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1. Introduction 

The relation between the order of the S -matrix pole and the 

d ecay la w of the unstable particle was first considered in the pa­

per/ 1/. rn/2/ it was then shown, that the double pole can be realiz ed 

by' the particle system with two states changing from one state to 

another, decaying, however, only from a definite one of them. The 

study of these problems is of some interest now after the experimen-

tal finding, that the mass spectrum of the meson A-2 has very pro­

bably a higher-pole character/3/ (see aiso/4/). 

In this paper we consider an unstable system with N states , 

similar in its properties to the system studied in paper/2/. Sl:aMing 

from the g eneral quantum-m~chanical description (see/5 /) we derive 

in the explicit way the general form of the mass matrix and of the 

propagator matrix containing the pole of the N -th order. 

4 Mass Matrix 

Before deriving the general fotm of the mass matrix, we summa­

rize the result of paper/5/ using the slightly changed notation. Con­
a 

sider an unstable system with N states I s > • in which a mutual 

change from one state to another is possible. This system can 

decay into a new state I cp >. Then the behaviour of our unstable 

syst~ is entirely defined by the N equations 

-mt 
e 

(1) 
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where the indexes a , t 

. a 
of the state-vecto r I¢ t > 

state depends a l s o o n th e s e values. F o r t , t '> ·o 

. -IHt' 

< ~a I e 1¢13 > sO 
t 

mean, that this 

the c o ndition 

(2) 

is s upposed to be fulfilled for all a , {3 • Let also the relatio ns 

<s a I ~ {3 > • o (3) 
a{3 

be fulfilled. 

The amplitude mat rix (! ( t ) with the elements a aB(t) fulfils 

the rela tion 

(1 ( t + t , ) • (j (t) • {j(t ' ) 
(4) 

a nd it is poss ible to write it in a general form 

-tp.t "" 
{j(t)s e I. - 1- 1P tp 

~ p ! 

(4') 

where the fundamental matrix ~ is an arbitrary squar e mat rix of 

the N th order a nd ll is an arbitrary complex parameter, 
A s far as 1 P f,. o for an a rbitrary p . the matrix ~ c a n be 

d iagonaliz ed a nd the known mixing of N states , e a ch of which de­

cays e x pon entia lly , i s obtaine d. If, h owever, an i n t eger numbe r 

q I q $ N I exists, fo r whic h the followin g conditions a re fulfilled 

Q - 1 
1 f. 0 • S'Q= 0. 

(s) 
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then an entirely different case takes place; there exi 
a 

state ( a linear combination of states I ~ > ), deca· 

tially, The decay laws of all other orthogonal states < 

plicated and de p end substantially on the actual for1 

rix ~. 

In this latter case the matrix 

ra l form 

1 = 'll.Z'Il - 1 

~ . can be writter 

where a ll elements of the square matrix Z are equal t 

of the e lements Z 1 , which are equal to 1 (or 0), 'l'l a , a+ 

square matrix '11 is entire ly a r b itrary ,. It is easy to s 
the rela tions 

D(1Pl = Tr(1Pl = 0 

hold, i. e . both the d e te r minant a n d the tra c e e q ual to 

power of ~ . 

T h e matrix d' ( t l is then of the for m 

q- 1 
-tp. t I P P 

{l( t),. e I. - 1 t 
p=O p! 

In the spe cial case N • q = 2 

-lp. t 
Cf(tl ... 

1 + y t • ( y t 

-L t . 1,- y t 
( 

where the paramete rs fL . y • t 

the ma trix C!(t) l 

a r e a r b itrary c omple 



then an entirely different case takes place; there exists only one 
a 

state ( a linear combination of states \ " > ), decaying exponen-

tially. The decay laws of all other orthogonal states are more com­

plicated and depend substantially on the actua l form of the mat­

rix ~. 

In this latter case the matrix ~ . can be written in the gene­

ra l form 

where all elements of the square matrix Z a re equal to zero except 

of the elements Z a,a+t , which are equal t o 1 (or 0). The form of the 

square matrix 'l1 is entir ely arbitrary,. It is easy to show, that 

the relations 

(6) 

hold, i. e . both the determinant and the trace equal to zero for arpy 

powe r of ~ . 

The matrix (! ( tl is then of the form 

-lp. t q- l 

d'( t) ""e I. - 1- ~ P t P 
(7) 

pdl p! 

In the special case N - q .. 2 the matrix <l(t) becomes 

I +Y t (8) 

-Lt. 

where the parameters p. • y • t are arbitrary complex constants. 
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Differentiating now t;he relation (1) and putting t = 0 we ob-

tain 

N 

l . a ~· 1{3 l·a -iH s > = ._ a R (0) s > + rp > . 
{3:1 a,_, t=O 

(9) 

Since 

<sa I¢~>= 0, 

we get from equations (9) and (3) 

<}jHjs0 >•i'a
11
{3(0), (10) 

a 
If the equation (1) describes the time evolution of the state I" > 

corresoondin!:! to free unstable particle at rest. the quantities <s0 IHIJ> 
are the elements of the mass matrix :Ill and we can write 

a T 
:l!!=i[;r;-{j (t)]t=O' 

(11) 

T 

where 11 means the transposed matrix. With the help of (7) we 

obtain then the final relation for the mass matrix of our unstable 

system 

'"=1'1 + ij"T (12) 

is the unit diagonal matrix. 

If we require the relations (1)-(3) to be invariant under he 

time reversal we get 

6 

J 
J 

l 

' 

:m ·"" m T 

and therefore 
j" "'~ T • 

On the other hand neither the matrix 

are hermitian. 

wnere 

In the special case N - q ~ 2 

'"= 

r 
M-i(--yl, 

2 

i ty ' 

p.-M-i.!:. 2 • 

.Y -·--( 

r 
M-i(-+yl 

2 

m nor the ... 

one can writ 

In the case of time reversal invariance it must he 

3. Propagator Matrix 

When the unstable system with N states works 

mediate state in some collision process, the mass in th 

ing propagator has to be substituted by the mass 

'J,. (k:21- :lll2 )-1. 

where k 2 is the square of the four-mome ntum. Then U 

1111'\trix 'f can be written in the form 

P- 0-t(k:'I-'"2> ji(k:lll- ~ 2) . 
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m ... mT 

and therefore 

On the other hand neither the matrix m nor the hamiltonian H 

are hermitian. 

In the special case N "' q ~ 2 one can write 

wnere 

r 
f1- M-i-

2 

. Y -·-f 
f' 

M-il-+yl 
2 

In the case of time reversal inva.riance it must hold 

3. Propagator Matrix 

(13) 

(14) 

£ =z±_i. 

When the unstable system with N states works as an inter­

mediate state in some collision process, the mass in the correspond-

ing propagator has to be substituted by the mass 

p .. (k21 - "'2 ) -1 . 

matrix. The 

(15) 

where k 2 is the square of the four-momentum. Then the propagator 

mn.trix P r_an be written in the form 
(16) 
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wher e the elements of the mat r ix n ( 0 ) are the corresp ondi n g 

minors of the ma t rix 0 • 

From the p rop erties of matrix :f it r esults that the e quation 

D( J.? I- m
2 

) = 0 (1 7) 

has a N - fold root 

2 2 
lr. = fL • (17') 

We can s how it in the follo wing manne r. When w e intr oduce 

the matrix (see e q./121) 

2 
T T 

2 
2 

5{ = zi 11 5 - 5 ,.,-11 I +m 

we e a s ily find with the help of relation ( 6) that 

D ( 5{ ) "' 0; 

(18) 

d iffe ren tia ting now the left-ha nd side of e qua tion ( 17), one finds 

with the help of rela tions (18) a nd (6) that 
N-1 

_..;a;...._ __ . D ( lr. 2 I - m 2) • lr. 2 - ...!.. Tr ( m 2 ) ,. lr. 2 - p. 2 

a ( lr.2 )N-1 N 

_1_ 
N! 

hence the p r oof is finishe d. 
We can write the refore 

N N 
D( Jr.

2
I- m2 ) .. (lr.+ 11 > ( lr.-l' l (19) 

U s ing ( 14) a nd s upposing M >'> f' , w e obtain in the c a se of the 

positive r eal val~es of the 1r. .. M the e xpre ssion 
n<Jr.

2
I- m2

> ,. (z M) N<lr.-p. )N. 
(20) 
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We now derive the explici ~ form of the matrix 

'This matrix is defined by the rela tion 

[ (lr.2 -1'2 ) I_ g{] :n = ( lr. 2 -p2)NI. 

One can write 

N-l 2 2 l :n .. I.(lr.-p) :nl . 
j..O 

where the matrices . :n J < i • 0. • • • N -1) no more depend 

lr. 2 • From the relation (21) we get the recurrent form 

n 1- 9?~ 1 + 1 

which togethe r with condition 

:n N-t= 

gives the g eneral formula 

N-j-1 

:n "'5{ 
J 

It holds then 
N -J j-1 

p =I. (lr.2-l' 2 ) 5{ 
j=1 

a nd if we u s e the same a ppro ximation a s 

o b tain the fina l e x press io n 
- N tl-\ ~ , 

P = ( lr.-p ) };.(Jr. - M) :nf . 
f,o 

wher e 

9 
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We now derive the explici ~ form of the matrix " (k
2

I -m 
2 

). 

This matrix is defined by the rela tion 

One can write 

-
((k2-1'2)1- 9l_))1 ,.(k2-IL2)NI. 

N-1 2 2 J n .. };(k-~t 1 n1 , 
J..O 

(21) 

(22) 

where the ma.trices n J ( i • 0 • • • • N -1) no more depend on the value 

k2 • From the relation (21) we get the recurrent formula 

n J- 9?~ 1 + 1 

which togethe r with condition 

n N-1= 

gives the general formula 

N-J-1 

n - 9l. 
J 

It holds then 
N -l j-1 

p "' 1. (k 2_1! 2 ) 9l. 
j,.1 

(23) 

(24) 

and if we use the same a pproximation as in the relation (20) we 

obtain the final expression 
-N t~-\ r 

P =<k-iJ.l }; <k - Ml nf , 
f,.o 

(25) 

wher e 
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N-1 n, = :r 
fpl 

. l-N r J - f . N-J - 1 
J ) ( 2M ) ( i - ) ~ 
f 2 (25') 

In this way we obtain in the corresponding S matrix the pole 
of the N-th order without imposing any other limitation on the mat-

rix ~ · 'I'he propaga tor matrix contains• only the singular terms; it 

contains no regular term d e pending on the It 2 • which is usually 

obtained when we consider the interaction with other particles. If 

we assume that the interaction fulfils the condition { 2) for all t, t ' > o 
and that all bounct states of the decay products are identical with 

the internal states of our unstable particle, we can consider 

the matrix {24), resp. {25) as the general form of the propagator 
matrix of the physical particle, 

In this paper a detailed form of the interaction with decay 

states has not been considered, As it follows from paper/6/, where­

an appropriate ma.thema.ticai analysis of the model of an unstable 

particle with two internal states has been carried out, the exact 

form of the interaction with the decay products involves further 

conditions which bind together the elements of the matrix ~ with 

the real parameter r. One can hope that with the help of matrix ~ 
it will be possible to describe the behaviour of strongly interacting 

particles and their resonances in a mathematically consistent manner. 

I am pleased to acknowledge useful discussions with Prof. 
V.Votruba. and Dr. J.Jersak. 
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