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§ 1. Introduction-

In the recent time the eikonal approximation . of small angle 

scattering ampl~tude which is wen' known . from nonrelativistic quantum 

mechanics 'has been intensively employed for the description of high 

e'nergy hadron scattering. 

In this connection the problem arises to . prove the validity of 

the eikonal description in relativistic quantum field theory. 

Recently in papers11./2i an appr~ch to the study of- high energy 

particle scattering -was developed which . is based on the Logunov- · 

'l'avkhelidze quasipotential equation for scattering amplitude in quan

tum field theory/3,4/. It, -was sho~ that under requirem~nt of s~ooth 
. behaviour of the local quasi potential the amplitude of high-energy 

particle scattering at small angles . satisfies the eikonal or the Glauber 

represen~tion/5/.' Notice, th~t-'the first application of the eikonal · 

representation in the framework of phenomenological optical potential 

description to: the_ high energy scattering was given iri papers of 

o:I.Blokhintsev et al. /6;7 ·,8/. . 

A ' . . . t k t' . ,9,10, . ·. ' . mong recen wor s we men 1on papers where the eiko- ... 

. nal approximation is applied to the phen~menological analysis ~f . ' ' 

high energy hadron' scattering on the basis of nonrelativistic SchrO

dinger equation with smooth effective potential. In paper I 1.1t the .. _. . 

Glauber representatidn is generalized to the case of spin particle 

scattering at high energies, 
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· , It is of great interest to 

dy the problem of the . validity 

region and the structure of 

explore field-theoretical models to stu:

of. eikonal representation in relativistic 
' 't • 

effective quasipotE~ntial of two particles 

. at high energies. 

We should mention papers/
12

• 131 where the probiem of the va-

lidity of eikonal description was. investigated is some lowest orders 

:of perturbation theory. 

In the present paper we demonstrate the efficacy of the 

functional integration method in quc:mtum field·· theory/ 14/ in studying 

the. problems mentioned above. As an example· we consider a model 

of scalar "nucleons" and "mesons" with interaction lagrangian 

' 2 
L lnt = g: l/J (x) .:fo(x): (1.1) 

By means of the functional integration ,method we have obtained 

for amplitude of scattering of two spinless particles . or "n~cleons" 

the closed analytic relativistic invariant expression. In obtaining· the 

results .we have neglected the vacuum polarization effects, the ra

diation corrections. to the nucleon lines as well as_ the 'k 1 kl -terms . 

. ( i .f j) in the nucleon propagators in inner lines of Feinmann diag

rams. 'The validity of these approximations at high energies will be· 

discussed below. 

The expression obtained here in the limit of high energie~ 

s .... oo at fixed momentum tran~fers . t . takes the form 

of the Glauber .representation with effective Yukawa potential of 

interaction between "nucleons". 

Notice, however, that the appearanc~ ··6(thE; Yukawa potential 
~ ' . . . -~. 

is due to the simple model we have considered_,_~n principle by the 

same method one ca_n .cons~der a more complica:ted model, where 

the interaction between nucleons. is. due to the exchange of a set 

of mesons with vadous masses and spins. In the framework of such 

a model it is possible to construct the smooth effective potential. by 

choosing in an appropriate manner the density of the. propagators. 
"'".¢ 

-~ ·~ .. 'i 
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The . plan of presentation • is as ·follows. In § 2 the ·funCtional 
' ( 

integration method is used to find. the two-particle Green function. 

In the ."ext paragraph employing the two-:particle Green function' the 
' -

scattering amplitude is constructed and the · procedure of· transition 

to ·the m:iss shell is developed for it. Here use is rlfade · of the appro-· 
' . . 

xi mate method of calculation of functional integrals which is· equiva-

lent to the neglect· in perturbation·. theory of the k1 k 1 -terms ( i I j ) 
- I ··' 

in the express ions for the Feynmann · propagators • ........ 
§4 is devoted 'to the obtaining ·of. an integral representation in 

• ~ • w"- • • ' ' '\ • 

the Glauber form for . ..tne .. scattering amplitude in the asymptotic re-

gion of high energies and fixed' momentum transfers~ 

§ 2. Two-Particle Green Function in the Model 

L lnt = g : rjJ 2 ( x) ¢ (X)' 

The one-particle Green function .of the quantum field tfr. ( x) 

in the externa!· field rp ( x) satisfies the equation/14/: 

[ i 
2 a; -m 2 + g rp ( x)] G (x y I rp ) =- 0 

4
(x:-y), (2.1) 

the solution for which can be writt~n in the form of the functional 

· · iritegral/151' 
oo .-l~_m2 s 2 . 

G ( xy I¢) = i J d s e C J 8 4 
v exp I - i J d,; [ v ( .;) -

0 v 0 JL 
(2.2) 

s 

(x-y-2 f ~(17)dl'/) 
0 

The quantum two-particle Green function is connected with 

the one-particle function· as follows~16/ 
. ' ·'• . 1 
G ( x 

1 
x 

2 
I x 

3 
x 

4 
) = C ¢ f o

1 
rp exp I - t f rp ( q) D - ( q) rp ( - q) d q I x 

x [ G (x 1 x3 1 rp) G ( x 2 x4 1 i,b )+ G (x 1 x 4 1 rp ) G ( x 2 x
4 
I¢)] S 

0 
( ¢ }, ' (2.3) 
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where.~ 0 (c;6~- is the a~rage of the_ . S -matrix qver the t/J (x)-

field vacuum. As was already mentioned, we do_ not take. into account

the closed loops of the. field t/1 (x)- and put S
0

(c;6) =1 . -
Ins_erli:ing t2.2) iri -(2.3) and. performing the functional integration. 

over ¢ which .is reduced in .this _case to- simple Gaussian quadra
tures :we getf 171 . 

2 ' 
oo oo -I m ( ~ 1 +e2) 

. • 2 
G(x 1 x 2 lx 3 x 4)=I fds 1 jds

2
_e 

0 
Cv f8v 1 f8v

2 
x 

"1 ' . . 5 2 ~I ~2 

xexpl-i f v
2

(c;)d . .; -iJ ~-~(.;}d.; +ig 2 f d.;
1 

fd.; 2 ,x 
- o 1 o · - -o - · o -

(2.4) 

x D [ x 1 -x 2 + 2 
5

2 8 1 

f· v 2 ( 17) d 17 ":" 2 f v 1 ( 17) d '7 ] I X 
.;2. ' .;1 

4 
3

1 4 3 2 . 
. X 8 (X 1 -X 3 -2 f V 1 ( 17) d 17) 8 (X 

2
- X 

4 
-2 f V 

2 
( 17 ) d 17) + ( X 

3 
-o X 4-). 

0 0 

We note that eq. {2.4) allown to take into account only diagrams 
of the . following type 

• I+ }I+ I+··· 
since the terms resUlting in ·r-e;.diational corr~dions to each of the' 

both nucleon .lines have been neglected in receiving eq. t2.4). . ....... . 
Going over to the momentum space 

. . 1 ' -lq1x 1-lq2x 2+1P£xg+IP
2

x4 _G(q,1q 2jp1 p2}-= (
277

) 8 fd
4
x.fd

4
x 2.f d

4
x3 fd 4 x4 G(x

1
x

2
lx

3
x)e - (2.5) _-

• J 

.. ::~":" 

6 

_,,;':;; 

-~ 

.I 
:I 
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:r . .. 

I I . i ( . : 

we c~rry out· easily an integration over x 
3 

, x 
4 

taking into account i 

the 8
4 ~fu~ctions in {2~4 ).: By replacing then the functional variab. ..... ~: . 

les 

(·. 

we have 
. . 

. "" .. I" I (p ~ - m 2) + Is 2 (p 22-m 2) 

x/ ds1/ds 2 e ' · q, J8vi f8v
2 

x 

After passing to the variables 

,. 
X"' X 

1
,-x 

2 

.. 

X 

' I • ' ( 

~2.6): 

. . 
' 1 

. (2.8)' 

in eq. (2. 7), · an integration o'ver y can be . performed which ·gives. 

the 8.
4 

-function ensuring the four...:.momentur;n conservation law.· 

2 . 2 2 . 2 
l"t<P 1~m )+1., 2 (p 2 -m) 

·xe f 
lx(pl-ql) 

d 
4 

X . e C
11 

f8 ~·I f 8v 
2 

X 

~2.9) 

-... 
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' .. .. "'1 ' . ·. "2 ' . ' .. , .. 2. 
x exp I - i J v

2

1 
(77 )d 17 - i ·;· 'v 2

2 
(77 )d 17 +i g 2 f d g, f dg; .x 

0 . 0 ) . 0 . 

~n[x +2P,e,+2P2e2 
E:::s . 

+ ( p -·p ) 
I 2 

"'2 "'I 

+ 2 f . 112 (77)d77 -2 f 11
1 

(77)d77l I 
"'2..:e2 e,-e, 

Let us discuss eq, (2,9) ·in mar~- d~tail, . 

+ 

. Making an expansion in the coupling constant ~ 2· . and carry-· 
. ----' ·,. 

ing out the functional integration over 11 which by the Fourier trans-

formation. reduces to simple Gaussian quadratures, we get· the per

turbation series for G(q 1 q 2 l p 1 p 2 ) •• In doing so, thP. integration over 

the functional variable II in the argument of the 0 -function leads 

to a quadratic dependence on the me;son momentum k 

The elimination of 11 from the· D-function argument in (2,9) 

thus means, in the language of the Feynmann graphs,. the neglect 

of the quadratic dependence on k in the nucleon · propagator,i,e. 

1 ... 
2 2 ( p +I. k 1) -m 

I 

1 

2p };. k I 
I. ; 

S h . t" . . . k . /l5,16, 17 I . I'd f uc an approXIma ton ts, as ts nown · . · , va 1 or 

the infrared asym~totics in quantum electrodynamics, Its validity for 

.the study of the high energy_ behaviour of the .. scattering amplitude 

is,' however, not proven, Therefore we shall ·use the approximate 

method of cal~ulation of the in~egrals ov~~ . ~- ' ·which allows one to 

retain the quadratic dependence of the propagato~;--on k 1 , 

.. < .... 
--/·~· 

.a 

•·. -::.,..'1 
,.·; ~ 

' ' 



§3.' 'I'he. Scattering Amplitude 

Using the expression for the two;particle Green function {2.9) 

we' now find the two-nucleon scattering amplitude by the well-known 

formula: 

0 ( 2 2)( 2 2) 2 2 )( 2. 2): (. .., (3.1) dm q - m q 
2
-rn ( p -m p m 1 G q q p p ) 

2 2 2 2· 2 I I 2 - I 2 I 2 • 
Ql ,q2 ,pl,p 2~· 

Inserting (2.9) into .. (3~·1)· we get 

4 

( 2") f( q lq 21 plp2) 

' Rl 

x D(x+2p 
1
(:

1
-2p

2
.f

2
-2 f v ( 17 )d 17 

sl-(: I I 

.. , 

+ (p 1- p2). 
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f 
J In this expression. the operation of subtraction of the unity , 1 • 

{ from the exponential whose ·expa'nent. contains D -function is per-
·t . ' . . • , .. 
1 formed by the formula · 

. 
I .. 

.gD(x) I ·AgD(x) 

e -l=='gfdi\D(x}e 
0 (3.3) 

/ 

It results in the exclusion-of the terms COrreSI.'Onding to the '. . . ~ ' . 

propagation of the both particles: wihtout interaction.· 

We make in (3.2) the expJnsion of U~p last e~ponential in a 

series irt g 
2 

which permits us;· integrating over x to get 
4 4 n 

. ( 2rr} 8 (pI -:- q I +k + :£ k 1 ) • 
1:. I 

Now it is easy to i,ntegratE7 the obtained expression over k • 

Then reducing again. th~ series ito the exponential and making the 
change_ of the functional variables 

v ·(TJ} .... v (TJ) + (p -q ) () (TJ- (s -71 }) 
t ~ 1. I I 1 1 

v ( 7J ) .... ·v ( 7J ) + ( p - q ) () ( 7J - ( s -TJ · }) 
2 2 2 2 ·2 2· 

(3.4) 

we get the following ·expression 

. j 

f ( q 1 q ·2l p lp 2 } = (2TT )4 . 
2 

2 P 2, p

2 

2 ->m 
2 q 1' q2. 1 

.Jim ( q 2 -m2 Xq 2 -m ~p 2 -m 2 X p 2 -m 2 ) x 
I 2 I 2 

( '2-m2)+ ls2(p 2-m lsi PI 2 2) 

xfdsljds2e 
0 0 

"'1 82 

c~ fov fov exp 1-i fv~(TJ)dTJ -i fv22 (TJ)d7J I X 
2 0 0 

·- ···~· -. 
a s ( ) ( 2 ' 2) 1 ( 2 2 ) 2 I, 2 4 -I x P 1-q I +I I'J I q 1-p I + .TJ 2 q 2 -,p 2 

x(ig )fdTJ 1 fdTJ
2 

fd x D (x)e ---..... 
0 0 . X p,5) 

I sl . :s2 

x fd,\ explig
2

,\ fd~ 1 fd~~ D[-x +2p 1 (1.' 1 -TJ 1 )-2p 2 (~._r17 2 ) 
0 - 0 0 

a,-TJ, 
-2(pl-ql x~.-TJI)O (TJ,-~I)-2(pl-ql X1.'2-I'J2 )O(TJ2-~2)-;-2 fv,J(TJ)dTJ + 

8 2-I'J2 

+ 28/ sv2(.'/ )d ''7]1 + (p,-p2) 

.I 
-~ 

<:--:;-

sl~l 

.·.,.; ·~ 
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In order to pass to the mass shell it is 'necessary to piCk out 
2 2· ( 2 2) the pole terms cancelling the zeros ( p 1 ~ m ) and q 1 -m 

Now it is easy to remark that the integration limits in eq. (3,5) 

may be changed in the following manner 

"" "t "". "2 
f .ds1 fdTJ 1 f ds 2 f dTJ2 

"" "" "" 
(3,6) 

0 0 0 0 

'-.--

Making the cha_nge of the variables 

·- ~··· -· 

{3.7) 

we get the expression 0<:> c-0 

f(qtqaiPla)= (~-'4 2 qrn 
2 2 (q~-rn2X ,, qt,q2 ,pl.'p2~ . 

oo oo .;!Y ~2 

q~-rn2 Xp12-m ~p~·~-nf\J ds1 [ ds2£ d171 [ d172 x 

l•tCP1-m2)+1 .. 2(p~ -m2 )+1!] 1Cqlj-m2)+ II] a'q2~m 2) 

x e Cvf8v1 Jliv2 

(3,8) 
x D[-x +2p1(q 1 -1] 1 )-2(p 1-q 1 X~1 -!]1 ) O(IJ 

1
--( 

1
)-2p

2 
(q2 -!]2 )-2(p1 -q 1X~2-1]2)0(!]2--(2) 

. ~~ s2 

:-2 Jv1 (,1J)d!]+2 J.v2 (1J)d!]]} +(p
1
++p

2
). 

"t+IJt-4... L • #'12-{;2 

· Now after obvious substitutions 

(3.9) 
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we introduce new· variables r ( i 
I 

=·1,2,3,4 ) 

s1 = 
r1 

; s = ra 
2 2 2 • 2 2 

P, - m p2 - m 

ra r4 . (S.luJ 
771 = 

q 1 - m 
; 77 2 = 

the integration over which will separate the pole terms needed, Per

forming then the transition to the mass shell we g~t .the amplitude 

A+A A+A 

f(q 1 q 2 [p
1

p 2 )=c
11
fov

1 
fov

2 
eJqJl-i [ v

1

2
(17)d17-i £ v

2

2
(17) d 17 1 X ' 

( 
2 ' 

i g) . 4 - !x (pI - q I ) I 2 A A 
x-;-::-:-r- I d x D (x) e I d,\ eJqJ.lig',\ f dq1 I dq2 x 

(277) 0 . -A -A 

(3.11) 
i 

xD[-x +2q1 (p 1 0 (f1 )+q1 0(-'~ 1 ))-2e-2 (p 2 0(~ 2 ) +q 2 0(-e-2 ))-

A A 

-2A ft: v1 (17) d17 + 2 f v 2 (17) d17 ] I + (p 1 - p 2 ) , 
~I A-~ . 

where A -+ oo at· Pf,2 ; q{,2 ... m 2 

The transition to the limit A -+ oo should ·be performed only 

after the functional integration over "t (77) and 112 (77) and the integ

ration over ~ 1 , ~ 2 

An exact functiohal integration. over v 1 ( 77 ).. and v 2 ( 77) does 

not appear to be possible, therefore· this .. fs· ·done approximately 

using the method developed in r~f./ 15;, This metf1oo is based on 

the formula 

.·..r 

>:~r , .. 

' 2 
Cv f a v_ CJql i -i f v 2 (17) f17 I e g F (y ,JJ) 

0 

2- • 
= ~F(y) Iov e"P l-i f v2 (17) d17 I~-
~? o n=O -- " 

12 

:!1~ ... 
) 

(3.12) 

n! "':; 



.... :~· ... 
' 

where 

-F (y) 
, .. 

Cy J 8 II exp l-i J v( TJ) dTJ F (y) (3,13) 

If we restrict ourselves in the sum over n 

then this approximation 

to the first term n = 0 

" ·cv f 8v exp l....,_i f v 2 (71) d 71 .. 0 

.. 
2 2-

e g F(y,Y) .. e g F(y) (3.14) 

means that the exp-~ne"~tial exponents'.in (3,11) depending• on 

should. be replaced· by their average value ~ver the Gaussian measu

re, according to (3,13), It is easily seen that such an integration , 

of the D -function leads to the appearance of the quadratic depen-

. dence · on the momentum k in · its Fourier transform , 

Indeed, since we have 

.;1 
D (X + f v( TJ) dTJ ) 

. ;; 2 

1 
.;1 

lkx+lkt.V(TJ) d TJ J D (k) e ··· · 
. 2 . . 

. in t3.13) the integration may be performed 

(3.15) 

Wilen integrating. further over· .; 1 
. k2-the dependence 

appears in the denominator of the nucle<::m propagator 
1 

, · However,· in this approximation we get 
p

2 + 2 p t k J + t k r - m 
2 

in the propagators no terms of the type k 1 k 1 where k 1 and k 1 

are the momenta of different. mesons. The subsequent terms in the 

sum (3.12) take into account corrections to the appra'ximationX/ k(k 
1
= 0 

(i=/j)· 

x/ This approximalion is discu~sed for the infrared region in quantum 
electrodynami:::.s in refs./15, 18/, · 

13 



·The applicability· of this apprOa.ch in· the region of high ener..:. 

giesf 18/ s at fixed momentum transfers t . l may be cleared up 

in perturbation theory. It may be shown. in_ particular that neglecting . 

. the terms k 1 k J ( i i j ) in nucleon propagators in the case of .ladder 

diagrams,. 

ft 

s- 1 i 1 .. : I 
does nqt change the asymptotics at high energies, ~hich at n ...;me- . 1 

' sons .excr.ange has the form en s I :-However it is necessary to I 

S n-

note. · that this approach sharply ·effects the asymptotic· of the Feyn-

marlfl graphs in momentum transfers at t ... oo and s -fixed. 

So,· .making integration over t 1 ·and t2 , we get the relati

vistic invariant expression of a closed form. : 

f(qlq21Pt P2)=.Ji.g{J /x D (x).e -lx(prqfd.\ -IA)((x;qlq21PpP2) 

( 2n) 4 o e + 

(3.17) 

+(pi- p2)1 

where 

2 4 -lkx 
g • d k e 

( •p p)~--4f 2 2, )( x;ql ,q 2 , I' 2 ( 21r) k -p. +If 
1 

[ 2 2 + 
(k +2kpl )( k -2kp2) 

·-. , .. ~ -. 

""' 
(3.18) 

1 .. 

+ + ---------------- + -------,--1.. 
(k2-2kq1)( k~-2kp2) 

~ 

./:(~ 

', 
;-...~J 

' ' ,.. · .. 

(k 2+2kpl~(k 2 +2kq2) (k 2-2kql) (k 2 +2kq 2 '') 

r:;. 

14 
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§4. Eikonal Approximation for the ScatteJ;ing .Amplitude o 

We shall· consider the scattering amplitude {3.17) asymptotic 

behavjour in the region of high energies and fixed . momentun:t trans

fers. It is convenient for the further consideratio~ to go over to · 

the c.m.s. 

... ... .... .... 
. p 1 .. ':'" p 2 ' _q 1 = -: q 2' 

......... 
p 10 ':" p 20 = q 10. = 

in which the Mandelstam variables ~s, t u 

·where 

' .' 2 ~ 2 2 
s = ( p1 + p 2 ) = 4 ( p 1 + m ) 

t 

u 

2 
T 

.... 2 
- 2p 1 ( 1 - cos (} 

2 ;t2 . 
= u = -21' 1 ( 1 + cos (} ) • 

(4.1) 

have the form 

(4.2) 

(4.3) 

At high energies · s and fixed momentum transfers t it is 

not difficult to show that· the momentum tra~sfers T · is perpendi-

cular to. pl anc;l p2 1191 

T (p2 - p i + !:;. 
' 

(4.4) 
s 

where 

( !:;. 0 p 1') (6.op2') .. 0 0 (4.5) 

15 



We choose the direction of the momentum p · ·along the z _-axis 

·p =(p ,O,O,p) 
' 1 0 ,' z 

(4.6) 
p2 = ( p ' 0 ' 0 ' -p ) 

0 z 

and get 
,, 

-+' 
t\ .. (O,t\L,O (4.7) 

For studying the scattering amplitude asymptotic behaviour in 

the considered region we shall make ari analysis. o'f the phase· fun

ction (3.18), which we shall represent in the form : 

where 

g2 
4 I XI "' ( 217 ) 

2 
- __ g __ -__ I 

X .. 4 2 
( 277) 

x(x;~t,q2; pt,p2) =x,+•·x2 • (4.8). 

d4k -lkx 1 1 
e ' [ · · 1(4 9) 

2 2, 2 2 + 2· 2 • 
k -p. +ll (k· +2kp,)(k -2kp2) (k -2kq~>(k +2kq2) 

d 4k e- lkx 1 1 

k
.2 2 • 

-p. +ll 
[ ' + ' ] ( 4.10) 

< k 
2 
-:-2k qJ(k 

2 
-2kp2) < k 

2
+2kp tH k 2 

+2k q2) 

·- .... ~ -· 
It is not difficult to see 'that the account _of only )( 1 corres-

ponds to the Feynmann . ladder diagrams in perturJ?ation theory, but 

the function x is responsible for the appearance of the nonpla-ne 
' 2 ' --
graphs with crossed mesons.- lines. 

Let us consider in more detail the phase function xi . • It 

may be found , in principle, with the help of residue theory. Howe

ver, it is more easy to make use of the analytical properties _of the · 
' ;<' 

function X 
1 

in the variable s • Its discontinuity on the cut 

'-~ ... . :.-;-

16 

I 



\ 

'which goes along ·the real positive s -semi..:..axis ·is-determined accord-: 

ing to the well-known rules/20/ and is ·equal 

4 -lkx 
d k e • 

k 2 2 . -p. __ +,1 { 

We note that eq. (4.11) for the X 1 

,(4~11) 

function discontinuity on 
the cut does not depend ·on X 0 - and therefore, does , not contain 

· the retardation. 

In the high energy limit, when Po = E 2 ... 00 - eq. (4.11) 
as xl non...;,zero has the following form 

2-> lkl-;.l 
g2 d k.l e 

ig 2 

~~ X1 I il! K- 0 (JL lx1l }, . 2 
j{2+JL2 2tts (211) s 
l ' (4.12) 

where K 0 ( z) is the Kelwin function of zero order. 

Using a dispersion_ reliition without subtraction one may restore 
phase function . X 1 at high energ-ies ' 

2 ... 
. 1 oo·ds'~,'Xt . g Ko(p.lx..LI) 

X 1 =:~ f-(-,-) =::-"' 
ITI ~0 • ~ ·- S 2 IT 2 S 

(4.13) 
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\- ; .. 
·The phase· function· X2 'may be investigated in a similar 

way. The X
2 

• function discontinuity on .the cut. which goe~ along 
\ 

the . real negative s -semi-axis; is equal to 

t.s~2 
- g2 
-- (2rr)2 I 

4 -lkx 
2 

d ke [o(k 2 -2kq
1
)o(k -2kp2 )+ 

k 2 -!L 2 + i ( 
'· 

(4,11) +a (k 2 +2kp 
1 

)o (k 
2 

+ 2kq 2)1 = 

I kl xo 
2 Po -21xo Po d2k.J. e 111.1 ,t.l 

g2 I 
=--=-2-

4(2rr) Po 

e + P. 

1{,2 .2 
-+2 2 ( -'"'"-) 
k .l. +fL - 2po 

->2 2. 2 
k.J.+fL -(2p0 ) 2 ... 2 

VPo-k.J. 

X·o 

Eq. (4.14) contains, generally speaking, the dependence on 

however it may be neglected in .the high energy limit· and 'at 

·non-zero XI As a result we get 
...... 

(k_LXJ. 2 , 

d 

2

k ..t: e = ~ K
0 

( fL I i -1.1) 
, 2TTS .... k 2 + 

l 

2 ___ gf 
- 2 

(277) s 
/)."' Xz (4.15) 

Now, using a dispersion. relation without subtraction we get the· fol

lowing expression for th~ phase ·function X 2 · at high energies 

g 2 Ko(fLI~+I> 
' 27T 2 s 

_,. ds'f).,x2 
1 . 0 "' ', 

X -·--J ) 
2 - 2 7Ti ,-oo ( s , - s , 

fn~ 
s 0. 

(4.16) 

Thus the full phase fun~ti'pn at high energies and for ~ -1. f. 0 

has the form 

X=X 1 · +:X:i 

g:,.· 
=~Ko(fLii-t.l) 

18 

(4.17) 

'• 

It is interesting to note i that in the sum. of ;the both. parts · 

the phase function (4.13) and \4.16)> the. terms, ·.containing logarithn 

cal dependence on energy, concealled out. In the given ca~e tl1 

fact is due to the crossing symmetry of eq. (3.18). 

The phase ·function behavioqr at. impact distances smaller th< 

the particle w~ve length 

X -1. .$ Jt 
1 

Po (4.1 

can pe determined from eqs. {4.11) and (4.14)~ 

Fixing ll. = -1- · and letting x 1 tend to zero, , we get 
Po 

X I_. ->X (s) .. 
X J.-> 0 0 , ( 4.1~ 

The X
0 

(s) . value is finite and has the following asymptoti· 

behaviour at high energies 

x
0 

<8> 1 o_ 2 ~. 
.,... Ul 2 
s fl. . ( 4.2( 

Singling out in the x .l -. plane the small £ -vicinity _of th 

zero point it is possible to show that the contribution· of this regio 

to the scattering amplitude vanishes at ( , ... 0 

In view of the fact that the phasG. function ( 4,17) does nc 
, , 

contain x 0 - and x z -dependence in high energy limit and usinJ 
the formula 

t 
-1(--)x 

I dx 0 dxz D
0 

(x) e 
ysz 

_-. I it.J. 1;.J. 
d2 k e 

.J. , • . _1_·_ I 2 t 
2 

= (2rr)
2 

... k:+fL +(\Is) 

...... 
fk_L X .J. 

z-> e·' t 
d k.J. dkz o(k - -)· --------::2...,.-- z Vs ' 
k 

2 

+ k 
2 

+ fl. (4.21, .J. z 

1 
(2rr)2 I 
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for the first term of the amplitude: (3,17) at small scattering 

angles - 1- ... 0 we get the expression 
s · I 

f 
1 

(s, t) = rim 
l-> 0 

is ... tg

2 

- ---

4 

f . d 
2 
x e 1 xJ. ~ l - -;;;-Ko (fl I ; I ) 

(2rr) lx_! ~~l l ( e 
-1), 

(4,22) 

'. 

where ... 2 
~ .1. ,.. t .' 

' 
The second ,term of the scattering- amplitude obtained with the 

· aid of the replacements p - p or T+> U has the , form 
I 2 

2 !xU 

f (s,u)=--g-Jd 4 xD (x)e 
2 . (2rr)4 . 

I ,-lAX J d A e' <P_I .... p 2 > 

0 
(4.23) 

. At small scattering angle!:i and high energies eq. (4,23) · containes in 

i the integrand a. r~pi~lly oscillating exponential e I Xu and decreases 
' . . 
1 more quickly than f 1 ( s , t ) by one degre~ of + 

Thus,· we have got for the high energies_ and small angles 

:scattering amplitude the integral representation (4,22) which c~incides 
. wit~ the qu~ntum-me6hanica1 Glauber type r~presenta~ion. with the 

', eikonal function: 

·-' ... ~ -. 
... . g2 . ... t 00 • I ..... 

. X ( s , X ,J. ) = - -2- K 0 ( fL I X .1. I) = - f v ( " X 
2 .+ X 1 .) d X , 

1TS s -oo z .. ....._ z 

(4.24) 

where 
-Ill~ 1-

2 e 
... 1) g --... v ( s, I X = - ~ 1-; I .... c:/4.25) 

:is the Yukawa two-p~rticle interaction potential, 
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§ 5. Conclusion 

··Using the functionaL integration .method we have obtained the 

close.d: relativistically .invariant and cross-symmetrical analytic ~xpres..,. 

sian· for the scattering amplitude. of two spinless "nucleons~' in the 

model L lnt = g : tjJ 
2 ¢ . In the limit of high energies s -+ oo and · 

fixed moment1,-1m transfers . t this expression takes the form of the 

Glauber representation (4,22) wiih the e1konal function , which cor

responds to the-,:~ukawa interaction potential between the "nucleons" 

(4,24), However, we haye taken into acco~nt only the usual ladcier 

graphs and generaliz-ed ladder grci.phs With cr~ssed meson lines 

neglecting the vacuum polarization effects, radiation c6rre_ctions to 

the nucleon lines and the so-called k1 k J -terms (i fj) in the 

nucleon propagators. 

'I'he result obtained means essentially that in the framework 

of the approximations used the retardation effeCts disappear in the: 

limit of high energies at small angles~ 

. Notice, that the n -th term, of an expansion of the scattering 

amplitude. (4.22) in powers of g 
2 

has .the asymptotic behaviour !_
1
• 

. s . 
Such an asymptotic behaviour is an agreement with the asymptotic 

behaviour of the sum of th8 corresponding Feynmann graphs up to 

the sixth order, as it. is shown in paper/12/, 

The expression (4,22} coincides with the result of paper/21/, · 

where the eikonal approximation .for . the amplitude of scattering of 

two particles is investigat,edby the. method _of Schwinger variational 

derivatives, But in that paper the terms k 2 are eliminated, from 

the nucleon propagq.tors what makes covergence :of the integrals on 

the uppe1'1 limit worse, Besides tJ:le p~oblem of the disappearance of 

the retardation effects in the final result rerria.ins unclear. 

It should be noted, however,· that the study of the importance 

of the retardation effects for high energy. particle appears to be 

rather interesting, · 
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