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1. The Continuity Equation 

This work is the continuation of a series of works on our re

search on the relativistic two body problem /1- 5/. All notations have 

the same meaning as in the p r eceding works unless s p ecifically men

tioned. 

According to /5/, the radial wave function of a 

system of two spinless particles with equal mass m in the case of 

a local quasipotential V ( r ; E q l satisfies the equation x) 

where 

rad 
Ho 
2 

r ad 
(2Eq -H 

0 ) Rf ( r , q) • V ( r ; E q ) R f ( r , q ) , 

H ;d - 2 ch i _ d_ + __ f<_f_ +_r_>_ 
dr t! r +il 

e 

d 
1 -

d r 

(1.1) 

(1.2) 

At real V ( r; E q ) we found from (1. 1) the following equation for 

the conjugate wave function R f (r, q) 

H~ad * 
( 2 E rad • 

)Rt(r,ql•V(r ) R f (r, q), -H ; E q 2 q 0 (1.~) 

x We use the system of units where 't • e • m • 1 · 
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8
rad • 

0 
• 2chi -~ + 

dr 

f( f + ll 

r( r- i l 
e 
-t-d

dt 
(1.4) 

As is easily seen, the following relation is valid for an a rbibrary 

function F ( r l 

H;ad* ( r (f +I) 

(-rlcf +I) 

f +I 
(-ll 

cf +I> 

F(rl) • 

" 
rad (1.5) 

H
0 

F( rl 

(for the definition and properties of 
( f-!.1) 

see /
5 /). Then putting in 

(1.3) 

R*(r,ql• 
f 

r <f+l) f+l 

-n+i> (-ll 
( -r l 

F (r ,q l • 
f 

(1.6) 

we obtain for F f(r, q l an equation of the same kind as (1.1) 

rad 
H0 Pad 
-- (2E -H

0 
lF (r,ql~V(r;E lF (r,ql. 

2 Q f Q f 
(1. 7) 

Our problem now, is to get out of ( 1. 1) and ( 1. 7) the analog 

o f the radial continuity equation. Let us introduce first the wronskian 

o f the functions R f(r,ql and Fl' ( r ,ql (cf. (5.1)) from / 5/): 

W(Rf,Ff ) . 

R l'(r, q l 

L\ R l'(r , ql 

Rl' ( r , ql 

~ i 

-t...i... 
e dr R l'( r, q l 

-t.:L 
(e dr ,. J-iL\l. 

4 

F ( r , q l 
f 

.(\ F l'( r ,ql 

Fl' (r, q l 

-t...!!... 
e d r F l' ( r , q l 

(1.8) 

,. 

Multiplying then, equc 

and substracting the 

-1 d 
[ e d7 

e 

-t..L 
dt 

d 
1-

dt 

f ( f -1---
r ( r 

Rf(r , q l 

R f ( r , q l 

Equation (1. 9) it 

and the expression it 

analog of the radial c 

can be rewritten as 

t. 

Equation (1. 10) 

Then we may concluc 

J (r, q l • 
e 

where Cl' (r ,ql is sc 

Performing now 

by R* (r,ql 
e 

d 
-1-

dr 

and usi 

( f 1 

(-rl 

r < l' + 1 



1 

I r 
(1.4) 

for an a rbibrary 

.. 
rad 

H
0 

F( rl 
(1.5) 

Then putting in 

(1.6) 

kind as (1.1) 

( r 'q) • 
(1. 7) 

:1.7) the analog 

first the wronskian 

from / 5/): 

(1.8) 

Multiplying then, equation (1.1) by Ff (r,q) , equation (1.7) by Rf(r,ql, 

and substracting the first result from the second, we get 

-I.!!.... 
( e dr 

-I...L 
dr 

e 

d 
1-

e dr 

f ( f + I ) - 1...i.. f ( f + I ) 
-1- -Jl [ e dr +I+--:--~-

r(r-i) r(r+il 
] . 

-I...L 
Rf(r, q) 

dr 
e F f (r, q) 

2E 
(1.9) 

d 
+ T w < R f, F f l 1-o. 

1-
R f (r, q) e dr F f(r, q) 

Equation (1. 9) in our scheme is the desired continuity equation 

and the expression in curly brackets· has to be considered as the 

analog of the radial current. If we denote the latter by J f ( r, q >, (1. 9) 
can be rewritten as 

f(f +I) 
6J n (r, q) • 10 (r ,q), 

t r(r-i) t (1. 10) 

Equation (1.10) coincides precisely with equation (5 . 5) from/5/. 

Then we may conclude that 

J (r,ql•2i -----
f (f +I) 

< f+O 
( -rl f + I 

(-1) Cf( r,q), 

where Cf (r ,ql i s some i-periodic function. 

(1. 11) 

by 

Performing now the inverse substitution of the function Ff ( r, q l 

R* 
f 

( r ' q ) and using the relations 

d 
( f +I) ( f+l) 

-1- ( -rl (-rl dr 
(1. 12) e - "'e <·> r ( f +I) ,< f +I) 
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we obtain 

d -·-dr 
( e + 1) 

e 

e 

d 
1-

dr 

( f+ I) 

(-r) 

< f+O 
r wf(r) 

(wf(r),.l+f<f+ll 

d 
-1-

dr 
R f (r ,q) 

•-i-
"'f (r le Rf (r ,q) 

R f (r,q) R f (r, q) 

( f+l) 

(-r) 

cY+T> 

), 

d -·-dr 
w*f (r) e R f 

e 

d •r. 
R f (r, q ) 

(1.12) 

(r • q ) 

+ 

(1.13) 

+ 2E 
q d 

-l;r;-R(r,ql 
f 

d 
-•;r;-

-2iCf(r,ql. 

e "'f. (rle Rf(r,q) 

The non-relativistic limit of relation (1.13) is 

R f(r, q) 

d R (r ,q) dr f 

Rf (r ,q) 

• eonst. 

d R* (r,ql 
-;-- f 

(1.14) 

If the functions Rf (r,ql and Ff(r,ql in (1.9) are two dif

ferent expressions for the same solution of equation (1.1), then the 

radial current constructed from these functions is equal to zero: 

6 

Jf (r,ql a[ 

e 

·x 

e 

-t...!!.... 
dr 

t...iL 
dr 

R f(r, 

R f (r, 

In so far as in the 1 

continuity condition 

d 

d 

used to connect so! 

regions, then(1.5) r 

vistic case. 

Let us investig 

keeping in mind furtl 

the functions R
0 

(r , 

is easy to show tha 

from which follows l 

J ( 
0 

At the same ti 

(1.10) , we have 



~+I) 

-,-

(1.12) 

d _,_ 
dr 

R l (r, q ) 

+ 

R f (r, q) 

(1.13) 

• 2 i C f ( r, ql. 

r ,q) 

• const. (1.14) 

(1.9) are two dif

ltion (1.1), then the 

is equal to zero: 

d _,_ 
dr + 1 + 

f ( f +1) 
J X 

r (r + i) 

-I~ -I~ (1.15) 
e 

dr n e<•. ql 
dr 

F f( r ,q) e 

2E 
1( q 

W(Rf'Ff).O . +-.-
I 

,...!I... I ..JL 
dr 

R f (r,q) 
dr 

e e F f(r ,ql 

In so far as in the non-relativistic limit this relation appears in the 

continuity condition for the "logarithmic derivative" 

~I 
dr R f (1.16) 

used to connect solutions of the Schroedinger equation for differe nt 

regions, then{1.5) must be ·used for the same purpose in the rela ta. 

vistic case. 

Let us investig ate the condition {1.15) in more detail at f s 0 

keeping in mind further applications. If the s olutions represented by 

the functions R
0 

(r , q l and F 
0 

(r • q l 

is easy to show that 

are real, then using {1.15) it 

e 

_,_2_ 
dr J. 

0 
(r,ql-- J (r,ql, 

0 

from which follows the equality 

J ( r, q ) + J * ( r ,q ) ~ i A J * ( r ,q l. 
0 0 0 

(1.17) 

(1.18) 

At the same time at f ~ 0 because of the continuity equati o n 

(1.10) , we have 
AJ 0 (r,ql~o. 
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Now on the grounds of (1.17) and (1.18), w e conclude that 

E 
Q 

J
0

(r,ql+J:(r,ql• 0, (1.19) 

Finally, the condition (1.15) at f • 0 can be written in the form 

R 
0 

(r, q) 

..L. shi _d_R (r ,q) 
i dr 0 

chi-dd R (r,q) 
r o 

F 
0 
(r, q) 

.Lshi..LF ·(r,q) 
i dr 0 

chi _dd F ( r ,q) 
r o 

(1.20) 

• O+chi-d
dr 

~shi-d R (r,q) 
I dr o 

.!._shi....!.F (r , q) 
i dr o 

2. The Phase Shifts, Partia l Scattering A mplitu d es and C r oss 

S ections 

In t his secti on we shall concentra t e o n formulas a nd r e l a tions 

u s i ng the con nection betw e en the a symptotic expr essi o n fo r th e rela -

tivistic wave function <I> ( r) 
Q 

and the scatte ring amplitude T ( p, q ) 
o n the energy shell E P -E 

0 
x) •• To find thi.;; c o n nection let u s n ote 

firs t t hat o ff the e n e r gy shell, a ccor d ing t o / 4 , 5 / 

.._ a ~ (3) .. .. 1 T ( p, q ) 
<I> (pla(2rr) u (p (-)q)- T ( , (2 1) 

o 2 E P 2 E 
0

- 2 EP + I E ) • 

from whi ch using the Shapiro t r a nsfor mation /6/ xx), we obtai n 

x} The definitions o f the quantitie s <1> 
0 

(r l 
in /4- 5/. 

and T (p • q) a r e g iven 

xx)Let us remenb er that the Shapiro t ran s f o r mation with t he kern e l 
~ (q .. ,;> ) .( E -qn .. )-l-lr <r+•rn .. l 

Q 

in our for malism plays the rol e o f the F ourier transforma ti o n /4- 5/. 

8 

r 

<l>(pl-~(q,-;) 
Q 

E x panding (2.2) in po 

g et 

R (r,ql•s
0

(r , x 
f L < 

where, a s earlier, 

tude Tf (p,ql i s d e l 

T(p 

In the sca ttering prot 

the intera ction V (r ; E 

a tion ( 1.1) and omittin 

at the asymptotic equ 

ch i-

One of the solutions 

ac 

R f ( 

The quantitie s 

we s ha ll c a ll the pha~ 



elude that 

(1.19) 

written in the form 

~ F (r , q) 
d r 0 

(1.20) 

litudes and Cross 

..tlas a nd relations 

ssion for the rel a -

1plitud e T (p, q) 
·ction let us note 

:;t;) . (2.1) 

', w e obtain 

p. q) are g iven 

with the kernel 

;formation / 4- 5 /. 

T ( P ,q) 
J~<p .... t>d np ----------

2E (2E -2E +ill ( 2. 2) 
p q p 

Expanding ( 2. 2) in partial waves (see (1.5), (1. 8) a nd (1. 9) in /5/) we 

get 

R 0 (r,ql•s (r,x l- J 
L f q 2(47T)20 

ch X ( ch X - ch X + i f ) 
p q p 

(2.3) 

where, as earlier, EP = ch X P , E q • ch X q 

tude Tf (p,ql is defined according to 
a nd the partial ampli-

( .. '*) 1 T P ,q •-
2p q 

.... 
'<' f p q ~ (2 + l)Tf (p,q) Pf(-), 
f~o P q 

(2.4) 

In the scattering problem at large distances, for example in the r egion 

r»l/xq (2.5) 

the intera ction V (r ; E q ) has t o vanish. Neg l ecting this t e rm in equ

ation (1.1) and omitting simultaneously the c e ntrifugal term, we arrive 

at the asymptotic equation 

ch i._.j__(2chx 
d r q 

d ao 
- 2 chi-- lR 0 ( r, q l -o. 

d r < 
(2.6) 

One of the solutions of (2.6) is, as it is easily checked, the expression 

ao 

R f ( r , q ) e a f ( q) sin ( rx q - !.!!... +li l. 
2 f 

(2.7) 

The quantities li f in analogy with the non-rela tivistic case, 

we shall call the phase shifts. Using relation ( 2. 3), it is easy to 

9 



express the partial amplitudes T t in terms of the phase shifts 8 t 

Actually, in the reg ion ( 2. 5), according to (4.9) of /5/, 

s 0 (r , X l = sin (r X - !...!:.._ l. 
L Q Q 2 

Substituting this expression in (2.3) (and under· -the integral also)x) ''1/e 

obtain 

.., t rr 
R f ( r , q l • sin ( r X - -- l -

Q 2 2(~rr) 2 i 
t rr 

d XP sin (r X P- 2lTf(p,ql 

chXP(ehxQ -ehxP+i~l 

Keeping in mind the symbolic equality 

2JTi 

tr<xp-xQ> 
e 

eh X - c:h X - i~ 
p Q {

8(ehx -ehx l 
p Q 

0 

r .. oo 

r .. - oo 

we get from (2.8) 

... t, 
R • (r ,q) • sin ( r X - -- ) + 

L Q 2 -, e 

tr<X _ frr > 
Q 2 

Tf (g.,ql 

32 ch X Qsh X Q 

Comparing (2.9) with (2. 7) we can conclude that 

l118f 
e -1 + 

8ft sh Z X "' 
5

f ~ 
Tt (q ,q) 

Q 

(2.8) 

(2.9) 

(2.10) 

x) Jt is obvious that here, as in the non-relativistic formalism, we 
must require the unifonn convergence of this integral with respect 

to r 

10 

' 

-

Subs tituting for 

pression for the seal 

the phase shifts 

T(jf;~lJ 
E • E 

., Q 

In the case of 

shifts 8 f are real 

must be unitary. In t 

ten in the form 

The equality ( : 

condition for the tote 

earlier (see (3.32) f' 
get the relation (2.1. 

Now let us wr 

tering cfoss-section 

(see (3.26) in /41) 

d 

d 

upon substituting he 

tegration over solid 



the phase shifts Sf 

/5/, tSf 

). 

1e integral also)x) we 

(2.8) 

r .... 

(2.9) 
'Xq 

(2.10) 

i c formalism. w e 
?,ral with respect 

J 
I 

a f • e (2,11) 

Substituting for Tf (q, q l from (2,10) into (2.4), we find the ex-

pression for the scattering amplitude T ( p , q l I in terms of 
E • E 

p q 

the phase shifts 

E • E 
., q 

2!Sf .... 
• 161Tcth X l: (2 f + 1) -e----

1
- Pf(_p_q_). 

«~ f-o 2 i q2 (2.12) T (p,ifl I 

In the case of a real quasi potential V ( r : E the phase 
q 

shifts 8 f are real also. Consequently the scattering matrix (2.10) 

must be unitary. In terms of T f ( q • q l the unitarity condition is writ

ten in the form 

(2.13) 

The equality (2.13) is equivalent to the two-particle unitarity 

condition for the total amplitude T ( p, q lIE • 
8 

considered by us 
p Q 

earlier (see (3,32) /4h. Indeed, putting (2,4) into this expansion, we 

get the relation (2.13) for the partial amplitudes Tf 

Now let us write down the expression for the total elastic scat-

tering cross-section in terms of the phase-shifts sf 

(see (3,26) in /41) 

du 

dcu 

Since 

upon substituting here T ( 1. q.., from (2.12) and performing the in

tegration over solid angle we find easily that 

H8f 
411 .. le -II 

C7 - >: (2f +1l. 
~f-o 4 

q 

(2.14) 
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For real Sf 1 formula (2. 14) coincides exactly with the corres

ponding non-relativistic expression 

0 -
4" "" 2 e -- I sin 8 f ( 2 + ll. 
q2 f-o 

(2. 15) 

We conclude with the treatment of the general formalism con

nected with our a pproach to the relativistic two-body problem. In the 

following two sections the solutions of a number of problems with lo

cal quasipotentials of simple kinds, will be given with the aim of illus

trating the method developed. It is important to remember that a ccor

ding to /4/, the choice of a local quasipotential means tha t we a re 

taking into consideration, to some degree, the existence of a spectral 

representation in momemtum transfer for the relativistic scattering am

plitude. In other words, we are taking into account the l ocality and 

causality conditions in the sense of quantum field theory. 

3 . The P roblem of a Spherical "Potential Box" 

Let the quasipote ntia l v ( r ; E 
0 

l in equation (1.1) have the form 

V(r;E
0 

l=O for r :5: a 

' (3. 1) 
V( r ;E

0
) • .,., for r > a 

The energy levels a nd wave functions of the particle in this 

"potential box" must be found. Taking into account the existence of 

the factor l I r in the expansion (1. 5) of / 5/ and the character of 

the quasipotential (3.1) the boundary conditions for the function Re(r, q l 

mus t be formulated in the following way 

"e<o.q> =o, 

(3.2) 
"e<a,ql2o . 

12 

In the region 

equation 

rad 
Ho 

2 

The solution of (3. 3) "' 

has the right non-relat: 

by formula (1. 9) of /5/; 

Rf(r,qlesf(r,ql•/" • 
2 

Obviously 

i.e. the second conditio 

gy 1evels in the given 

Let us consider t 

to (3. 4) 

s 
0 

from (3.5) it follows the 

a 

Then 

2 I 

In usual units, (3. 7) tal-

x) We have neglected 
cause it is not essenti 



ctly with the corres-

(2.15) 

leral formalism con-

·body problem. In the 

of problems with lo-

1 with the a im of illus 

remember that a ccor

mea ns that we a re 

ciste n ce of a s pectral 

:ivistic scattering a m

mt the l ocality a nd 

:1 theory. 

:~. 1 Box" 

• ( 1.1) have the form 

(3.1) 

1e parti c l e in this 

1t the existence of 

d the character of 

r the function Rf(r, q) 

(3 . 2) 

In the reg i on 

equation 

r ~a equation (1.1) coincides with the free 

( 2 E 
Q 

rad 

-H 0 )Rf(r ,q) .o . (3. 3) 

The solution of (3. 3) which satisfies the first of conditions (3. 2) and 

has the right non-relativistic limit is the function sf ( r , X
0 

l 

by fo r mula (1. 9) of /5/ x). 

I £ +1 (f+t) -t/2 - f 
Rf(r,qle sf( r,ql• -f- s hx

0
(-ll (-rl P (chx

0

l . 

-t/2 + lr 

Obviously 

defined 

(3. 4) 

(3. 5) 

i . e . the second condition of (3.2) can be used t o determine the ener

gy 1evels in the g iven field. 

Let us consider the simplest case £ - 0 

to (3.4) 

s ( a , X ) • sin a X 
0 Q Q 

• Since according 

from (3.5) it follows that the following equality must exist 

ax •trn, n-0,1,2, ... 
Q 

(3.6) 

Then 

2E •2chX a 2 ch 
rrn (3. 7) 

Q Q a 

In usual units, (3. 7) takes the form 

x) We have neglected in (3.4) the a rbitrary i - periodic coefficient be
c ause it is not essential now. 

13 



~ 
2E ~ 2mc 

q 
cb~ (3.8) 

amc 

The transition to the non-relativistic limit leads to the usual quantum

mechanical formula for the energy levels of a particle in a "poten

tial box". 

~ 
W~2E -2mc 

q 

rr2n2t2 

~ 

4 . The Particle in a "Potential Well" 

(3.9) 

Let us consider now the problem of determining the discrete 

ene rgy spectrum of a particle with angular momentum f • 0 

ced in a s pherical "potential 

V(rl --V
0 

V (r) a 0 

well" of finite depth 

for r ~ a 
(4.1) 

for r > a • 

, pia-

As is well-known, potentials of the kind ( 4.1) are used in com

p osite models of elementary particles /7 - 9 /. In such an approach m 

has to be considered as the mass of the initial particles-

(quarks for example), 2 E q as the mass of the composite particle 

rr -meson for example), a nd the width of the well a as the size 

of the composite particle. 

In the region r < a equation (1.1) for f- 0 is written as 

d d I I 
e b i d;- ( 2 cos )(q - 2 ch i d;- ) R 0 ( r, q) c - V 0 R 0 ( r, q) (4.2) 

where the quantity cos )( q is connected with the total ener gy 

2 F. q and the bound energy - I W I 

2Eq-2cos)(q -2- I W 1. 

To satisfy the boundary condition 
I 

R
0

(0,ql=0 

1 4 

by the relation 

{4.3) 

(cf. preceding problem) 

where l (rl 

I 

Ro 

is an a : 

( 4. 2), it is easy to seE 

cba = 

- 1/2 - J 

In the region r 

cb i-d
dr 

One of the solu1 

exponential e -~ Xq 

the physical point of 

a particle with energy 

I 
R 

n 
where A (rl is an 

The function R 
1 

and ( 4. 7) represent th 

they must satisfy rela 

continuity of the "loga 

noted earlier. Putting 

and taking the point 

stants" A I and 

the energy levels 



(3.8) 

to the usual quantum

article in a "paten-

(3.9) 

:11 Well" 

nining the discrete 

entum f • 0 , pia-

pth 

(4.1) 

4.1) are used in com

uch an a pproach m 

initial particles-

.e composite particle 

well a as the size 

O is written as 

(4. 2) 

, the total energy 

relation 

~4.3} 

(cf. preceding problem), we look for a solution in the form 

I I 
R

0 
(r,ql -A (r) sin a r (4.4) 

where K (rl is an arbitrary i- periodic function. Substituting (4.4) into 

(4.2), it is easy to see that it is a solution of the given equation if 

cha = 1/2 cos )(q +1/2 /cos
2
)(q + 2 V0 -

(4.5) 

In the region r >a equation (1.1) takes the form 

d d n 
chi-- (2cos)( -2ch i --lR (r,ql-0, 

dr q dr 0 
(4.6) 

One of the solutions of (4.6) is proportional to a decreasing 

exponential e -ll )(q • This solution which we must choose from 

the physical point of view, is as the radial wave function describing 

a particle with energy ( 4 . 3} in the region r > a • So, 

u n -r)(q 
R

0
(r,ql-A (rle (4. 7) 

n 
where A (r) is an unknown i-periodic function. 

The function R~(r.ql and R~(r,ql given by formulas(4.4) 

and (4.7) represent the same solution of equation (1.1). Therefore 

they must satisfy relation (1.20) playing the role of the condition of 

continuity of the "logarithmic derivative" of the wave function , as was 

noted earlier. Putting in (1.20) 
I 

R0 (r,ql cR 0 ( r .q) 

n 
F 0 (r, ql- R 

0 
( r.q) 

and laking the point r m a , we receive after cancelling the "con-

slants" A 1 and A 11 the following equation for the definition of 

the ener gy levels 

15 



ctg a. 
sin )( [ ch a ( 1 + ch a cos )( ) - cos )( ( I - sin a sh a l] 

Q Q Q • (4.8) 
sh a ch a + cos )( ( cos )( ch a + I ) ( sin a - sh a ) 

Q Q 

When solving the usual Schroedinger equation with the potential (4.1) 

the energy levels are found from the equation /10/ 

ctg a J m ( V 0 - I W I l • -
j 1w I 

-v:-j w I 
0 

(4.9) 

It is easy to see that ( 4. 9) is the non-relativistic limit of ( 4.8). 

Let us investigate the formula (4.8) in two important cases. First, 

let us find the minimum depth of the well V 
0
mln at which the first 

discrete ene rgy level E • 2 ( w. 0 l arises. Putting in ( 4 . 8) 
Q 

COS)(
0

•1 sin )(
0 

3 0 ' 

ch a J min 
•l/2+1/2 I+ 2V0 •ch a 

0 

we get 

ctg a 
0 

a m 0 ' 

or, taking into account (4.11), 

ch 
, 

2a 

F'rom here, for the quantity 

I I j min -+- I +2V 
2 2 ° 

min v 
0 

we obtain in usual units 

min 

v 0 
• 2mc 2 ch ,t, ,t 

(ch --- - 1). 
2 am c 2 am c 

16 

(4.10) 

(4.11) 

(4.12) 

( 1-.13) 

(4.14) 

The non-relath:ris 

Consequently, if the r.: 

nimum d e pth V min 
0 

at 

in the relativistic theor 

proach. 

L e t u s consider 

a nd the energy 2 E 
0 

2 E
0 

If we use the languag• 

o f this section) then c 

mass of the 

quark. 

rr - me: 

Now, neglecting 

we can represent this 

ct 

from whi ch in usual u 

for a - the "radius" c 

Putting conventionally 

we find from ( 4.19) 



I - sin a sh a )j 

-----. (4.8) 
z - sh a ) 

Nith the potential (4.1) 
LO/ 

w I (4.9) 

- I w I 

:ivistic limit of (4.8). 

important cases. First, 

at which the first 

ting in (4.8) 

(4.10) 

0 ' ( 4. 11) 

( 4.12) 

(4.13) 

.lsual units 

- - ll. 
(4. 14) 

The non-relatimstic limit of (4. 14) has the form 

vmln 

0 

(4. 15) 

Consequently, if the radius of the well a i s small, then its mi-

nimum depth V
0 

min a t which the particle is still confined to the well 

in the relativistic theory is much more that in the non-relativistic ap~ 

proach. 

Let us consider the case when 

(4. 16) 

and the energy 2 E q is small relative to m • 1 

2 Eq ~ 2- I w I = p. « 1 • 
(4. 17) 

If we use the language of the composite models (see the beginning 

of this section) then condition (4. 17) means, for example, that the 

mass of the rr - meson has to be much less than the mass o f 

quark. 

Now, neg lecting in ( 4 . 8) all powers o f p. hig her tha n the firs t, 

we can represent this for mula in the form 

ctgag 
2 

(4.18) 

from which in usual units there arises the following approximate value 

for a - the "radius" of a rr -meson 

a - (4.19) 

Putting conventionally 

m ~ 5 Ge V / c 
2 

:. 35 p. 

we find from ( 4~ 19) 

a -
p. c 
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Let us estimate the order of magnitude of the average modulus 

of the momentum of the quark in the well. It follows from the uncer

tainty principle that 

pa-1i. 
(4.20) 

Substituting here instead of the r a dius a 

we get 

its value from (4. 19), 

2 
p 

m 2 e 2 

,_,. 

m (4.21) 

Consequently, it is possible to consider the quarks in the well 

as non-relativistic particles, if the mass of the bound stcte is small 

enough in comparison with the quark mass (condition (4.17)). So, the 

relativistic formulation of the two body prob l em, developed by us, allows 

us to a pproach the foundation of one of the main hypotheses assu

med in the quark model, namely the hypotheses aboHt the nonrela

tivistic .character of the motion of the quarks inside the comp osite 

particle. 

We consid e r then the problem of the scattering of a s l ow par-

ticle ( .l.!!J. • sh X « I) with angula r momentum f- 0 by the 
m q 

potential well (4.1). The Schroedinger equation in reg ions r;5a and 

r > a has the form 

ch i _d __ 

dr 
(2ch )(q - 2 eh _ d_ . ) R

1 
(r,q)•- ·V R 

1 
(r,q) (r<a' (4.22) 

d r o o o -

(r>al. 
d d II 

ehi -- (2ch)( -2ehi --lR (r,ql•O 
dr q dr o 

The solution of (4. 22) which dis3.p pears a t r• o 

ction (ct.( 4.4)) 

I I 
R 0 ( r , q ) - A ( r ) s ia a r 

18 

(4. 23) 

, is the fun-

(4. 24) 

where the quantity 

form 

ch a • 

One of the sol 

I 
R 

The par,ameter 

shift (cf, (2,7)). The 

condition (1,20) for ! 

Z• a , Simple cal· 

8 o •a:etg { ~ 

In so far as we dee 

c 
8 "'-X ( 

0 q 

where the parameter 

approximation we ob 

tion (see (2,15)) 

u 0 •4, a 

As is seen fr< 

finite at 



the average modulus 

ows from the uncer-

(4.20) 

its value from ( 4.19), 

(4.21) 

e quarks in the well 

>ound stcte is small 

iition (4.17)). So, the 

·eloped by us, allows 

• hypotheses assu-

abol!t the nonrela

ide the composite 

·ring of a s low par-

urn f ~ 0 by the 

regions r ~ o and 

I 
R 

0 
(r, q) (r<a·l (4.22) 

• a). 
(4. 23) 

r ~ 0 , is the fu~ 

(4. 24) 

where the quantity a is determined by the equality (cf, (4.5)) 

cb a • 1 I 2 o b X + 1 I 2 ~ q q (4,2 5) 

One of the solutions of equation (4,23) is e xpress ible in the 

form 

R
1
! ( r, q) • A 

11 
( r) oin ( X r + l5 ) • 

0 q 0 
(4,26) 

The panameter 80 plays here obviously the role of the phase 

shift (c!, (2,7)). The value of l5 0 can be found from the connection 

condition (1.20) for solutions RJ (r ,q) and R 1~ ( r, q ) at the point 

r. a • Simple calculations give; 

a h X ch a + aln 2 X ob ~ a 8
0 

• uctg { ------q~----------~q __________ _ tg aa l - X q a , 
( 4. , 27) 

ch a sh a 

In so far as we deal with a slow particle, it follows from (4,27) that 

~ 
cba 0 +2sha 0 

ch a 0 aha 0 

-. ), 
(4,28) 

where the parameter a 0 is given by formula (4,11), In the same 

approximation we obtain the expression for the scattering cross sec

tion (see (2,15)) 

~ 
a 

0 
•4 rr a ( 

cha 0 +2ob ·~a o 

a ch a
0

ab a 
0 

As is seen from (4,29), the cross section 

finite at 

a a 
0 

• ...!!:.. 
2 

19 

( 4,29) 

a 0 becomes in-



which corresponds due to (4.12) to the occurrence of the first dis-

crete level E E 2 in the well, 
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