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1. Introduction 

Calculation of the hyperfine splitting of the S -level of the 

hydrogen atom 11 E h 1 s has been carried out in many papers. An 

up-to-date· survey of the problem with complete reference can be 
1 '· ' 

found in the excellent review article by S.Drell as well as in the 
. ' 2 

paper by S.Drell and !.Sullivan ; we shall therefore only briefly 

. mention some of the results on calculations of the corrections to 

the Fermi formula due to the structure of the proton. 

A set of diagrams contributing in the appropriate order is de

picted on fig.1. Diagram 1d contains the amplitudes of the virtual 
' 

Compton scattering (v.c.s). on the electron and proton. 

In the papers by 
3 . 

R.Arnowitt and W.Newcomb and E.Salpe~ 
. 4 . . . . 
ter by means of the perturbation theory for the Bethe- Salpeter 

eqootion . 6. E hf s was evaluated neglecting the electromagnetic form 

facto,rs of ·the proton (i.e. assuming the proton to be point like 

with anomalous magnetic moment) and using. the Born approximation 

for the diagram (fig.1d). The result is 
! 
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0 
~E hfs 

~ 
F 

= ~ 
0 

+ In _A_ 
·M N 

( ~ F is the Fermi splitting described by the diagram (fig.1a) . . 

(1) 

. without proton form factors, M N is the proton mass and A is 

a cut-off parameter). A logarithmic divergence appears. in· the term 

with the double Pauli interaction in the diagram (fig.1d). ~ 0 is 

finite and depends on the way in which the cut-off is introduced 

· (see/5/) •. ~ 
0 

= -(Zl-4) ppm . · The important role played by the form 

factors in the electromagnetic vertex of the proton for the .. first time 

was stressed by z.zemach/
6

/. 

In. the papers by C,Iddings and P.Platzman/
7

/. and by C,Idd

. i'nds/8 / the corrections to the formula (1) arising as an effect of 

the proton form factors were studied in detail. In /
8

/ the applica-

tion of the dispersion relations for the amplitude v.C.s. on the pro

ton was also suggested. The final result may be presented in the 

form · 

~E hfs 
·o ·1 

=~+~E~+~Et F h s · hs 

I . 

~E hts =~·-In~+ S
2 

+ S 
M 
• N 

~ = -32,5ppm 
I 

(lppm =10- 6
) 

( 2) 

" 
~F 

S 
2 

. ·and S 
3 

being the contributions . fran the cut.._ of the ampli-:

tude v.C.s. on the proton modified by the inclusion of a term pro-· 

portional to 1-1- 2 - the square of the proton anomalous magnetic 

moment. (see 1, formulae (1,83), (1..84)). The contribution coming 

from the region of strongly virtual photons in the. diagram (fig.1d) 

was estimated by J.Bjorken
9

, who used ~ ~etho~ ~eveloped by 

himself. 
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Finally, in. the paper by I,Drell and !,Sullivan 2 the relativistic 

· and non-relativistic models· for the behaviour of the imaginary part 

of the,v,C.s. amplitude in the low energy region of the. cut ,were 

studied in detail. 

The relatively high polarizability of. the nucleon indicates that 

the contributions to the hyperfine splitting from higher inetrmediate 

states in the amplitude of v.C.s, cannot be, in ·general, small as 
-"-- - . 

compared with the· ·nucleon contribution. This fact always . stimulated 

various attempts to .@._l<~:)nto account. ,c:tlsc;> other (besides the one

m~cleon) intermediate states, The cor;tributioris from these states to 

the quantities· of the type S 
2 

and S 
3 

proved to be surprisingly~ 

.small as compared with expected effect. 

From our point of view this. re§;ult is not accidental neither it 

· is caused by the shortcomings of the models, It nearly reflects the 

characteristic features of the problem related,· in our opinion, to the 

fact that the main contribution to the two-photon· contributions under 

consideration comes from photons of relatively small values of 
2 2 '-+ . 

- k « M k 2 
= v 2-· k 2 is the photon mass). 

N 

Roughly speaking: the presence of two-photon and one-elec-

tron propagators in the corresponding integrals (note the· smallne~s 

of the electron mass me I MN ,.· 10 - 3
. ) sharply increases the 

contribution from the region of small k 2 contributing at the .same 

time with a· factor . k .-s .at 1 k 2r ... oo , thus even for relatively weak 

restrictions on the rate of decrease of v,C,s, amplitude (while - k 2 

·increases) the . 'region of strongly virtual photons gives only a small 

contribution ( tOo/o) as compared with the region of small values 

of . k2 x/. Taking into account the fact that the region of small va-

x/ '· . 
This is an essential . difference between the problem of hyper-

fine splitting and that of the mass· differences of the proton and 
neutron since ' in ·latter case, the "absence" of 'the electron pro
pagator and of the '1second photon propagator results in the. fact 
that the main contribution comes from the region of "intermediate" 
and large values of k 2 (if only the integral converges), · 
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lues. of k 2 in the integral s3 is suppressed ·and that the mo

dification of the cut (see 
1

, formulae (1.84), (1.85)) results also in 
- . 1 . 

suppression of the region of small· k 2 -in the integral S 2 .,we 
. . 

conclude in accordance with the above-mentioned arguments - that 

S 
2 

and · S 
3 

should be small. 

(1') 

to 

not 

We stress that the divergences appearing in the. expressions 

and (2') 

fl. and 
0 

permit 

do not allow us, in fact, to ascrib.e any physical sense 

fl. • • Furthermore, such a method of calculations does 
1. . 

to determine the relative values -of the different contri-

butions - the one nucleon contribution, the cuts etc., thus handi

caphlg one .to get a clear picture of the chardderistic features of 

the problem. 

Our first gOa.l therefore is the .derivation .of the .. .appropriate. 

formulae free from the above..:.mentioned disadvantages and admitting 

a simple physical' interpretation. This subject is tackled in. part I 

of our paper. 

In part II the formulae obtained in. part I are analyzed .and 

the terms S 
2 

and S 3 are estimated. The contributions from the . 
* , , I N · resonance and the behaviour of the imaginary part of v.C.s. 
33 

amplitude iri the high energetic region of the . cut are studled in 

detail. 

As a general scheme for the study of the bound states ene~ 

gy levels the quasipotential n:tethod of A.Logunov and A.Tavkhe

lidze 10 is adopted~ For the first time the q~a-;.;ipotential equation. · 

for the system of two particles 'of ppin 1/2 was..., applied t<? hyper

fine splitting by R.F?-ustov
11

• This method (beca~se of the three

di~ensional character of the equation) has some advantages as com

pared with the Bethe-Salpeter · equation and considerably facilitates 
. . 12 

all the calculations for the hydrogen-like systems • 
. ._.r ··.; 
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2.quasipotential Equation for the Bound State of Two 

Particles 

Consider the scattering amplitude ·for two particles with mas

ses m and ·M off the mass shell in the center of mass system 

. (c.m.~) (see fig.2) • 

As it was shown· in papeJ
11

/, the quasipotential equation for the 
........ 

bound state of two _spin 1/2 _particles, has the form 

·- ~··· -· 

(1) 

where the vvave function '¥ ( p) has two spinor indices. 

The quasipotential operator V is determined by a Lippman

Schwinger type equation for· the scattering amplitude · 

(2) 

u are Dirac spinors 
],2 for states with positive. energy and norm 

u * u = 1 

7 



3 ... ... 
... ... ( 2rr) a ( p - q ) 3 ... ... ... . 

G (p,q;E)= · =(2rr)o(p-q)F(p). 
0 j . 

(4) 

E _ v' P 2 + m 2 _ v' P 2 + M2 

Multiplication in the equation (2) is to be understood in the opera

tor sense, namely as integration over the 3-dimensional momentum 

volume J dp I ( 2 rr ) 3 
• 

In the nonrelativi.stic lirnit p 2 « m2
, M 

2
• equation (1 ) reduces 

to the usual Schrodinger equation 

... 2 . 

(W- P )'P(p)=-1-JdqV(p,q;E)'P(q), 
(2rr)

3 
. 

(5) 

2m* 

where W =E-m -M ; m* = m ~1/ in + M 

Expanding (2) into a perturbation series we obtain 

V<zl =T<2l.y<4I=T<41-T<21G T<2l 
+ ' + + 0 + 

(6) 
- ..... 

etc. 
Extracting from V< 2

l the Coulomb potential (without form factor) 

. . ~ ;( 

.· ...... ~ 

8. 

r;. 



', 

v< 2
> = v <2l ... ... e 2 

+~V ,·v (p,q)=----
c ' (p- q ... )2 c 

(7) 

V(2) y<41 
and considering ~ and as perturbations, we obtain a 

correction to the..._Coulomb energy levels 

(W = E -m ..:.·M =-
n n ·- ~- .. -. 

in the form 

' (2) (4) (2) 1. (2) 

~E =<ni~V ln>+<nl V In>+~ <nl~ V lm>-.:__-<mi~V ln>,(a) 
n ~;6n E-E 

n m 

where the brackets. <. :. 1 •.. I· .. > . denote matrix elements with the 

wave functions . of the equation {1) and with the Coulomb potential. 
• , ~- ' I 

Since the relativistic corrections are of th~ orde;;r p2 /m 2
"' a 2 {in. the 

hydrogen atom ~ 2 
"' a 2 m 2 ) the known solutions of the equation 

(5) can serve as a sufficiently good for 'our purpose approximati

on for the wave functions. For the .ground state the wave functions 

are of the form 

-> . ... · ... 8rr m* a · 1 . -> CJ) 
'P _(p )='P (p)w w , 'P (p) = ¢ (0)----.¢ (0)=-Jdp WJp), 

0 c 1 2 c c ... 2 2 2 2 c (2 ~),3 
(p + m *a ) .. 

9 



where w .. 
1;2 

are the two component Pauli spinors 

) 

, E -m-M -,.p 2 /2m* ... ... 
'l'(p) ;;:;· · 'I' (p)='l' (p) +0(a 2 ). 

0 0 

E-vi>2 +m2-vil2+.M2 

(10) 

The next term in the expansion 'I' (p) 

is unessential for our considerations. 

is of the order 0 ( a 2
) and 

In Uw last summand of the formula (8) the su~ over the in..:. 

termediate states of the bound state can be repla<;ed by a sum 

over the states of free particles since s·uch a substitution does not 

worsen the accuracy of the whole approximation. After this opera

tion formula (8) can be written in the form 

(2) ( 4) (2) ( 2) 
~E =<~V >+<V >+<~V G ~V >. 

n 0 
(Ba) 

Now, substituting the expression V c 
41 from ( 6 ) into ( 8a) we .· obtain 

. ( 2) ( 4) ( 2) ( 2) . 
~E=<~V >+<T >-<v G ~V >-<~V G v >-<v G v >. (11) 

co oc coc 

- .. ~ -. 
Let us now evaluate the quasipotential (it is covenient to use 

. the photon propagator in Coulomb gauge) -..... 

. l l 
D (k) =--; D (k) =- <a . 

00 -.k 2 I l k 2 • I l +te 

k I k l 
k2 

D = D = 0 ( i , j = 1,2,3 ) , · 
01 I 0 

~; 

10 
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I 

where a partition into· the longitudinal (Coulomb) and transversal parts 

is carried out. 

~Diagram "a" of fig.1.yields (spinors polarization indices are 

dropped) 

\ ... ... 
.. k = p- q' ·k 0 = 0 

·- ~-·· -· 

where the electromagnetic vertex of .the proton is 

,I 2 
r (k)=y £ (k2

)- _lL_[y ,y Jk £ (k) 
f.l f.l 1 4M f.l v v 2 

(13)' 

f ( k 2 ) being the usual Dirac and Pauli form factors with the 
L,2 . 

normalization f ( 0) = f ( 0 ) = 1 f.l - the anomalous magnetic 
1 2 

moment of the proton f.l = 1, 79 

Performing in (12) expansion in p2/m 2
, p2/M 2 

and -m/ M 

. and retaining only that part of the quasipotential which gives the 

hyperfine splitting of the levels we get 

· < 21 ... ... e 2 2 · · 2 1 ... 2 ... ... ... ... ... ... 
tJ.V (p,q)=---[f (k )+Jl f (k )J-{[k (a a )-(ka )(ka ) ] -

• hfs . k 2, 1 . 2 - 4m M 1 2 .. •· I .2 

(i4) 

Thus, in the lowest order the splitting of the S -level of the hyd

rogen equals 

11 



(2) 2 . ' d... d... . l 
~E< 2 l =<~V >=_!!!!:_<iJ iJ > f-p-~ 'l' (p)[f (k

2
)+1lf (k

2
)l 'l' (q_.) 

his hfs 3mM 1 2 · (
2

rr) 3 (2rr) 3 c l 2 c 

2 rr a (1 + ~) < iJ u > II ¢ (0) 1
2 

+ 
1 2 c 

(15) 3mM 

·dp · dq . _. f 1(k
2
)+1lf 2(k

2
) _. 

+J--3 --3 '¥ c(p)[ · -1]'l' (q) }, 
(2 ;r) (2rr ). 1 + ll c 

where 

¢ (x)·= f£ e 1tt 'l' (p), I <P (O)j 
c . ( 2 Tl )3 c . c 

. 3 
(m* a) 

= ------. 
7T 

(16) 

The first summand in (15) gives the well known Fermi formula, whe

reas the second one determines 'tne corrections due to the electro

magnetic structure of the proton •. Since k 2 in (15) is small; the se_: 

cond sumrnand in· fact is of the same order as the two phot.on di

agrams. To make the relation with the two photon diagrams m?re 

. explicit we 

ction' 'l' ( p) 
.utilize the approximate expression ·for the wave fun-

....... 

c 
from formula ( 15) 

. ~ 3 -+ -+ -+. 
'l' (p)=¢ (0)[(2rr) o(p)+F(p) v (p)+O(a 2

)] w w 
c c . . . c . l 2 

(17) 

"'" 
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which can· be obtained by the expansion of the Coulomb wave fun-

ction of the S state of IJI ( p) [ see ( 9) ] in powers of a 
c 

and by,.. the utilization of the equation (1) with the Coulomb potential. 

Formula (17) (holding when the appropriate operator acting on IJI(p) 

has no singularities at p = 0 ) is an expansion of the Coulomb lad

der, where every subsequent term includes an additional exchange 

oJ _one longitudinal . photon: and the "static propagator" F ( p) 
stituting (17) equ~Hon (15) takes the form 

• Sub-

-111(18) 

. The comparison of the second summand in ( 18) with the diagram of 

fig.3 clarifies pi:ysical sense. Here (fig.3) 0 means that F ( p) 
plays the role of the propagator, -

and 'tmm is a tranversal ·one. 

is a longitudinal photon, 

Let" us consider now the corrections to the Fermi formula 

related to the two photon diagrams (fig.lb, . c,ct). By the evaluation 

·of these corrections, in accordance with the remarks preceeding 

formula (9) one can put p =·q = 0 and E=m+ M in the correspo!'1d-

ing expressions for the quasipotential. 

We shall not be dealing· with diagrams lb and lc. Just note 

that fig.lc in the appropriate order does not contribute and the role 

of fig. 1b reduces just to the description of the anomalous moment 

of the electron ./11/, i.e. it gives a common factor (1 +.a! 2 1T) in 

the f~rmula (18). 

The corr~ctions in energy from the diagram 1d together with 

a term of the second order of the perturbation theory (see formu.

la (11)) has the form (the last summand in (11) does not contribute) 
I 

13 



,. 

. llE <4J 
h f s 

.. .. .... 

. 2 (4) ( 2 )l 
=lc/l (0)1 l<T >-2<v Fll Vht >l, 

c · 2 y c s 
(19) 

where the matrix elements are now taken over spinor ,indices only. 
( 4) ... ... 

Here T . corresponds to the diagram 2d at p = q = 0 and zy . 
E = m + M and. the second summand· can be vvritten as 

. dk... ' < 2 J 2rr a ... ... ... -- ... · 2 · . 2 
< V F ll V > =c --<a· a >(-. - v (k) F (k) [ f ( k )+ 11. f ( k ) ] . 

c hfs 3m M . 1 2 (Zrr ) 3 c I 2 

(. 20) 

and corresponds to the diagram 3a. 

Adding eqs. (18) and (20) we obtain 

(2) ( 4 ) 2 2rra( . a ...... (4
) 

llE +llE =I¢ (0)1 I 1+11.)0+--)<a a >+<T >....: 
hfs hfs c 3mM 2rr 1 2 2y 

. (21) 

... 
4rra ( ... ... d k k.... k... 2y 

--- l+td<a a >f-v ( )F( )l=llEF+L'l·Eht 
3m M I 2 (2rr) 3 c . s 

Now the mag':'itude of the hyperfim? splitti~g· of the triplet and sin-

glet · S levels is c-.., 

llE =ECS·)-E( 1 S )=ll[l+ol. 
hfu . 1 0 F 

.(22) . 

where - _.J-;; 

( 14 
.~;':"~ 
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-. .. ~ '~. 

811a 
(23) 

3mM 

is the Fermi splitting 

] (24) 

·- ~··· -· 

·N(p,e) 1 S (C(p,e) l+Yo' ) W ·m*a2 
=- p --- ·y y , =- ---

l-'-11 4 1-'-11 2 z 5 I 2 
(25) 

. . C1 
P I •( k ) · and C1 

e) ( k ) are the amplitudes of the virtual scatter-
~ ~ & . 

ing on the proton and ·electron (see J which now will be the 

subject of our study. Since the effects of the bound state in the 

• two photon diagrams can be neglected we Ca!J carry out a fully 
.. 
covariant description of the Compton scattering. 

3. Amplitude of Virtual Forward Compton Scattering 

(e·) 
The amplitudes C · 

J.I.V 
.and correspond to the following 

diagrp.ms (figs. 4a and 4b) 

c .,;y __ 1 __ y +y _ _:..l __ y •· 
jL11 · ll '' " II II " " · /l p+k-m p-k-m 

(26) 
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From (25) and (26) we obtain 

e 
N 

/-LV 

k2 
(.27) 

k 4 -4m2 v 2 

k +0(am2
), v=k 

a· o -------( 
/-LVU z 

. c'<Pl 
then 

/-LV 

' (' 8 1 ) can be presented in the form see ' ' 

(p, i 1 ' 
C =-(k k -k 2g )A+-[v2 g +k 2 p p -v'(p k +p k )1 B + 

/-LV M ll v p.v M p.v ll v ll v v ll 

1 ,, ·" v 2 
+-IMv[y ,y 1-p [y, k l+p [y ,k] IH + -lk [y ,y J ... 

M3 11 v v · 11 11 v h M 3 11 v 

,, ,, 
-k [y ,k l+ k [ y , k l I H . 

V/l llv 2 

The invariant amplitudes A, B, H ~, H i are functions of k 
2 

ar1d v 

with crossing symmetry in v • We have from (25) and (26) 

2 . 

(e) (p) 2(k 2 /M ) · 2 2 2 2 2 
.3N (k)N (k)=- [(2k +v)H(k,v)+3k 2 v H(k ,v)].( 

ll v ll v k 4-4m2 v 2 I 2 2 9) 

Carrying out now in the integral (24) the Wick. rotation (see~· k ~ik 
. . . . ' 0 . 0 

and sub.stituting ( 2 9) we obtain for 8 2 y 

{j 
2Y 

4 
2 d k k2 

----- r-- -.------
" 2· k 4 k 4 + 4m2 k z 

0 

am 

rr(1+p.)M 

.......; 

[(2k 2 + k 2 )H (-k
2
,ik ) -

0 I 0 

(30) 

-3k 2k 2 H (- k 2,ik )1 
• 0 2 0. 

. . ( 
;..,.~ _,-.. ' 
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J ,-,• 

"'·~" .... · 
' ' 

(in (30) we in~egrate over the 4-dimensional Euclidean space). In 

spherical coordinates 

Using a dispersion relation for. ~ 
1
,

2 
in v for 

parating explicitly the one nucleon contribution 

where 

1 
we write formula (30) in the form (see ) 

and se-

(33) 

· where oN is the one nucleon pole ·contribution, t'l cut is a con

tribution from the cuts of the amplitudes H 
1 

and H 
2 

oo dk . fL (X) + ll f2 (X) 
o = ~ 8 j-. G ( k 2 ) .J< (k), G (x) = ---=---'=-----

, .N ' ITM. . k 2 N N 1 + ~ 

17 



. . k3 rrh d¢sin2¢ 
J<(k)=-r-~· --

2" 0 k 2+4m 2 cos 2'¢ 

' j 2 

[f(-k 2) .i2+cos
2
¢ +f1.f(_:k2) cos¢ ]. 

I cos2¢+<k 214M2) 2 cos2¢+(k 2j4M2) 

. (35) 

Our final expression of the correction to the Fermi splitting 

has thus the formx/ 

o=o -8° =<o -8° )+ll 
2y stat N stat cut 

( 36) 

, 0 am oo d k 2 . · o -B =--8 f: --[G (-k )J<(k)-J<(O) 1 
N stat rrM 0 k 2 N 

(37) 

ll - am 2 d 
4
k 

cut- - r- k 
2 

(2k 2+k 2 )Hcu\-k2 ,ik )-3k2 k2Hcu(-k2,.ik) 
k 4+4m 2 k 2 o 1 . o o 2 o rr(l ·+fl) M 17 2 · k 4 

0 
(38) 

The derivation of formulae (36) -(38) is the main purpose of 

this paper. An analysis of these expressions and the 
. . . /13/ 

results of numertclll calculahons are presented m the other paper • 

We thank B.V.Struminski, D.V.Shirko~ , A.N.Tavkhelidze for 

helpful discussions. 

x 6/ The linear divergence. in oN arises becau:-e we. have neglec-, 
ted the effects of bound states. The latter would result in an effec
tive cut off at I k 2 1 ~a 2 m2 

• In the expression (24) one can, in ge
neral (up to the terms of higher orders), tend' W ... 0 ·and consi
der integration in k 2 to zero obtaining thus the 

1 
finite expression(37) • 

..;r; 
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a 

electron, 

1 2 2 2 ... 
-(E -M +m )+£, P 
ZE 

1 2 2 2 ... -(E +M -m )-£,-P 
ZE -

b 

I.··.!\-
proton 

Fig.1 

c 

) NVV'vV photon 
I 

2 Z\ ... l(E 2-M +m J+£',q 
ZE -

( E - total energy of System) 

1 2 2 2,. ... 
-(E +M -m J-£ ',-q 
ZE 

·Fig,2, 

d 

I ®l I ®I I -
\. I 
I 

Fig,3 

k k . ..., 
k - k ~ '-· ~ "J L ./ k 

p 

.-~;.. 

b 

a 

Fig,4 
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