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~--· ,' . Abstract 
·. 

·.. . In •,th~· · i~troduction 'the nonlinear system. of functional ~equ~ti-/ 
. , ons fa~. the matrix elements of the _s -matrix is formulated, which . 

· ._·we 'call the Chew-Low type equations. A 'short. review ~f-some 
· ·: papers devoted to equations of this type· is given, and : the advan-. 

·_. tages' of the approach· of the present paper are .di~cussed •... ·.· 
' In part 'JI, § 1 the transition to ·the projectiVe' coordinates i.n . .' 

"• the space· of the mat~ix ·element~ ·of the. S-matrix .. and ·the lineari- ;' 
~ation of the· unitarity conditions· are performed~ 
· · An .interpretation of the system of functional equations as·-a· •· 

-:. · trarisfor:-mat.ion in the (n-1) dimensional real space· is given. It :is 
· shown that some· of. the solutions ·of tb.e initial sy~tem of equations · 

. , 'are contained on' the invariant hypersurfaces of this space (§2). . 
· · -·.. . In § 3 a method of the local construction of tne invariant sub
spaces . is. proposed. In part III the method suggested is applied . · 

. to the. Chew-Low equations with the 3x3 crossing watri~ It is es;,;. ... 
tablished that, if the Chew.:..Low equations possess a solution, then . 
the ar;bitrariness of. the solutions of the class ('2.12), 'being the 

' .generalization of the familiar · {3 -arbitrariness, · is' not exhaustive~ 
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I. Introduction 

- The problem of P -wave scattering of rr -mesons· by a sta....: 

tic nucleon with the two-particle approxi~ation. to the u~itaritY con-· 
. 1 . 

clition is described by the Chew-!Jow equations , which are of the 

form: 

. · ,\ 
1 1 "" lm h 

1 
( w ') 

h
1

(w )= --+ -- J[ -----
w 7T ,l w ,·_ w 

A
11

1mh
1
{w') 

+ ]d~'· (1.~) 
w'+ w 

· · 1o 1 <w ,, ._ . ( 
e smo1 w) 

Here ·_ h 
1 

{ w ) = 
q3u2(q2)· 

o (w) 
1 

is the.- scattering phase 

') . 
shift in the state with definite values of total isospin T and total 

angular momentum J.(i=(2T,2J)) , __ w . is the meson_total c.~ 

energy, w=yq 2+1.! 2 _and 1.! (the meson mass) =1, u{q 2
)is·the· 

Fourier ~ransform of the source function , and A 1 1 are the ele

ments of the. crossing matrix, The numbers ,\ 1 are proportional 

to. th_e _s_qua_rE7 of ~eson-nucleon coupling constant and· satisfy the 

·relations 
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A . ,\ =- ,\ • 
. 1 j j . . 1 

l 
The Chew-Low equations were· first established within "the 

framework of the special model of !1 N scattering characterized by 

. a static sour~e i~teraction2• However~ they can be obtained as the ... 
static· limit of the rigorously proved 

·It is well known/4/ that .the analytic 

relativistic: dispersion relations. 

propertie~ of the partial waves 
f ( ·_ e1 0 1 c w l sin 81 ( w ) 

1 w) - . ··e . . 2 ~ 
are not· as simplE~ as those of the fun-

q . 

_ctions hi (w l In :the static limit the latt~r· have, in addition to the 

two cuts (-oo,-tJ;l+L+oo,) fi:om the u and s . channels, also the 

cut (-:ioo,+ioo) from the t -channel (rriT-> NN)· • In ref. 5 'the ~ethcid 
of obtaining the equations (1.1) from the Mandelstam representation 

·. hc;:ts bee'n proposed and the interpretation of the cut:-off function 

u 2 (q 2
) as a model of the t channel cut has been given •. Following 

ref.
5 

we shall supp~se that the cut (-ioo,+ioo) can _be represented 

by the system of poles corresponding to the. resonances in the. 

channel and the function l is an entire function of q 2 • It 
. . 6. . ~u2(qz) 
is also known ;that the crossmg properties of the functions f e ( w) 

are essentially more c<?mplex before the transition . to the static limit 

. _thari is assumed in (1.1). The function fe( -w) is expressed In terms 

of the infinite system of partial-wave. amplitudes and· their- derivati

ves. ·In the ·static lim.it this relation is s:(gnlflcarihy simplified and is 
. ·- ····~. ...... ' 

of the form 

h
17

, ( -w) = ~ A1 1 
he, 

1
(w), · · _., 

L, 1 ·j . ·; , 

where i·, j assume the Values (1.1, 1.3, 3.1 and 3.3). 

Recently some inportant results proving the existence of .a 

solution of equations (1.1) have been obtained iriref. 19
•20 assum-

. ~~-,; ;; 

ing the smallness of the coupling constant and· als'o some restric-
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tions. on the as~ptotic behaViour. of the fundions hj'(w) X/x.X/ as cu-:+«> • 
• • • ' .•• ~ ·; ' l ";.· ... 

~ -·,.,I • . • 

. The .equ~tions analogous· to (1.1) ca~: be established for. the 

· higher_:~a~e-s i.n _n N .·scatt~ri~g and .for ot~er, tw~~rticle proces-

ses •. Th_e. specific properties for any particular problem· are .as fol

lows:· 
'.; .. 

. 1) tru,;· a~signment of the -meson and. source quantum'numbers · 

and also the grouP._symmetiy under_ which the interaction is 'inVa.:-

-- riant; 

·• -- .. -2) ·the assumpti~n ·about· the. mass ·s·pe~tri..tiT?-. of· the meson pl~: 
,; . ~o~rce system; 

3) the assumption about the asymptotic behaviour -of the fun

ctions h 
1 

{w ) .• . · . ~ 

Condition 1) allows us to establish the type of crossing 

··· ·matrix· A and conditions. (2) and 3) fix the poles and' the rate 

~of :gr<:>Wth ·of the functions h 
1 

(w ) .• 

H 11 th ' t• . h ta• ' ·t· 8 
., .. ... owever a ese equel; tons . ave cer m com>non proper 1e__~ .. ' ··:. 

<which are conveniently formulated· in terms of the. functions 

where. 

S (w) · ·· · 
1 • . ' • 

. ... ···· .. 

--.~/ F.~r ·the· validity of the e.Xisten~e theorems in ref. 19;2o · th~ ad
mi~~fbl~ upper bound sup! I.\ 1 I turns out to be an order of mag.:.: 
nitude less than the experimental value· of the coupling constant •. It···· . 

''is obvious ' that the ~xistence 'of a solution of ( 1.1} is in no way . '' ; . 
r.elated to the ·.smailness of . the' coupling constant and this 'limi:-19' ;0 ' ' . 
~tion· is simply a consequence of the method employed in ref. · ' • · ·· 

. ' 

xx/ The' authors thank Dr. R.Denchev for a discussion of .ref 19, 20 . . . . 
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. -· ·s ( )-',2181 (W) .:_ 1- 2 . zf+12(, 2)·h·''( )• 
1 

w - e - + 1q. U q l. W • 

1. s,l ( w ) are analytic functions in the complex w -plane with the 

.~uts (-oo,-1],[+1 ;+oo); 

2. S~ (w)=S
1 

(w*) is the reality condition; 

3; I S 
1 

( w + i 0) 12 
= 1 for w > 1 is the unitarity condition; ·. (1.2) 

4. . S 
1 

( -w ) = !- A1 J S J ( ·w ) is the crossing relation; 
• ·- . J • . . . ~- -- . 1.3 

.where A is :an (nxn) matt:'ix with the properties c. 

2 A = E and !, A 1 J = 1.. 
J 

(1.3) 

We shall call· these eqilations (1.2) the Chew-Lo~ type equcd:ions 
13

. 

Theadvantages of this approach to the prbblem (1.1) are the 

fact that the ~ut-off function u2(q 2 ) is not contained in the . equati

ons (1.2); that a definite asymptotic behaviour of the_ functions s;(w}_ 

.. ; at infin~ty is not assumed, and that the coupling constant is not 
. .. 

explicitly present. 

One must satisfy additional local COI)ditions on the functions 

;. · . S 
1 

( w ) in the construction of' the concrete physical solutions of 

the :problem (1.2): 

Many 

. s·( · ( 2e+') 1. 1 w)=l+O q 
w-+1 

A . 
2, S ( W ) _;' --

1 

. l . w 
w-+ o 

is the threshold behaviour; 

·- ···: -. 
is the Born· behaviour • _......., 

(1.4) 

7-21 . ;: . . . 
articles have been devoted· to the mveshgation· of the 

· Chew-Low. type equations. However, the complete solution of these 

equations has so far been obtained only for the 2x2 crossing mat-
. 9-11 . 

r1x ..... ·-; 
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In· ref. 
13 

. it h~s been 'demonstratE~d that the Riemann surface 

: ·of the fi..mctions S (w) has ·infinitely mci.~y sheets b~cause of 'the 
1 . 

. ·logarithmic br~t:l~h point at infi.niti. To take into ac"count thi~ bran~h.t·: 
. . 

point and also the first order branch points in S (w) at w = + 1 
. ·. . ' ·. 8-10 1 

. 
. . . we shall make the conformal tr:ansformation 

f ........ . 
w=--arcsmw, 

7T 

which maps the physi~~r she~t into the strip .1 Re w J< ~. 
.. to the uniformizatio~ ·:2s· of the funct;ons S 1 ( w ) •. : 

and. leads~·. . :: 
' .. ·. ~~ . 

'> 

Conditions (1.2) are of the following form in· the yariable · 

w· 

·1):. S(w) is a column. matrix ·of meromorphic. functions in the w.::. ·
·:·-plane; 

2) S*(w)=S(w*) is the reality condition; 
. :· 

3) S(l-w)=IS(w) is the •unitarity condition; 

4) · S( ..2'w) =AS (w ) is .the crossing relation,~ 

.:where by l we shall denote the nonlinear 

. / op~ration of· the type 
1/S 

. I 

IS(w) = 
1/S 
•. 2 

'(1.5). 

·· If we obtain all solutions of the system of nonlinear funCtional 

equations 3), 4) of (1~5) in the class of functions defined by 1) and 

·2). of {:!~.5), sati~fying ·. conditions (1.4), then· we can .. constrUct the 
' ' 

· ... 
soli.ttion of !he eqUations (1.1). '.!·. 

It is· well kriown
13 

that·· ·conditions (1-4). of (1~5) do not 

. ,· .. · 

.. 

u~iq'::lely (~eterrnine . the functions s 1 ( w) •. If one has .found the 

··!unctions S (w) .satisfying (1-4), theri the functions S (w+f3(w)) D(w)·;<.<.···: · ·· "~ · 
1 • . . " ' 1 ' . . ' . •. ··:·· ... 

where ~ · 
-~ .. 

7 
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D*(w) = D(w*)·, D(-w)=D(w), D(w)D(l-w) = 1, 
(1.6) 

f3*(w)=,B(w* r .. {3(-w)=-{3(,), {3(~+ l)={3(w), 

also satisfy. (1-4). 

_Moreover, if the matrix A can be decomposed into the direct 

product '6f .tWo ~trices A
1 

and A
2 

with the same properties (1.3), 

then at lea~t. som~. of the_ solutions' (1;5) can b;,; · re~resented in the 

form of the direct product of solutions S111 (w) and S121 (w) ' which 

individually depend on arbitrary' .functions f3 · ( w) and ,8 • ( w ) , res-
- 1 2 

pectiveiy13• In addition to this continuous family of solutions (1,5), 
. . 

a discrete ambiguity is also possible. An example of this is con-

ta. d . f 13,16 tne tn re ~- • 

Digressing from the arbitrariness in (1,5) . cme can speak 

a~out the "skeleton'' solutions 
16 

and their classification. The class _ 

of solutions (1.5),for which any ratio· S1(w)/ S
1 

(w) of "skeleton" so-

lutions has a limited number of poles, has been obtained' for 3x3 
10-13 13 15 .. 

and 4x4 crossi.ng matrices in ref• • In ref. ' a method of 

constructing the class of solutions for arbitrary orders of the cross-

ing matrix has been developed, 

However, in ref. 
16

. it has been demonstrated that' a solution 
~- '"- "' ·- -···~ --

of equations 3), 4) of (1.5) exis-ts, for Which~ on~ of the ratios S/S 1 

is a transcendental meromoq~hic function of . w v·;''(l'he difficulty of 

solving the system 3), ~~4) of (1.5) is explained .by the absence of 

~eneral methods of solving nonlinea:r functionaL equations. The suc

cess in finding 
1
the complete solution for-. the 2x2 matrix A is 

easily understood. In this case the ratio - x ( w) = S 
1 

( w) IS 
2 

( w ) 
. -

satisfies the simplest nonlinear functional eSiuation "' 

.. < 8 
~·~--;-

l 
l 
j 

! 

.I 
J 
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.. 

x(w+l)= 
a x(w)+ f3 

x(vv)+y 

,. . ~-
·' 

whose general solution can easily be obtained on the basis of 

't . t ' 1 ·. t tat' 16 M . ' . f 16 't h . b . 1 s geome nca , 1n erpre 1on • oreover, 1n re • 1 as een 
. . . . . . ~ 

demonstrated that it is c6nvelilient to' solve '"'equations 3),' 4) of (1.5) 
~- . 

on the basis of the . preliminary· treatment of the functional ·relations 

among S 
1 

( w) which ;-~~tistY ( 1. 5). The first step· in this treatment has 

been made in rer. 17, in which the autho~s proposed an a1gorithm 

for obtaining the polynomial functional relations among the functions 
.18 S 

1 
( w ) by means of the heuristic use of a computer. In ref. a 

more direct method . of ·investigating this class of. functional relations 

has been proposed~ In the ·present article the general method of 

finding solutions of equations 3), 4) of (1.5), contained in ·the inva

riant subspac;:es, is developed. 

II. The Method :or Finding Solutions of the System {1.:ll_ 
Contained in the Invariant Subspaces 

§ 1. The transition to the projective coordinates. The linearization 

of the unitarity condition. 

Let . 8'1 be. the · n -dimensional complex space of meromorphic 

real functions of the ·complex variable w. • Then the n -:'dimensio-

nal . vector S ( w) in this space satisfies the eqt.tations 

(2.1) 

2. ·S(w+l) =IAS(w) ,•. 

which follow from (1.5). 

9 



As is easily seen the' operators I and lA of (2.1) are real 

operators · satisfying the followirig conditions: 

I 
2 

·= E 
(2.2) 

(I A)-1 ~AI.· 

, .. ·~ 

Thus :the inverse operator to (IA) .exists and is unique. Clearly, 

from~ (2.1) :it follows that the powers· of the op~rators (IA) n and 

(AI ) n are . the operators of the continuation of the values of the 

functions s I (w) f.rom .the strip IRe. w I ~+into the stripsiRe(w±n)l~-t. 
It is seen from 1) of (2.1) that the system of poles and zeros of 

the fU:nctions s ( w) is symmetrical about the line Re. w = _1_·- •. 
I. . . 2 

It has been mentioned above that the solutions of equations . . . 
(2.1)possess. the arbitrariness (1.6). To -take- into account the exis-

tence of the . D -a.rbitrar!.ness in u:e functions S 
1 

( w ) it.· is ·• c'?nveni

ent to make the transition to the projective .coordinates . _'x 1 ( w) = 

=S
1
(w)/Sk(w),·i=l,2,1 . .,n,.i f,. k, where we can choose k=n 

for definiteness, although in concrete cases it may be more con

venient to make. ~nother choice. 'the transition to the projective co

ordinates·~ 
1 

( w) is also convenient because th.e. functions x 
1 

( w ) 

will not contain the common, possibly· infinite, system of poles and 

zerOS in the ft.mctions . S I ( W ) • 

Then according to thi~ definition and (2.1) the solutions of 

equations 1), 2) · of (2.1) ~~~tained -in the:(·~:~!') dimensional space 

of the real meromorphic functions X I ( W) ( i = 1, 2, ::"., n. -1 ) must 

satisfy the eq~ationsx{: 

xl Here in 2) of (2.2) the summation over is assumed. 
·-?:< 

10 



.. , 
' 

' , .... 
. · 

1. X ( W) X ( 1-w) = 1 
1 1 

An 1 x1 (w) +Ann 
2. x 

1 
(w+ 1) = -. ---.. ---

Ail XJ (w)+ Ain 

The function S ( w ) ·is found from the. . equations 
n , .... 

· · S ( w ) S (1-w) = 1 
· n._. . n 

A .... ; ••• • ... , 

S (w+ 1) S (w) = ---:--
1---

n n A n J X J ( W ) + A nn 

(2.2) 

T~~ ~rst stage of constructing the functions S 
1 

( w) is to find all 

·the solutions of the system (2.2). 

Equations. (2.2). are nonlinear. We linearize the ~nitarity con

ditions 1) by means of the substitution 
. . 1 
1-a (w--) 

X (w) = ·. . I 2 
1 . 1 ·' 

1 +a 
1 

(w- -) 
2 . 

. (2.4) 

which transforms ·them· to the form 

1 1 . . 
a ( W -- ) + a ( -( w--)) = 0. 

1 2 1 2 ' 

Thus the· functions a 
1 

( w) are odd merom orphic real functions of w · · 

a-
1 

(-w) =-a
1 

(w). (2.5) 

we' remark' that the suJ;>stitution (2.4) is analogous to the transition . ' 

from the S -matrix to the K -matrix 

\ ' 

1-iK 

1+iK 

11 
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' ' ') 

.-

.. 
-' 

; 

In the· Va.riables a
1 

(w ). equations (2,2) will be of the form 
n -1 , n -1 · . . . · n -1 

:S(A11 -An 1 )(1-a) l1 (1+a-)+(A ..:..Al)II(1+a) 
.. J=l , . Jk;oiJ .k .. ln. nnk=

1 
k 

a (w+l)"' . . 
1 · n~ · n~ ~ n~ 

· :S (A +A )(1-a ) II (1 +a ) +(A +A ) II (l'+~a ) 
j = 

1 
1 j · nj · j , k ;o( J . · k · In nn. k = 

1 
. k 

~ (2,6) 

Performing some algebraic manipulations of (2,6) {see' A~pendi'x)' ,, 
we obtain the more convenient expression 

a 
1 

(w + 1)= G 
1
.(a

1 
(w)), (2,7) 

where G 1 ( a
1 

( w)) is define~ .·by the following formula 
n -1 n-1 

- :S :S . a· a a ••• a [ :S (A -A ) ] - 1 1 k k k · k . 1 · l 11 nJ 
. q= 1' k 1 2 3 ' q J = k q ' ( ' 

n-1 n-1 ' 2,8) 
G (a (w)) = 

I J 

1 + ·:£ 
'q=} 

:s 
{k'l 

q 
n-1 

a a . a k k k 
. I 2 3 

ak U-.~==~ l(AtJ+AnJ)l 
q q . 

Here the · symbol :S denotes the summation over the ordered sys-
. . ' ·hq l . . ' . ' • ' ' 

tern of q elements ak _with the indi~E7s k 1<k 2<~·~ .. <kq_~kq,1;::kq::_n-1 
and the s{..mmation index i in the coeffi~ients of the products · 

a~ ak ••• a k 
1 2 q ... 

with definite . indices k 'k ''• .. ' k 1 2 . q 
takes· 

the values k
1 

, ·k 
2 

, ·• •· .• , k q ~ · 

The inverse equation to a (w) in terms 
I , 

-,! . ' 
operator G (a (w+l)), · 

• 1. J . . 

( 2. 5) . of the func-

(2. 7), expressing 

of a 
1 

(w + 1) ., is determined by the inverse 

. which exists and is unique •. {]sing the oddness 

tions a 1 ( \V) it is easy to obtain fu~ invere:e ~quation to (2,7),' 
which is of the .. form 

, . 
. -~·-.--: 

.. -.... _ ' 

a ( w) =- G (-a ( w + 1)) . 
I I , . J (2,9) 

. ._.z·; 

12 



For the physical solutions of (2,7) we shall assume the local con

ditions (1.4), which in .terms of the variables a
1
(w) take the form·: · 

1) a (w) =0(w 2£+t) 
I . , 

w->Q 

2) a (w) 
I 

1 w=--
2 

1-
,\I 

,\ ·z_.-.. ___ ,\:.:_n_ 

"1 + __ I· 

.• ; ,\ n 

is the threshold behaviour 

. (2.10)": 

is the .Born behaviour. 

Furthermore, using the :fact that a 
1 

( w) are real. functions of 

the complex variable ··w and that the. real operators G I 'and G ~1 · 
determi~ed, by (2,8) and ·(2,9) are the unit shift oper<?-tors of the ar-

·gurrient along. a direction parallel to the. axis 1m w = 0 . , we can • :·r 
·.consider the functions a 

1 
( w) on the real axis and the (n-1) dimeri-' .· 

:sional comolex space. a· as the. real space of. ·~imensio.nality (n-1 ):·.' 

· Let us assume that we have constructed the solutions. of (2,5)1 

(2.7-8) on th~ real .axis·; The problem of the un~queness of the ana.:.· 

.lytic co~tinuation of the~e solutions into the complex plane arises, 

In. so far as the 'functions a 
1 

( w) are· meromorphic, we can al-

, ways find some interval of the real axis a < Re \v < b 
l 

on which all 

the a ( w) are analytic, Then the positive answer to this problem 
I 

gives the "interior theor~m of uniqueness". (see, for example, Mar-

. kushevich22 , §'6, .p;302), Thus equations (2,7-8) allow a one-to-one 

transition from· the complex space ~ into the real subspace ci , · · 
'• ', ; I ' - • ' 

·. Let us now turn to the geometrical interpretation of the functional 

equations· (2, 7-8), 
./ 

13.· 
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§ 2, The Geometrical· Interpretation of the Functional 

. Equations (2,7-8) 

We shall consider the (n-1) equations (2,7-8) as the transfor

. mation of the real space a· determined by the functions (2.8): 

a' =G
1
(a

1
).· (2,11) 

We shall consider the properti~s ol the transformation (2,11) 

in detail. This transformation is a birational transformatio'n of the 

(n....;1) -dimensional real space a • It is not difficult to show 

from (2!8) that the poi~t P ( -1,-1 , ... , ~1) is a singular point of the 

transformation (2,11), in so far as the fu~ctions G1 have. a singu

larity of the typ~ . t at this point, The position. of the ~ransform P ' 

·. of this point in. a ' depends on the direction from which one tends 

to the point P in a 

.We remark that the point P corresponding to the point at 

. infinity in the :space x (s~e (2,2) and (2,4)) corresponds to the com..; 

mon system of poles of the functions x 
1 

{ w ) 

Analogously the point Q (1, 1, ... ; 1 ) in the space a is the 

transform of the· common system· of zeros of the functions x ( w) , . 
.' 1 

as follows. from (2,2) and (2,4), The point in the space a with the 

· 1 coordinate. equal-to -1 corresponds to .a pole: in x (w) .. , and 
• : . . . . . .• .... 1 . . 

that with the ] coordinate equal to + 1 to. zero in .x ( w) • . 
. . -~ 

Let us find the fixed points of the transformation (2,11), They · . . . 
~are defined by the (n-1) eq~ations 

a =G(a ). 
1 J 

In so far as the direct (2.11) and inverse (2,9) transformati~:ms are 

one-to-one, the fixed points of (2.11) coincide with the. fixed poi~~s 

of the inverse trcmsformaTion. 

14 
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.. . :· It follows· from equation (2.9) that the set of fixed points· of 
' 

·the transformation (2.11) is_ symmetrical with respect to the· inversi- · _ .. 
•·,t., .. 

>'on of au· the·ax:es. We- remark that in general case we a~ready 

know one· fixed point of (2.11), namely the origin of coordinates- in; 

the_ space a· .·This_ point is a physically interesting one, in so · 

far as the .threshold behaviour_ ·1) of (2.10) tells us that the physi- . :· 
:; .~ 

cal solution must._,_pass through the .ori_gin of coordinates in the ~pa-
-., 

~ ce a .. 
We shall now·:Uiscuss the question of how the solution of the . 

-~ystem (2.5) (2.7-8) will :look in the space- a • We assume that a 

solution. (one. or .many) exists and is given by the (n-1) functions 

a ( w) • Before discussing this question we give a definition of a 
1 .. --

- class :of solutions of the system (2.5) 1 (2. 7_;8) , which- we shalL con-

!;ider . below. 

The Definition of the Class of Solutions of the System 

(2.5)1' (2. 7-8) 

Among the set of solutions of· the 

system (2.5) 1 (2. 7-8) for the arbitrary nx n 

crossing matrix A · , there are contained 

.the solutions which_ are the unique functi

. ~ns of the k variables : 

a (w)=a (w~f3 (w),-w+{3 (w), ... ,W+/3 (w)), 
- 1 1 . 1 . 2 k 

where i= 1,2, ... , ·ll -1 , 
1 <I{< n- z-·· and the {3 (w') :are. the fun-· 

- - . . . 1 

ctions satisfying the properties (1.6). 

15 
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Thus this class of solution.S possesses greater arbitrariness 

than the arbitrariness (1,6). In the particular c~se when the matrix 

A defining (2, 7) can. be decomposed into the direct ·product of the 

· crossing matrices A , A , .. ,· A k , such a definition of the class 
· I 2 

of solutions is justified, 

Then we shall consider the '(n-1) equations 

a (w)=a (w+f3 (w), W+/3 (w); ... ,•W+/3 (wJ) 
1 1 l 2 k . 

as the parametric equations of a k .:.dimensional hypersudace <II 
. . . ' k 

embedded in the ( n -1) dimensional space a , In p~rtiCular, at k= 1 

the solution of (2,5), (2.7-8). is represented by a space· curve in a.. 

, In so far as the operator G1 (a1
) for: a 

1 
(~v) , the sol~tions of (2,5), 

(2.7-8)/ is a shift operator on the k'-dimensianal hypers~rface <Ilk, • 

the set of solutions of (2,5) 7.(2.7-8) will be :epresented by the seCof 

hypersurfaces <II - in the space·. a , which are: 
'k ' ' . 

a) invariant under the transformation (2,11), (2,8), · 

b) odd under inversion of all ~~l)' axes a 
1 

Let us now consider the invariant hypersurfaces <11 'which 
' ' k 

.contain at least one.of the fixed p~ints of (2,11)• Below.we propuse 

a method for the .local construction of the. invariant · hypersurfaces <II 
. k 

. in the neighbourhood ·of their fixed points, 

..... ~ ~ -. 
§ 3, The Method of the Loca_LConstruC:tion of the 

· Invariant Hypersurfaces . -..... 

The general equation .of the hypersurface· · <Ilk in the' neigh-' 

bourhood of a fixed point . of (2,11) is given by the ( n-1-k ) equa

tions 

• f 

. ·-" :~" .... ,. 

16 
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'f ; 
··.r· 

\.a 
·1 

n-1-k 

·- , .... -· 

(2.13) 

=¢ (a ,a , ... ,a ) 
1 .,_ I -k . I J I J2 J k. 

. . 
where none of the indices J 

1 
, '] 

2 
, • • ·, • J k 

x/ 
is equal tp any of;1 the indices 

11' 12 ' ; • • ' '1 n-) -k 

By the property b) of the hypersurfaces <I>k the functions ¢ 1 , 
I 

¢'1 ' . 2 
•.• , ¢ 1 ar~ odd under the simultaneous change of all 

n · .l-k 

the . signs of ., i.e. 

¢ (-a ,-a , ... ,-a)=-¢ (a ,a , .... ,a ) . 
. 1 e J 1 J 2 J k 1 e J 1 · J 2 J k· 

(2.14) 

The simple form of equations (2.14) is 'the co~sequence of the sub

stitution (2.4). 

The · ··. •mathematical formulation of the condition a) consists in: 

the fulfilment ,of the next { n ,...1- k) functional equations on the invari

ant hypersurfaces <I>k 

X/ The necessity of writing (2.13) symbolically in this way arises 
from the possibility of the tangency of the hypersurface <I>k to the. 
maximum number k of axes (this is the requirement of the smooth- . · · 
ness of <Pk in the neighbourh_ood of the fixed point) of the non-rota
ted . local coordinate frame of reference at the fixed point. 

:1.7 
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.•"; )' 
a, . = ¢ (a, ':a, ' ... ' a, r 

1 e 1£ 1 1 . 1 2 · lk 

' a' =G (a ,¢(a ,a· , ... ,a))' te. 1r Jm 1q ~~ lz Jk 

a' =G (a ,¢(a ,a , •.• ,a)) 
j p . J p 1m 1 q J I . J 2 J k · 

(2.15) 
··:· 

1~e.q~n-1-k 

' .. 1 ':_P, m < k 

Thus the finding of all subspaces in .the. a -space invariant un-

der (2.11) is. reduced to solving the system of functional equations 

.. (2.14-15) in (n-1-k) unknown functions ¢ , . ; . , ¢
1

' · ·.-The ... 
· · 1 1 . n-1-k 

·:method of solving such functional equations is the ·expansion of the · 

· functions· ¢ 
0 1 G ·, G 

1 
in the Taylor series in the neighbour-

• 1 L 1 r · p· · . 

hood· of the. fixed points of the transformation (2.11); 

In finding the Taylor coefficients of the functions¢ (a ,a , ... ,a ) 
_ . . · 1£ 1, 12 1k 

from the system ( 2.14-15), we shall obtain the representation. for 

.the ·functions ¢ 1 in the form of a series in some k -dimensional' 
-· . ( 

neighbou~hood of the fixed_ point of (2.11)1 _whose size· will. be de-

~ ~ .· 

termined by the radius of. convergence of the resulting series. If 
", -·.' ~ . . . .. . ..... : -., . . 

these series can be summed, then the ~unctions . ~~r thus obtained 

will be an analytic determination of the whole hypersurface ct>k • 

· · •· The invariant subs<paces thus obtained . permit us t~ decrease 

the number of unknoWn functions a 
1 

( w} in the system (2.5), (2. 7-8) 1 

·s~ ·that by .the s~me token tbe solving of th~ latte~ is esse~tially 
simplified. In addition to this'. the many local properties of the_ solu

-tions of (2.5) 1(2.7-8) (fo~ example:·the fulfil~ent ~f conditions"\) 

. .( 18 
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· .. 

and 2) of (2.10); the presence of the. poles and the zeros. in x.l( w ), 

both those common to all· x
1 

(w) as nell as those specific to each·: 

x1(w)) can be obtained from the functions ¢ 1 f found by solving 

(2,14-15), but here we shall not· resort to solving the system (2:5) 1, 

(2, 7-8), 

As already mentioned aboye, it is physically interesting to 

find the invariant hypersurfaces <Pk ~ontaini~g th~ origin of coor-
._,__ I . . . 

dinates in the a ·.:..sp"':Se• The construction of the invariant hyper-'-

surfaces _<Pk containing only ·the other fixed points is of indepen-' 

dent mathematical interest, 

We note· that the problem of finding the invariant curves · in · 

the real plane x, y was considered at the beginning of this century 

. th 1 . 1 k 24•25 d tl . 26' h t In e c asstca wor s an more· rec_en y tn\ 1 w ose resul s 

have. been expounded in the monograph27 .'However, the conditions 
26 . . . .. 

under which the theorems in were proved are not fulfilled ' for 

the 3x3 crossing- matrix ( n-1 = 2 , the two-dimensional a :-plane). 

III, The Construction of. All Physical Invariant Trajectories 

in the . a -Plane for the Chew-Low 3x3 Matrix 

· The Chew-Low 3x3 matrix is of the form 

-8 

7 

4 
(3.1) 

. . ,/ 
In connection with the definition x 

1 
= S 

1 
/ S k: in part II . we introdu:.. 

ce 

x,=S/S 2 

X = S / S 
3 3 2 

19 
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·• ·"· ~·-

·Then according t? (3.2), (2.-4), (2, 7) and formula (2,8); in which th~ . . ' 

··index n must be ·replaced by 2 and the indice
1
s i, j, I k ql assume 

the . values. 1; 3 ,we. obtain the equations for a I ( W) and a 3 ( W) 

a (w+l)=G (a (w))= 
I . . I . l . 

. __ 1_ 
3

. a 

. I 

4 5 . 
---·a --a a 

3 .· 3 . 3 1 3 

10 11· . 10 1 +- a --·a --.a a · 
9 I 9· 3 9 I 3' 

(3,3) 

2 . 1' 1 
--a +·--a- --a a 

a (w+l) =G (a (w)) 
. 3 ·.. . 3 J 

3 I 3. 3· · 3 l 3 

. 7 4 
1+-a +-a 

9 I 9 3 

2 
+-a . 9 a3 

With regard to the ge?metrical interpretation of these equatim1S as 

the transformation of the real plane a . ' .a 
l 3 

the fixed points . of ·. 

·· the transformation ( 3,3) for the arbitrary 3x3 matrix ·A are of 

the form: 
16 . 

1) a =a = 0 
I 3 

( 
. 4A A j . ' 11 22 

2) a = + 1- · - . 
t -. (A2z-Att)(A2t-A12)+AuAz2 

<C " .·- •• ~ -. 

where the sign· of . the root for· 

. of a • 
1 

a 
3 

must be ·taken· 
.. 
-~-.. 

1/2 
.. (3,4) . 

opposite to that 
' ' ' ; 

From··?.) of (3.4)'".for .the matrix (3.1) we obtain the non-null. 

· fixed points 

'. 3 --
1) a =-V 2, 

1 5 
. 3 -2) a = --y2, 

. I 5 

.• 

a3=- ~y2, 

a = 
3 

3 -
2 v2. 
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According to part II, ·if the physical solutions of (3.3) satisfy-

. ing the local conditions (2.10) i are contained in the class (2.12), ·then 

they ~ill be represented· in the a -plarle. by the trajectories whicl:l 

are the curves invaria~t under the. transformation G1 and passing 

through the null fixed point 1) of (3.4) and the Born point (se~ 2) 
.. .. ~ ... 

of (2. 10)): 
~; . -

-~----·:f)-rj) (3.6) 

In obtainin& (3.6) from 2) of (2.10), we used· the· fact that the A 1 

for the mat~ix (3.1) are, of the form: 

A 1 (=t)-c 
where~ c is constant proportional to the square of ~he rrN ·coup

ling constant. 

'. 

With regard to (2.14-15), the functional equations on the. inva:.:... <·. 

riant curves a 1 = ¢ 1 (a 
1 
)are of the form 

(3.7) 

(3.8) . . . 

' the physical. solutions of which are found · hy expanding in a' Tay:: 

lor se:ie: . the. functions ¢.
1 
(a; \ G 

1 
, G 

1 
·in the · n~ighb~urhood of 

the point a 1 =0 _. For convenience we shall seek the inyariant 

curves in the sys,tem of coordinates U I and :. U 3 · 

21 



u
1

=a
1
+a

3 

(3.9) 
1 2' 

U =--a +-a , 
3 3 1 3 3 

in which the linear approximation to (3 ~3) 

1 . 4 . 
a ( W + 1) = - - a ( W ) -- a ( w ) 

I J I 3 .3 

. 2 1 . 
a (w+l)=--a (w)+ -·a (w) 

3 3 I 3 3 · 

is diagonal 

u ( w + 1) =·...: u ( w) 
I I 

u (w+1) =U (w). 
3 3 

Equations (3.3) in the variables U I and u 
3 

are of the form: 

u (w+1)=G (u (w),u (w)) 
l I I . 3 

u (w+1).=G(u (w),u (w)), 
3 · · 3 I 3 

"" .. ~ -. 
::::l ,, 

where G 
1 

and G 
3 

are ~ . 

G
1
(u

1
,u

3
) 

u [ 1 + u + c (u , u ) ] 
0• I .. I I 3 

..-..... 

'· a( ~I , U 
3 

) b ( U I j U 3 ) . . . . . . . . 

. ,.. . (3.10). 
u -2u 2+u u +~ u 2+L(l.L u -u )·~(u, u )+l!!..[c (u·~-){-

3 3 I 3 27 I 3.· 9 l 3 1
1 

3 27 . 1' 3 

G (u u ) = · 
. 3 i 3 . . . ~., 

· a(u ;u )b(u ,u) 
1 3 I 3 

"' 

-. .. ~ 
~-:~~ 
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Here: 

'( ) 2 1 2 2 C U I, U
3 

=- U 
3 

+ -· - U. U· + - U , , , 3 I 3 9 1 

( ) . 1 7 10 ( ) :. a u ·U = 1 + - u -- u - - c u ,· u , 
I ' 3 . 3 .1 3 3 9 I 3 

2 l 2 . - . b ( U , •U ) = 1 + - U -- U 3 + -. -. C ( U , U ) • 
I 3 3 I '3 ·9 1 3 

-......... 

. Equations (3,7-8) on th~ "invariant 
·--~··· -~~ .. 

curves 

are of the form: 

..J.. (·-u ) =- ..1-. (u ) · · 
'f' I .. 3 . 'f' 1 3 ' .. 

(3,11) 

-""' 

2) G3(ul,~3(ul))=~3 [GI(u1,¢3(ul))J 

~ (-u )=-~ (u ). 
3 1 3 . I 

The first pair of· equation's of (3.11) permits us to find the curves 

non-tangent to the ~xis u 
1 
a~ the second pair to. find those non

tangent to the axis. ii ~ • 
Because of the oddness of the functions ~ 

1 
( u 

3 
) and ~ 

3 
( u 

1 
) 

all the even d'ilrivatives of these functions at zero .argument must 

be equal to ,zero 

~<2k~O)··;;, 0 ~ 
1 

(3,12) 
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Let us now_find the solution of 1). of .(3.11). We have </J (O) "'0. 
I 

D~fferentiating· 1) -of {3.11) with respect to · u . , 
' ; 3 

d~t(¢.(u3),u3) "'¢~ 
d u 3 

[G3(¢ (u ),~·)l dG3(¢1 (u3),u) 
l 3 3 3 

d u 3 

From (3.13) and {3.10) we find 

- ¢' (0) "' ¢' (0), i.e. ¢' · (0) "' 0 . 
I 1 __ 1 · ., 

we obtain: 

(3.13) 

By the method of mathematical induction, it may be proved that all 

the higher derivatives at zero argument are· equal .to zero. 

From this ,it follows that 

""'¢(u)=0 I I 3 
and a

1 
(w),_:a

3
(w)·. (3.14) 

It is not difficult to demonstrate, by· differentiating the third equa

tion of (3.11), that it does not possess any solutions. Indeed, by 

.once differentiating 2) of {3.11) we obtain 

From this, 

tradiction 

¢ '·(O) "' 0 
3 . 

¢' (0) "''-¢' (0). 
3 3 

But differentiating twice, we obtain a con-

-.L,o. 
Zl 

·~· .. ~· -· 
. 

··~ 

We remark that in _finding ~()lutions of {3.11) we assumed. 

impliCitly that the point u 1 "' 0 is a regul~r point of the fun~tions 
¢ 1 . ( u J) • However, with regard to the threshold behaviour 1) of 

{2.10), the definition (3.9) and the inverse function theorem {see, 

< 
~··:~ 
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.. · .... 
,.• 

. .,.;:_.:., ..... · 
) 

Mar~shevich22, ch. IV, §5), the point u 1=0 may be, in gmerc:ll,· 

an algebraic . branch point of finite order 2m I where m> e • Them 

the fun~tion rfo 
1 

( u 
1
) will have' the representation 

00 

u ! 

.,_ __ 

= rP! ( u) o· 2 ck u l 

2k +I 

2m+ 1. '. (3.15). 

k=O 

·-- ~ ... -· 
'one can dem~~trate from (3.11) that_ ~11 the c k for k < m will be 

equal to zero , so that the expansion in (3.15) begins with u 1. 
I 

. IntrOducing v
1 

=; u 
1
2iii+T and expanding (3.11) in the Taylor series 

in the neighbOUrhOOd Of ~ j = 0 1 it iS easily ShOWn that the UniqUe 

algebraic curve is the one defined by (3.14). 

Thus, only the single curve (3.14) exists \satisfying 'the 

threshold behaviour 1) of (2.10). 

This curve c:orresponds the familiar functional relation bet-

ween the functions S
1
(w) ,i<S

2
(w) and S 3 (w) in R~th~~lutner's so

lution for the 3x3 Chew-Low matrix 

(3.16) 

It is easy to see that the curve (3.14) does, not pass through the 
. . 

Born point (3.6) and this means that it does not define the physical 

solution rof. equations (.' 1.1). This fact has been noted from. formula· 
. 21 

(3.16) m ref. • 
' Thus we have 'proved that the Chew-Low equations (1.1) with. 

the 3x3 crossiri$ matrix (3.1) do not possess solutions in the class 

(2.12) under. consideration. 
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. 19 20 . 
However, 1n ref, · ' ·the 

of.a s~lution ·~f 'equations. (1~1) 
theorem· establishing the existence 

has been .. proved! ~Y as'sumi~g:·.th~t 
tJ:?~ rrN'· coupling constant is sufficiently small; '·In so :far a~ the .small

~~ss· of·. the coupling constant is not essential in the equiValent. 

consideration of (2.5) (2.7:-8) with· conditions (2,10), then we.' es- .· - . . . . 1 
.. · · tablish . the followfng fad: 

. ·' if the Ch.ew-Low equations (1,1) have a solution; then. the. class;-: 

of ~·elutions (2,12) fs 'ri.ot exh~ustive, 

The detailed treatment of all the physicaL inva~iant curves and.· 
·····' ·. · · · '.· · · -~··· · S··l •· 1-a . ··· · · 

surfaces. in the 3.:..climensional a-space (x 
1
=-s = ---1 ,.i=1,3,4) 

• 2 1 + a
1 

· 

for' equations· (2,5) (2•7-:--8) with the 4x4 Chew-L'ow matrix shows that 

:. ·. fhe .'unique surfaces are: 

1 ) a 
a -a 

1- a 3 a.4 (3,17) 

;· .... 
2) · a = 0 , 

3 . 

;, -~ 

and the 'unique curves are: 
·.··_ ... J •• • • . ,,. 

.~ .. ~ .. •,. ;;.·. . .. . 
~ . .. .,. 

1) a =-a 
l ,4 a 3 = 0 ... 

2) a = 0, a =a 
. l 3 4 

(3,18) 
·- ... ~ -. 

3 )· a 4 "" 0' a 3 = a i' ....... ' .. 

The surface .1) of (3~17) corresponds to the .familiar .Rothelutner's 

.solution with the two . arbitrary functions . (3' 
1 

( w) and . (3 ·
2 

( w ) , · while · 
. . . ' . ' ' 

· all the . solutions of the equations with ·.the 3x3 , Chew-Lo.w matrix are · 

· . contained in the plane 

). 

.. ~( 

:~:-~. 

a =0 ·, 3 ., 
.-;'~ 
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·~ ... ~-· :, . ·-· ... _.. 

. . 
The. curve 1) .of (3.18) iE? :tli.e intersecti~n:~of the surf~ce- l) 

. . . i . . • . ·~ 

or'(3.17) with ·the plane 2) of (3.17) and! as has been shown ~bove; .· " 

.-.is. the ~ingle invariant .curve for. the 3x3 Chew-Low matrix. The 

curves 2) and 3) of (3.18) are. '~ontained on the .surface ~ 1). of 

(3,17), and the solutions c~rresponding to 1) of (3~17) and (i-3) of .. 

. (3.18) are the direct prod~ct of the solutions S
111

(w) and S
1
_
21 (~) 

for the 2x2 . crossing matrix. 
~ . .. .. 

· The surface 1):' of (3.17) does not contain the. point 2)" of {2.10) 

guaranteeing the ·corr:~cf c_ Born behaviour~. From this it follows 'that . 

. if the C t tew-Low equations with the . 4x4. crossing matrix have a ; . 

solution, · then. it possesses a' gr.eater ar?itrariness and is . not con

_tained in the class of solutions (2.12) under consideration, 

... ·. 

The authors are grateful to D,V,Shirkov apd Ia.A,Smorodinsky ·· ...£ • 

'· 

for a Valuable discussion, 

Appendix 

Let us . transform { 2,6) to a more convenierif form. The · deno

minator in (2~6 ) is obtained from the numerator by replacing tJ:1e 

minus sign by a plus. sign· before the matrix elements A k e With 

k = n ~ Therefore we shall make some ·manipulations of the numera;..., 

tor .. 

Firstly, we make use of the identity: 

n-1 • 1 n-1 
n {1 +a ) = -- :£ 

k 1' . k=l n.- J= 1 

(A,l) 
· n-1· 

(1 + a J ) n (1 + a ) • 
k~ f k . 

, . 

Then the numerator in (2,6) will reduce to the form 
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.. . .. 

n-i·. ·. 
k [A · . .::.A + 

lj nJ 
J=i -

A· -A 
1 n'. nn 

n-1 . ·n-l :. 

·l II (1+a )-k [A -A.-
. k~ J .. - ~. J=' 1 - l.J .. nl 

A -A - · n-
1(1 "A 2)- -·, 

in nn ] II +a -'\ •. " : 
a 1 .·k . · · .. n-l . k;(J .• · ... ·- · ... ' '' ~ 

n~l 

--· 
"-·,· .r-.-

-.' 

. ' 
.. 

: ., n-1 .·· 
··'Further, let us represent the product of.. the (ri-2)fa'ctor~ ll (l+'ak) 

i_n (~.2) in· the form of ·the sums: 

n-1 n-2 
., II (1 + a ) ,; 1 + k 

k f, J k '- •' q= 1 .-
k 

I k , 1 l 
q 

k~ J' ·. 

a a •• •- a 
-k, k2 kq._ '· 

(A.3) 
' ' 

- · The symbol' k . is introduced for.· convenience and denotes ·the 

_summation ot~v 1~e or_d~red ~ystem . of q .. elements , ak with the : · 

· Jndfces -. k ; < k 2 < .. . < kq _ 1 < k q of which nori~ is equalto j and : ' 

-~hic'h take the values from' 1 to (n-1) . . . . 

• c . : •• • • T~ki~g i~to ~ccount. (~~3)- we transfer~ the. first sum in (.A.2) 

n-t . A _:A . 
k [.A _A + In - nn 

;::1 ... · 11 - -~~- n-1 

n -2 

l (1 .+. k k 
q'='l '(k ,J l 

- q 
'.' 

ak: .a_ 
1 'k2 

a k: :) 
q 

·- :··~ -. (A,4)·: 

.......... 

. n ' ' ' n..;,2 ·, - :_ . ' ' n-1 ' ' ' . n-z_ n-1-q 
=k(A11 -A 1 )+k k a a ... a [ k (A -A )l+(A -A )k --- k a ... a -- •.. 

n . , , · k: k: · k: IJ nj In n n 1 I j k k: ' -
·J=J cf=J {k j 1 2 q J "'1 q=J. ll- k I' . q. 

q - 1;i I ic l q 
q 

Here the. symbol , k 
- I k q l 

. .·; ',:¢ 

denotes the same as k , but with the 
hq ,J l 
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difference that the indices I k q l · take all values .from 1 to (n-1} 
n-1 

T~~- syrn~ol ,;t,lllkq.1denotes .th~ summation over l 
(n-1) , ·excludmg values· of the_ mdtces of the .system 

from 1 to 

I k ql • 

·The. · second sum in (A. 2) is transformed as follows ·taking into 

account (A.3): 

n-1 A -A 
in nn 

n-2 

:£· [A tJ.-A nJ -.-----
J=1 . '--:~;....L' 

]a <1+ :£ ·:£ a a .••• a-
J q= 1 .. (k q'J J k I k 2 k q. 

q=l 
:£ 

hl q 

·- . .; ... -· 

A -A 
· in nn 

n-1 

:£ q :£ ak a k • • • a k .. • 
n-1 ~= 1 I k q l 1 2 q 

Subtracting (A.5) from (A.4) we obtain (A.2) 

.(A.5) 

The denominator. is obtained by making the substitutions A -+-A , , nJ . . nJ 

A nn ... - Ann in. this expression. Finally, using . the property ( 1.3) ·. 

of the ·matrix ~ and the identity 

n-1 n-1 n 

:£ AtJ + :£ AtJ +.A tn= :£ A tJ ~ 1 '' 
(A.6) 

J~ lk l J = lk l J=t . q 
' q 

.! 
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we arrive at the formula (2.8): 

I 
n-1 · n-1 

.:..k ·'k. ak ak ••• ak [ k (A11 ...,.An
1
)] 

q=)·-{kcl I 2 qJ=Ikl 1
• 

. q . • q 

., 
l . G .(a (w));, 

1 . J 
• ,. f 

.. 

n-1 n-1 

1 + k_ .k ak ak •• : ak ·[1- k (A 11 +'An 1)]. 
q=n {k I 1 2 .q J=lk I · 

q . q 

(A.7) 
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