
COOBUlEHl1H 
OB'bE,lJ,l1HEHHOrO 

l1HCTl1TYTA 
H,lJ,EPHbiX 

l1CCJIE,Ll,OBAHJttf1 
lly6Ha 

;J 
• -• • ·• s 
w .... 
::r 
:11: ... ... 
A. • ... ... 
~ 

1: 
! 
2 • .. 
~ 
~ 

;j VI­
I -

E2 • 4455 

S.P.Kuleshov, V .A.M atveev, A.N.Sissakia 

GLAUBER REPRESENTATION 

FOR HIGH ENERGY SCATTERING 

OF THE DIRAC PARTICLES 

ON SMOOTH POTENTIALS 

1969 



E2 • 4455 

S.P .K uleahov, V .A.M atveev, A.N .Sissakian 

GLAUBER REPRESENTATION 

FOR HIGH ENERGY SCATTERING 

OF THE DIRAC PARTICLES 

ON SMOOTH POTENTIALS 

- . ~, ·;r. • .· 
/ ., c h 



l 

1. Introduction 

Recently in papers/1•2/ an approach to the description of high 

energy particle scattering was developed which was based on the 

qOa.sipotential equation of Logunov and Tavkhelidze in quantum 

field theory/3 , 4 /. 

The approach is supported on an essential assumption of' a 

nonsingular or smooth behaviour of the local quasipotential V ( E , r) 
as a function of the relative coordinate of two particles r • Under 

this assumption the two-particle scattering has the semi-classical 

character for small angles/1/, as well as for large ones/5/. In par­

ticular, in paper/1/it was shown that for smooth quasipotentials the 
amplitude of high energy scattering of two spinless particles at 

small angles obeys an integral representation, which is closely con­

nected with the Glauber representation for the scattering amplitude 

of rapid particles on nuclei in the eikonal approximation/6/. 

It should be stressed, that a rigorous derivation of the Glauber 

representation in the framework of quantum field theory supposes 

the proof of smooth behaviour of quasipotential at high energies of 

hadrons. 

It is interesting to investigate spin effects in particle scattering 

at high energies. In the present work we give a derivation of the 
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Glauber representation for the amplitude of the spin 1/2 particle 

scattering on smooth potentials at high energies of incident particles, 

The consideration is given in the framework of the two-component 

description as well as on the basis of the Dirac equation, The study 

of the Dirac equation allows one to separate relativistic kinematical 

effects in scattering of the rapid spin particles, 

2, Glauber Representation for the Scattering of Spin 1/2 

Particles in the Two-Component Description 

Consider the scattering of the rapid spin 1/2 particle on the 

basis of the Klein-Gordon type equation 

( p 2 + v 2 )t/1(1) = v <r > t/1 u· > , (2.1) 

where the potential includes the contribution of spin-orbital forces 

..... _.,-+ 4 -+ -+· 
V(r)=V0 (r)+V

1
(r).(a L); L=-i[ r x V ]. (2.2) 

We assume here that V
0 

(r) and V
1
(r) are scalar smooth 

... 
functions of r , which depend, generally speaking, on the par-

ticle energy E = y m 2 + p2 • 

The solution of eq, ~2 .• 1) can be represented in the form 

-+ 1 p z 
tjJ ( r) = e ¢ (1) , 

where the two-component spinor ¢(r) 

tion 

c~><r>l =¢, z ...,._ 00 0 

(2.3) 

satisfies the boundary condi ... 

(2.4) 

that corresponds to an incident particle with spin wave function ¢ 0 

and large momentum p along the z -axis. 
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Under the condition of smooth behaviour of the po 

sufficiently large energies, when 

I vI p 2 I « 1 ; IV /pVI« 1, 

the spinor ¢(r) 

the equation 

is a slow varying function and approJC 

2ip~=(V +Vp[ax ... rl )¢. a z o 1 z 

The solution of (2,6) u.nder the boundary condit 

the form 

where 

Here 

where <I> 

... [... ... ] Xo < p , z > + 1 n x a z X I<p. z) 

¢(1) = e cf>o ' 

X
0

((/,z) 
z ... 

__L_ f dz 'V
0

(p ,z '), 
2i p -oo 

X
1
(p,z) Lj dz'V 1 (p,z'). 

2 -oo 

... 
r'=(p;z); n ... = _P_ = ( oos If! , sin <I> ) , 

p 
is an azimuthal angle in the ( x , y ) -pl 

[; x"'it) =COS<I> 
z 

• a 
y 

- sin <I> • a 
c 

-+ ... 2 
[a x n ] 1. 

z 
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les in the Two-Component Description 

the scattering of the rapid spin 1/2 particle on the 

ein-Gordon type equation 

2 + v 2 
) if (1) = v (1 ) if ( r' ) ' 

(2.1) 

entia! includes the contribution of spin-orbital forces 

-+ ...... __,. . 

(r) + v l(r)ft L); L =-i[ r X v ]. (2.2) 

me here that V0 (r) and V
1
(r) are scalar smooth 

, which depend, generally speaking, on the par-

=ym2+p2 • 

.tion of eq. ~2.1) can be represented in the form 

if (1) = e 
1 

P z ¢(1), (2.3) 

component spinor ct><r> satisfies the boundary condi+-

ct> <r' > 1 ""¢ , z _,._ 00 0 

(2.4) 

s to an incident particle with spin wave function ¢
0 

ntum p along the z -axis. 
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Under the condition of smooth behaviour of the potential and at 

sufficiently large energies, when 

I vI p 2 I « 1 ; IV /pVI« 1, 
(2.5) 

the spinor ¢( r) 

the equation 

is a slow varying function and approximately obeys 

2ip...J.j_=(V +V p[axrl) ¢. a z o 1 z 
(2.6) 

'I'he solution of (2.6) u.nder the boundary condition {2.4) has 

the form 

where 

Here 

where ell 

... [... ... ] ... Xo ( p , z ) + 1 n x a z )( 
1 

( p, z ) 

¢(r)=e cf>o • 

X
0

(p .. ,z) __l__ j dz ' V
0 

( p ... ,z '), 
2i p -oo 

XI (p, z) .f_ l dz 'V 1 {P ,z '). 
2 -oo 

... 
-· ... ... p . 
r ~ ( p ; z ) ; n = --= ( oos ell , sm ell ) , 

p 

is an azimuthal angle in the ( x , y ) 

[ C: x ""it ] = oos ell • a - sin ell • a 
z y c 

-+ ... 2 
[a x n ] 1. 

z 

~ 
5 

(2.7) 

(2.8a) 

(2.8b) 

-plane, so that 

(2.9) 
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Using eqs. (2. 7) and (2.8) we get for the scattering amplitude the 

Glauber representation 
-lit' r' 

f(p,l'l)=--1-Jdre ¢*fp')(V +p[<7xrl V)!fr(r)= 
417 0 ' 0 z I 

- p ...... 
- -- fd2 -iptl 

2rri pe 

(2.10) cp* ( ... ) ! Xo + t[ri xa] 
o P e z X1 

-1l¢
0

(p}, 

where 

... .... 1' ~ .... .....,. 

t1 =(p - p ) ; LX p ~ 0 

X ( P ) = X ( P ... , + "" ) ; X ( P ) = X ( p ... , + "" ) · 
0 0 I I 

Using the formulae for the integral representations of the Bes­

sel ftmcti ons 

21T 
J

0 
( x) = _1 _ f d <ll 1 x co .. <1J 

2rr o e (2.11a) 

j 21T ixco,.<IJ 

J ( x) = - -- f d <ll e cos<ll , 1 
2rr o 

(2.11b) 

we receive the following expression for the scattering amplitude 

f(p, t1) =¢*(p') [a+ a b] cp (p), 
0 y 0 (2.12) 

where 

Xo 
a=-ipfpdpJ(ptl)!e cosx -11, 

0 0 I (2.13a) 

i p 1"" p d p J 
1 

( p t1) e Xo sin x . 
0 I 

b 
(2.13b) 

The wave functions of spin particles with the helicity values 
... ... iJ p" 

,\ = ~ and ,\ '= -- has the forrn/7 / 
p p 
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..-

)i. 

~ft 

~~~ 
~v 

Iff,!.' 
,J~·: 

(' 
•' 

~ < 
\ 

-~ 

... 1 0 
¢0 ( P ) = ( 

0 
) and ( 

1 
) at ,\ = + 1/2 and - l /2 ; 

¢
0 

( P , ) =(co~ e 12 ) 
-an0/2 (

sin8/2) 
and 

cos8/2 
, at ,\' =+ 1/2 and -1/2 

where e is the scattering angle and 

cos !1 I 2 = v 1 -
1'12 

4p2 

sine /2 A_ ... 0 
2p 

... 1 

at p ... ""· 

Thus, the quantities a and b defined by eqs. (2.12) a 

in the limit p ... "" at fixed moments t1 will coincide with tt· 
spin-flip and spin-flip amplitudes, respectively. 

3. Glauber Representation for the Scattering of the 

Dirac Particles 

Consider now the scattering of the rapid spin particle 

scalar potential on the basis of the Dirac equation 

( E + i ;; V - f3 m - f3 V ( 1 )) 1/J ( r ) = 0. 

We shall seek the solution of equation (3.1) in the followi 

1/J(;) = e ipz F(+)(f) + e -lpz F(-)(rj• 

where 

E = y m2 +P 2 
"' P = P • 

z 

Substituting the expression (3.2) into eq. (3.1) and requi 

term which contain as a factor the large parameter p 
nish, we get 

a 
z 

( +) 
F - = + 

( +> 
F -
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') and (2,8) we get for the scattering amplitude the 

-iP I i 

J dr e ¢*(p')(V +p[<hrl V
1
)r/J (r) = 0 . 0 z 

-ip~ Xo +i[rixalzx1 (2.10) 
e ¢ *

0 
( p ) ! e - 1 I ¢ 

0 
( p ), 

(p , - p ) ; .& p "'0 

X ( P
4 

, + "" ) ; X ( P ) = X ( /, + "" ) • 
0 l l 

formulae for the integral representations of the Bes-

1 277 
0 (X) = -- J d <IJ i x cos <IJ 

2rr o e (2.11a) 

i 277 ixcos<IJ 

( x) ~ - -- J d <ll e cos <I! , 
277 0 

(2.11b) 

following expression for the scattering amplitude 

) =¢*(p') [a +a b] ¢ (j)), 
0 y 0 (2,12) 

"" X 
fpdp J (p~) I e 0 cosx -11, 

0 l (2,13a) 

P t P d p J 
1 

( p ~) e Xo sin x . 
0 l (2.13b) 

functions 
cJ t1, 

"-'=-
of spin particles with the helicity values 

has the forrn/7 / 
p 

6 

.,-

' 
.. , 

·.' ~ 
t ~ I 

' ' ·, 

~'"' .. \ ,' ,, 

1~ . 
'Y 
~~' 
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... 1 0 
¢0 ( P ) = ( 

0 
) and ( 

1 
) at A. = + 1/2 and - 1 /2 ; (2.14a) 

¢
0 

( j) , ) =(co~ e ;2 ) 
-sn0/2 (

sin 8/2) 
and 

cos0/2 
, at A'=+ 1/2 and -1/2; (2,14b) 

where e is the scattering angle and 

----
cos (J I 2 = v 1 - -~-

2

- 4 1 
. 4p2 

sin e I 2 = ..iL ... o 
2p 

at p ... ""· (2,15) 

Thus, the quantities a and b defined by eqs, {2.12) and (2,13) 

in the limit p 4 "" at fixed moments ~ will coincide with the non -

spin-flip and spin-flip amplitudes, respectively. 

3, Glauber Representation for the Scattering of the 

Dirac Particles 

Consider now the scattering of the rapid spin particle on the 

scalar potential on the ba.sis of the Dirac equation 

( E + i it V - (:3 m - (:3 V ( 1 ) ) rjJ ( r ) = 0. 
(3.1) 

We shall seek the solution of equation (3,1) in the following form 

1/J(;) = e lpz F(+){f) + e -lpz F(-)(rj• 
(3.2) 

where 

E = V m2 +P 2 
"" P = P • 

z 

Substituting the expression (3,2) into eq, (3,1) and requiring the 

term which contain as a factor the large parameter p to be va-
nish, we get 

~ 

~ Oc 

a 
z 

( +) 
F - = ± 

( +> 
F -

7 

(3.3) 



From eq. (3.3) it follows, that 

1 
F <±.> (1) = - 1- ( 

..;2 + u 

<±> 
)¢ (f), 

" 
where ¢ < :t> (r) are the two-component spinors. 

(3.4) 

As one can see from formulae (3.2-4) the two terms in eq.(3.2) 

describe the propagation along z -axis of the incident and reflected 

Naves, respectively. The following boundary•' conditions hold 

,~.<+'<01 . =¢0; 
'(J z .....,._ 00 

(-) ... 
¢ (r)l ~o, 

z--.-('1() 
(3.5) 

where ¢ 0 is the constant two-component spinor of an incident 

particle. Using formula (3.4) one can find that the spinors ¢ \;tJ sa-

tisfy the equations 

where 

a cf> <+> 

az 
-2 I pz 

=e 

(-) 
a¢ 2ipz 
---=-e 
az 

w 

(-) 
) ¢ ' 

... ... 
(W-[uxV] 

z 
(3.6a) 

( W + [ 7r X V) ) cp (+) , 
z (3.6b) 

m + V(r ) 

The differential equations (3.6) with the boundary conditions (3.5) 

are equivalent to the following pair of thr integral equations 

z , ...... ...... 

cf>+(z,p)=¢ 0 -i.fdz'e-21
pz (W(z',p)-[t;xV

1
lz )cp<-{z',p) 

-oo 
(3.7a) 

z' 

¢(-lz,p1 = i.f dz'' e 21
pz• 

-"" 

·• 
( W( z",p) + [a X vl] z) ¢}+> ( z ~ p) (3. 7b) 

where ... a a 
(---ax ·Ty 

... ... 
r =(r,p); VJ. 
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The analysis of eqs. (3. 7) in the limit of large 1 

under the condition of smooth behaviour of the potential 

that the spinor ¢ ( + ) is a slow varying function of z 

the ¢(-) oscillates rapidly with •variation of z 

So, eq. p. 7b) in the limit p "' "" gives 

(-) ... 1 2 I pz ·+ -+ ... (+) -+ 
¢ (z,p)=~e (W(z,p)+[u xV] )¢ (z,p)+ .::;p ...1. z 

• 
Substituting the expression (3.8) in eq. (3. 7a), we obtain tl 

integral equation for the spinor ¢ < +> 

( +) ... ] z 9 ... ,.t, z ... .... d w ( +) 
¢ (z,p) =-¢

0
+--J dz'(W"(z',p)-VJ. -[uxn]z-)¢ (: 

2ip-OC> dp 

-· 2 m 
In eq. (3. 9) the term which includes 

- v~ 
should 1 

2p 
This term is similar to that one which we neglect in do 

eq. (3.6)x/. As a result we obtain the following solution 

(+) ... 
¢ (z,p) .. e 

1 z , 2 -> -> dV --- J dz ( V +2m V - [ U X n ] --- ) 
2 I p -"" z d p 

¢ . 
0 

r.I'he expression for the scattering amplitude can be faun( 

rating the Dirac equation (3.1) 

2 ... 2 2 2 ... ... ... 
(p+V -W t-m -iyVW)I/J(r) 0, 

x/This quantity is nothing else than the second term in 
of the particle energy in powers of the large momentur 

2 2 
m + PJ. 

E = pz + o ( 1 I p2 
) • 

" 
+ 

2p z 
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,) it follows, that 

±> (1) = _1_ ( 

/2 +a 

( ±> 
) ¢ ( t), 

z 
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(3.4) 

can see from formulae (3,2-4) the two terms in. eq.(3,2) 

ropagation along z -axis of the incident and reflected 

tively. The following bounda~·· conditions hold 

~ ::\ 
(r,l =¢ 

z ---+-·oo 0 

(-) ... 
¢ < r) I ~o, 

z -Jo- ('10 
(3.5) 

s the constant two-component spinor of an incident 

formula (3.4) one can find that the spinors ¢ tiJ sa-

-2 i pz 

= e 

2 i p z 
~ - e 

w 

(-) 
) ¢ , (W-[axVl 

z (3.6a) 

( W + [ 7:, X V) ) cp (+) , 
z (3.6b) 

m + V(; ) 

rential equations (3.6) with the boundary conditions (3.5) 

to the following pair of the integral equations 

z , ... ( ) ... 
Jdz'e-

21
pz (W(z',p)-[C:xV

1 
]z )¢-(z',p), -.,., (3.7a) 

''e
21

Pz .. (W(z'',p)+[axfl]z)¢<+>(z~p), (3. 7b) 

... ... 
r =(r,p); 

... a a 
<ax- 'ay V.t. 

8 

... 

The analysis of eqs. (3. 7) in the limit of large momenta p 

under the condition of smooth behaviou~ of the potential V(r ) show-s 

that the spinor ¢ ( + ) is a slow varying function of z , whereas 

the ¢(-) oscillates rapidly with •variation of z 
So, · eq. (3. 7b) in the limit p "' oo gives 

(-) ... 1 21 pz -~ -> ..,. (+) ... 
2 ¢ (z,p)=-rp-e (W(z,p)+[a xV-!.1)¢ (z,p)+0(1/p)(3.8) 

• 
Substituting the expression (3.8) in eq. (3. 7a), we obtain the following 

integral equation for the spinor ¢ < +> 

(+) ... 1 z ? ... ""2 ... ... d w (+) ... 
¢ (z,p)=¢ 0 +--Jdz'(W"(z',p)-vl-[axnlz-)¢ (z',p) ( ) 

2 i p -oo d p . 3. 9 

2 -· 2 
m - v~ In eq. (3.9) the term which includes 

~p should be dropped, 

This term is similar to that one which we neglect in derivation of 

eq. {3,6)x/. As a result we obtain the following solution 

(+) ... 
¢ (z,p)=e 

1 z , 2 .,... -+ dV 
-Jdz (V +2mv-[axn) -> 

2 I p _ 00 z d p 

¢ . 
0 (3.10) 

'.I'he expression for the scattering amplitude can be found by quad­

rating the Dirac equation (3,1) 

2 ... 2 2 2 ... ... ... 
(p+V -W tm -iyVW}l/J(r) 0, 

(3.11) 

x/'I'his quantity is nothing else than the second term in expansion 
of the particle energy in powers of the large momentum p 

2 2 z 
m + Pl 

E ~ p z + o ( 1 I p2 
) • 

z 
+ 

2p z 
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from where it follows that 

f(p, ~) =- --
1
-Jdt r/J<o> * (t)(V 2 +2m V +i yV V) r/J (t). 

4rr 1 ' 

Here 

,/, (0) (-> I "3 , .. 
'~-' .. , r) =e 

p 

1 
'1/2 ( (1 

) cp ~ 
z 

(3.12) 

(3.13) 

is the spinor, which describes an outgoing particle ~th large compo-

nent momentum along z -axis. 

Using the formulae (3.2), (3.4) and (3.10) we get finally for the 

scattering amplitude the expression of the type (2.12), where 

+oo 
x (p ... )= 1 f dz(V

2
(z,p)+2mV(z,P)) 

0 2i p -oo 
(3.14a) 

X, ( p) =- _l_+j dz dV(z, p) 
2ip -oo dp • (3.14b) 

It is easy to see that the spin-flip part of the scattering ampli­

tude of rapid Dirac particles on a scalar potential is due to relativis­

tic kinematical effects. 

The method developed here allqws one to derive also the 

Glauber representation for the scattering ahlplitude of the rapid Dirac 

particles on smooth potentials of other types. 

The results obtained here, can be used in the description of 

the scattering of rapid spin particles on heavy nuclei as well as in 

the phenomenological analysis of the pion-nucleon scattering at high 

energies. We should notice, however, that more rigorous conside­

ration of spin effects in the two-particle interactions at high energies 

is possible in the framework of the quasipotential equations. 
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