xtension of the projection ". for· the topological 

product of n complex Minkowski spaces was studied thoroughly in TBI. 
Let us now decompose Un into_ analyti<;:. submanifolc;Is. To· avoid 

certain complicatJpns we introduce the following notations : 

u ,; I u I u <;;._ u > ; r~nk. u = h I . · nh · · n 

(4) 

" " M =lx jx~Mn; 
n-

< 'x 
1

, x 
1
>< 0, i = 1, .• ,, n I, 

M = M \ M .• u = TT (M . . ) • 
nh+ nh n.-· nh+ ·•nh+ 

-
·where h =11 213 14. We shall denote by A the closure of the set A 

in M n or S n • ,We consider the closed sets X 1 Y C R m with XC Y • 

D( Y ) is the Schwartz. space of the restrictions to Y· of the, func

tions belongin~ to ·,o (R m) . and D(Y\X) is the subspace of D(Y) 

consisting of the functions which vanish over. X with all their deri

vatives. 

With the above statements . we shall prove that the Lor·entz inva

ria:nt distribution spaces on the submanifolds .of Mn are isomorphic 

to the distribution "s~ces on the images of the considered submani.:. 

folds in un .• 

Theorem ·1. a) Unh ( h = 11 213 14) is a real analytic submani-

fold of S n of dimension h n - t h (h -1) 1 with a unique analytic struc- · 

tuce. 

b) 0
1
+ ( M nh ) ( h = 2 13 14) is isomorphic to D ' ( Unh and 

. D ~ ( M n l \I 0 I ) is isomorphic to D , ( ii n I ) ' 

c) 0 :_ ( M nh. <) ( h "'213 14) is isom0rphic to D ' ( U nh + >, and 

D'_(M~l) is isomorphic· to D'(U ) 
nl + 

5 
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Proof. a)· We begin . by introducing th~ index.· sets I h"' I (i 
1 
1 • ;,I i h) I , 

1 where 'i' 11 •••1 

manifolds 

ih "'t 1 • ,; 1 n ; i 1 < ... < 'i h and wT define the ·algebraic. 

·' 
V 1 , i .=lulu~U I G (u),f.0}

1 
1 ••• h n h. II ••• I h 

·_,"t""• 

) . 
t?) .. 

-I 
N . =rr (V I;··.· I h II ·h 

Consider now the following . h n - } h ( h- ~ ) local coordinates . v 
tn 11 ... 1h 

I u ( j e= 11 "'I n ; j f fo i f' f, < f : f • f , = 11 '"I h ) . (6) If j f 

The relations (3) and (4) give the equations 

. I 1 ... I hk 
G (u)= 0 (7) 

II ... lh f 

in VI I for . k I f "'1 :1 ... I n 
l"' h •. From (7) it follows that every 0 kf is 

a rational function of· local coordinates with the ·nonzero denominator 

G 1 ... 1 (u) , We remark that I V I for I i 
1 

1 .. , i h I~ I h 
1, h ' · . ' 1 1 ... I h 

is an open covering of Unh in the topology induced by ,s n .• Then 

it- f~llows that the local coordinate. system (6) determine~ on unh 

an analytic structure/9/, We .shall prove that -this structure i~·unique; 
we prove this only for h ,4· (the proof for h <:·4·is similar), We consider 

the ~allowing 'transformation of variables .--.., 

" ( a 1 a 2 .a3 a 2 a 3 · a 3 ) 
• X -+ < X l t X j > ' X ' X ' X ' X ' X ' X II • f f I· I I j l k (a) 

where ie"'1, ... ,n;_jf I ie, for f,f' "'l;f'< f· and 

i, j1k G. I i 1 , i 2 , i 
3 

, i 
4 

l ; • a ; , a 
2 

, a 
3 

G. I .0
1 
1 , 2, 3 } 

.·.,r·:;: 

are fixed- with i I j I k , a 1 I a
2 

,f a 
3 For any X ~ V I I 1 I 

I· 2 3 ,4 .. 

6 



.. 
there exist i,j,k, a·

1 
,a

2
, a 

3 

. formation (a): 
with nonzero Jacobian of the trans:.. 

ao ~a 1 x a2 x aa 
X I I I I 

ao a, ao a l x a2 ao X I. X a I a2 a a . ao X X I I X .I X I X 
I X I I I iJ.o X a I x a 2 J = 16 I X I· . 

I . xao xal I I I x,ao xal a2 a a X X (9) I I x ao X a I x a2 k k k k 

-....-· k: k k ao a J a2 a a 
x e xe .. x e X e 

where e ~ I i I ·' i 2 I i 3 I i 4 I, . a 0 .;. I 0. 1 • 2 I 3 • with e f, i I j I k and 

a f, a , a , a ( indeed because of the nonvanishing of the Gram'Tl · 
0 l 2 3 

determinant . G 11 1 21. 
3 1 4 

( rr ·(;)) the vectors x 
11 

• x 
12

, x1 :~ , x 
14 

are 

linearly 'independent),. The· relations (8) and (9) show that the restric

tion of ~.·to Mn 4 ' is· coregular/ 91. But if .a facto_r manifold. is an anci-

lytic . manifold ( u nh ) arld' the respective projection ( 1T) is core gular 

then. its analytic structure is unique/9/. A consequence of (3) is that 

U nh ; are COnnected excepting' U II 1 U22 1 U 
33 

and U 
44 

which have 

2,2,8 and 64 components, respectively. 

b) Let h .. 1, ?.,3,4. 

For any ¢. ~ D (M n h ) I we define the transformations 

F <¢ ) ( u) = J 8 . ( ~·. u ) ¢ <~ d P. · <~ ) . < u ~ ·u ) • 
h + · . . :_ h+ .. · , h n h 

where: p. h 

Mnh 

is the measure on M induced by M n 
nh 

h n · 

and 

8 (~.u)., :£ n n 
h+ 01,.~,1h>~~he=l le=t 

>- u • ) , 
1e 1 e . 

8 ( <x · ·, x 
. I e l e 

.l e;& I e .e-:.::e. 

where 8 is the Dirac ·distribution. 
' 

7 
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'. 
:' " i \' \ ,·' 

rro make ' more' accurate' the meaning of the above transforma-

ti~ns, for instance for h ~4, we consider i~ (10) ~nd(ti) the local · 

analytic transformations ( 8) with the Jacobian ( 9) e1;nd the. partition 

of the unity belonging·t~ IN 1
1

1
2

1
3

1
4 

I. for (i
1
,i

2 
,i.

3 
~·l 4', )G-1

4 

and! the Dirac distributions have sense, Using the a~alytic stru~ture 
of U, . it follows immediately that a'ny Fh~ (¢)is a C"" -function of 

, nh . . . .,• 
com.pac::t support and .Fh+ : D (M nl) ) --,-• D ( U nh ) is a linear · c·ontinu.:. 

ous and surjective mapping, 

·The following proof ·generalizes the canonical construction 

given in/1 ,'2, 3 /, For any f C- D ~ (Mnh ) one defines 

F'(f).;D'(Uh) by · h+ n 

f ( 1/1 ) = ·F h,+ (f ) , ·(12) 

where !/J ~ D ' ( U h ) , ~' "" <I> ( ''' 0 rr )· with <I> Go D ( M . ) ·. n ; nh ' 

a_nd l<'h+ t if> ) =c. 1 ·• Com.:ersely, for any F h'+(f) . one defipes the 

distribution 

f(¢) = F ~~(r)(F h+(¢ )), ¢ ~ D (M 
n' 4 

) ' .. 

To show that (13) 

prove that 

is correct and that · f' C- D ' (M ) + n 4 

(f..:..f)(¢Y"'f(.F (¢)-¢). 
h+ 

where w"' Fh+(¢)- ¢ satisfies, the equation_ f-h+(w), 0 

apply now the Gauss-Ostogradski formula to . 1<~~ lw ', 0 

Y,_ 

(13) 

we shall · 

(14) 

, If we 

, using 

also the partition of the unity· and by 'passing t6'4he variables i'x 
I ' 

(for instance for ·h,.4 ·reversing the transformations (8)), it follows 

3 
W= ~A ~ . 

a.{3=o a f3 a f3 ' 
a<f3 

(15) 

-~-:; 

8 
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r 
t 

l· 
l 

. . . ; ~ . 

wher.e · ~ 0.{3 C- D ( M'nh 'and 

n a a a 
A f3 = ~ ( g x ...,.-.,:r - g x{J -..,...-- ) 
,a 1, 1 fla I· ax~-' {J{J . I axa 

' I I 

{;!.6) 

. are the infinitesimal generators of the grcup L
1 
+ in M n and 

g f3 = 2 8 8{3 - 8 f3 is the Minkowski metric. f ~ D' (M )· is a ao o a n 

a Lorentz 'invariant distribution if .and only .if A a.~f,.,o for any .. a; 
. ' 

and . f3 . • Then from (14) and (1S) it follows f = r. Therefore the 

mapping F, : D I (M "··· ) - D, (U ) is bijective one. 
h + , +- ... nh . . n h 

Taking into account the above res4!ts, F ~+ is a bijective 

linear bicontinuous mapping, hence· it is a isomorphism. 

c) Let us take f <;. D_'(M n h ) . • We define g C-D'( U nh ) 

. so that . f ( c,b ) "" g( F h ~ ( c,b )) , where c,b ~ D ( M nh ) with its sup pori 

in M ii..:. .' Consider· that the support of c,b is in a boul}ded open set 

invariant to the A~c- L: with .(A 0 ) =-gafJ. (a, fJ= 0,1,2,3). 

It follows f(c,bA
0
)= g( Fh+(¢ )) • Then f(c,b) ""f(cfoAo ) :. Since 

f is odd: f ( c,bAo) ==-f(c,b) • Hence f,.,O if f has the support in 

. M n _ () · M n h • Taking into 'account this remark we define the trans-

formations 

Fh_(c,b)= _J · 8h_(;,~,-c,b~;,d·ILh (;) = 
. ~-nh · ' · 

' " . '. - ." " - f 8 (x, u ) ¢ ( x ) d IL ( x ) , 
h,+' . ·. - h 

;_ " n 0 " " where ¢C-. D (M nh and ¢ (x) ""J~l sgn x 
1 

¢ (x) for x C- Mn 

<?J:'le can show now as in the proof of b) that any F h _ 

D ( M n h ) - D ( U nh ) . is a linear, continuous' and surjective 

mapping and that there exists re~pectively the. isomorph.ism · Fh ~ 

D' (M ) -+ D ' ( U . ) with 
nh nh t- . 

ft¢ ) .. F;_tOtF~...:t¢,)), 

where f C-:- D _' ( M n h ) , ¢ E D ( M nh ) • 

9 
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,: 
:I. 

• It ~ 

·I 

. -~I 

. II , .. I . I I 
Similarly; td1 and 2 

I' ; ...:. .~ ,.' 
continuous extensi-

ons:F1 + ~: . D(Mn 1\.l op) 
t ~· - ~ i ) - { . 

- D(U ) 
n 1 . ; , j 

; I .. - ·.• 
E1; : Di (M 1 )...:_. D (U \ '1 ) , F 1'+·· 

- · l n • n 

1'\ 1 ·- : - / j 

: D; ( M n 0J 0 !_)-+ D '(Un1 ), 

E ' : ·D ' ( M ) ___. D ' ( U . ) of 1 F 
· ;1- " j- n 1 · · n 1 + 1+ 

' l . i . : 
res~ecth.~ely' ( F 1 ~are isomorphisms·). 

F ·· .. F' · F' 
1- •. l+ •. ~-

; 

! It s_hould be. noted that Theorem 1 for n .. 2,3 was preyed 

by Hepp/51. The transformations Fh,j. are obtained generalizing the 

Methee and Radon ,transfor-d,ations111,~41. · 

2,Spectral Representation of .Lorentz Invariant Distributions 

Now in . what follows we extend the isomorphisms given in TheO.:, 

1 ~o the. whole D ± (M n ) • We begin by introducing th~ Lo-r~m 
• • A 

rentz invariant distrib~,Ations with support in 0 • Any distribution 

f ~ D ' d) ) has th~ ~orm16/: 

a " f = p ( -.-,.- ) 8 (X ) 1 

ax 
(19) 

,. n 3 

where 8(x) =ll ll 
1=1 jJ.==IJ 

8 (x~) ~ and a > P<a: is a differential po-

lynomial with the . . " 
f~D~ {0.) 

cqmplex coefficients in the . a· variables. If 
axf ' 

, then according to the Weyl's 1theoremt10t { with 

theory of invariants) there exists the differential poly-
. . . 2- "- -. • :2 

·in the variables 0;,. a - - ~ a (i,j,=l, .. ,n> 
ll axoaxo •.r=1ax~'axt 

I l --.C....,_ I l 

respect to ~he 
. " 

nomial . P <D) 

in such a wav that 
. ·~· 'r· ' " 

. f = .P ( D ,)8 (X) (20). 

- I 
Anyg~D'(O.)(CQ(S(n ))has the form 

I ~ ;·· .. ~ 

a . . -
g=Q(-;r;-)8(u), .';'.; (21)' 

10 
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is a · differeriti~l poi'yn0..: 

mial ~"Yith the complex coefficients 

" For any f G. D ~ (0) 

. a . 
in the variables -a (i,j=l, .. ,n., i.::;j ). 

. U IJ 

we define F
0 
~ (f ) G D ' (i'i) · by 

f( ¢orr) = F' (f)(tfo ), tfo G D.(tT >. 
. • 0 ,+ n 

(22) 

If f has the c;er1crete form_ {20), frten F 0~+ (f). , . has the concrete · 

...:: form (21) with Q ( 'Ju )= P ( 0) where P( OJ is. obtained from P(L). 

by the adjoint of th.e ;substitution 

•, " . a ' n a 2. 0 11 ... 4(1+8
11 )--+ I(l+o )( l"+ 0Jf ) ukf (23) au 

11 
k, e =I lk au lk a,u Jf 

We define. H_; (0) = l F0' + (f) l for all. f G D _;(I}) ; 'Fo'+ " . 
D.; (0) ;,__.,H ~ (0) is an. isomorphism, Let. H+(O) be a. locally convex, 

space with the dual space II : (0) 

We define now the following direct sums of locally convex spa-:-

ces 

HiU J = ·D(Un4 )0 D (Un ~ )(j)D (Un.2 ) e D (Unt )0 H (0) 

(24) 

H ·- ( u n+) = D ( u n4 +. ) @ D ( u n 3 +) e D (U n:l + ) e D ( D n I+ )'. 

Using: these notations we shall prove the following theorem= 
•· 

Theorem 2, D~(M n ) and D~ (M n ) are isomorphic to 

H + ( Un ) and H : ( Un-f. ) 
Proor, Accorarng to tne vvnnney meoreml-11.; we wrrte. tne at-

rect sums 

. " ,, 
D(Mnt)~D(Mn 1\IO l)@D(O). 

We obtain the dual sums/
11

/ of (25) 

11 



. . -. . " " 
o:<Mn) .. o_;{Mn4 >eo.;<Mns>en.;<Mn2 )(j).O'+{Mnt\IOJ) G\D+ {0):, 

12"6b l 

o: (M·n) ==D:·_{Mn~ )(3D.:, {Mns QD:_{Mn2 ·) 0 D~' {.M nt )· 

Finally, we consider now the isomorphisms. given in Theoram . 1 
. . . I 

and we define the following direct sums of isomorphism ' 

.F, 
+ 

4 
= +· F, F, 

h=O h+ 
1 

= 

3· 

+ 
h=l 

F, 
h- (*7) 

Hence we obtaih the isomorphisms F: ~ 
and F.: : 0 :. t M n ) _... H :. . t U n .) • It 

D ~ (M n ) ... H ~ (U n ~ 

H _ { U n + ) = D ( U ~ : + ) • Theorem 2 for 

Methee/1/. 

should be noted tJiat · 
I 

n = 1 was ·obtained. by 

It folloWs from :Theorems 1 and 2 that any Lorentz invariant. 

distribution has the following formal spectral representation in . th~ 

sense used by Rieckers and GUttinger/3/ :· • 

" 4 " f(x) = I. [ f ~ (u)8 (x,u)d,i' (u) + 
h=l u ht h+ h 

. nh 
(2f3) 

"' 
+ f g ( u ) 8 ( ~' u ) d ji ( u) ] + p <0 ) 8 (~) ' 

- h- h- . h 
unh+ . 

where gh+ G- H ~ (Unh ) 1 gh.;, G-_ H '_(U·nh+ ) 1 and .H.f.(UnJ,) 

: and H '- CO nh+ ) are the re.strictions of II +. { ~ n_) and H .'- ( U !' + l 
to iinh!P(rJ)8(;) .· is given in (2o). P.-h are "the ~easures on the rna~ 
nifolds U nh . ; this representation is unique modulo direct suins •. 

The spectral re~resen~tion 1 ( 28) for n .. 1 is just that estab- . 

lished by Rieck~rs · and GUttinger/3 /. 

Remarks.: 1. Theorems 1 and 2 can be proved .for .Lorentz i~ 

variant tempel'ed distributions using _the proofs given above with 

unessential modifications. Then the Wightman distributions .fbi- n .;.l 

points admit the spectral representation (28). The Fourier transform-

(28) has the · structure of Lehmann representation/3/;/ 12/. . 

12 



2, Theorems 1 and 2 can be extended also for Lorentz cova

riant distributions, To express the Lorentz cov~riant distri~mtions as 

a ·finite· sum of distributions belonging to H.:r<.U n) multiplicated by 

Loreritz- .::ovariant differential polynomials, it must be used the 

results established by- Hepp/13/ ext~nded by using the theory of 

ideals of differentiable functions/
11

/ 

3, 'T'heorem 1, a) on the mass shell was proved by Jacobsor/
14

/ 

and it follows that the restrictions of the· Theorems 1 and 2 on the 

mass shell are trlle. 

The authors -~~p~ess their gratitude for kind hospitality they 

received at the Laboratory of Theoretical Physics of the Joint In

stitute for 'Nuclear Research, 

References 

1, P.D.Methee, Commun,Math.Helv., ~ 225 (1954); CNRS, Nancy, 1956, 

and I.L.Lions, Nuovo Cimento, vol,XIV, Ser, X,9 (1959), 2.LGarding 

3. A,Rieckers and W,GUttinger, Commun.Math,Phys,, 7_ , 190 (1967). 

4, "I.M.Gelfand and G.E.Shilov. Generalized Functions, -':!.,_ New York, 

London: Academic Press 1964 • 

. , 5, K.Hepp. Helv.Phys,Ada, 12., 639 (1964).· 

6, L.Schwartz. Theorie des distributions I,II, Paris, Hermann 1 1957, 

et 1959. 

7. E,Mihul, C,.Gheorghe and D.B.Ion. Preprint Helsinki, 1966. 

8, J,J.Loeffel. Helv. Phys.Acta, ~ 216 (1963) • 

. 9. J.P.Serre. Lie Algebra. and Lie Groups, New York, A.msterdam, 

Benjamin 1965. 

-10, H.Weyl. Classical Groups. ~rinceton: University Press 1946. 

11, B.Malgr~:mge, Ideals of Differentiable Functions, Oxford: Univer

sity Press 1966, 

12. S,Schweber. Introduction to Relativistic Quantum Field Theory, 

New· York, Harper & Row 1961. 

13 



~ 

;., .. ;.-

13. K.Hepp. Helv.Phys.Acta, 36, 355 (1963) • 

. 14~ b.A,J acobson. Nuovo Cimento J~ 905 (1966). 
j .. , 

Received by Publishing Department 

. on October 8, 1969 

-...... 

14 

,T;. 


