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The Difference Hypergeometric Equations and the Relativis­
tic Coulomb Problem 

Finite-difference analogs of hypergeometric functions are intro­
duced and the equations which they satisfy are found. The results 
obta i ned are used in finding the exact solution to the Coulomb prob­
lem, in the framework of the quasipotential a pproach. 
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1, Introduction 

In worJf-
6

/ the three dimensional formulation of the problem 

of the interaction of two relativistic particles with equal mass m 

was developedx), It was established, in particular, that the r ad ial 

wave function of the given two particle system R f ( r • q l 

the difference equation 

2 

where 

rad d 
H 0 • 2 chi d";'""" + e 

,..L 
dr 

satisfies 

(1. 1) 

(1.2) 

2 Eq - total energy of the system, and V (r ; E q ) is the quasi poten­

tial. The name for the function V (r ; E q ) i s taken from the work 

of Log unov and Tavkhelidze/7/, in which the quasipotential a pproach 

to the relativis tic two body problem was suggested, Making some 

X 

We use for convenience the unit system i n which 1i -c - m - I . 
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simple transformations in the equation for the wave function, obtained 

in /7/, it is possible to get the following analog of the difference 

equation (1.1) Jn the quasipotential approach 

~ 
(E 

q 

Ho ~ 
(-

2
-llRf(r,ql-V(r;Eq)Rf (r,ql. (1.3) 

It is clear thal when investigating equations of the type (1.1) 

and (1.3) it is necessary to use the methods of the finite difference 

calculus. Special attention was paid in/ 5/ to further development of 

these methods. 

In particular there was introduced the concept of the generali-

zed degree 

(.\) 
r 

. .\ 
-1 

r<-ir+.\l 

r<-; rl 

corresponding t o the finite-diffe renee differentiation 

-t.L 
dr -1 

!!. -
-i 

(1.4) 

operation 

(1,5) 

And w ith its help the analogs of a number of important functions 

o f continuous analysis were built. In the present work we shall find 

the finite-difference analogs of the hypergeometric functions, write 

down the equations which they satisfy and then use the results ob­

tained in the problem of definition of the energy spectrum of the 

two-particle system, interacting under a relativistic Coulomb law, 

II, The Hypergeometric Functions in the Finite-Difference 

ell( I 

where 

Substituting in (2.1) 

ree rD we get 

l: ~ 
,., y(D) 

It is obvious that wE 

generalization of the 

of the firute-differenc 

it follows from (2.3) 1 

ell[ a;y; a ; 

Comparing {2.5) with 

F (a,fJn 
2 I 

we come to the cone 

Calculus ell [ a 

Let us construct first the g eneralization of the confluent hyper-

geometric function ell (a ; y; a r l , As is well-known jgf 

Taking into account 
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lve function, obtained 
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•tion operation 

(1.5) 

important functions 

•nt work we sha ll find 

•tric functions, write 

n use the results ob­

?,y spectrum of the 

vistic Coulomb law. 

Finite-Difference 

of the confluent hyper­

ll-known jgf 

where 

l!l(a;y;arl• 'i ~ 
....0 Y (n) 

.. . 
• r 

D f 

a ea(a+ l) .•• (a+n-1). 
(n) 

(2.1) 

(2.2) 

Substituting in (2.1) the generalized degree instead of the usual deg -

ree r" we get 

a 0 r (n) 

,.IJI[a;y; a;r] (2.3) 

It is obvious that we can consider the quantity Ill [a ; y; • ; r 1 as the 

generalization of the confluent hypergeometric function in the spirit 

of the finite-difference calculus. Because, due to (1.5) and ( 2.2) 

<•> 

it follows from {2.3) that 

.. 
lll[a;y;a;r]- l: 

....0 

- i 

11w (- irl (D) 

Y (n) 
D f 

Comparing {2.5) with the usual hypergeometric series 

.. 
2

F 
1
(a.f3;y; zl- I 

.. -o nl 

we come to the conclusion that 

lll[a;y;a;r] 

Taking into account the recurrence relation of Gauss for 

5 
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[y-2/:1+ (,9-alz] 2 F 1 (a,/:l;y;zl + 
(2.8) 

+ /:1 ( 1 - z) 
2 

F 1 (a ,,9 + 1 ; y ; z) - ( y -/:1 ) 2 F 1 (a ,,9- 1; y ; z) - 0 

a nd the definition of the 1'1 -o,Peration, it is possible to obtain the 

following difference e quation for the function (2,7) 

[(y+1+irl1'1
2

+{i y-aa-a-iarll'1-iaa]tll[a ; y;a;r J- 0, (2,9) 

The transition to c ontinuous analysis, or equivalently, to the non-re­

lativistic limit in our unit system, corresponds to the following appro­

x ima tion 

r >> 1, a << 1 , r a - const • (2.10) 

It is easy to be convinced, that in this region ( 2,9) turns into the 

confluent hypergeometric equation for the function (2.1) 

2 
d d 

[ r --
2
- + ( y- a r l ----a a] tll (a; y ; a r) • 0. 

dr dr 
(2.11) 

As is well-known, besides the function tll (a; y; a r l another 

solution of equation (2.11) is the expression 

1- y 
(arl tll(a-y+1;2-y; arl -

-I 
n•O 

(a- y + ll (n) 

( 2- Y) (n) 

1- r+ D 

(a r l 

(2.12) 

It turns out, that if we replace int2.12) the usual degrees by g;me­

ralized o nes, as a result the function 

I 
n-0 

( a-y + 1 In> 
(2- y )(D) 

1-y+n 
a 

(1-y+n) 
(2.13) 

arises ,. which represents the second independent solution of the dif­

ference equation (2. 9). Us ing the identity 

(, 

) 

and taking into ac 

~ 
n-o 

I- y 
• a 

The remarkable pt 
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g eneralized hyperg 

2FI (a,,S; 

Generally sp 

ric series is pure!~ 

es of the argument. 

the equality 



(2.8) 

f3- 1 ; y ; z ) - 0 

;sible to obtain the 

r ] • 0 , (2.9) 

~ntly, to the non-re­

the following appro-

(2.10) 

~. 9) turns into the 

"l (2.1) 

' 0. (2.11) 

( a ; y ; a r l another 

(2.12) 

degrees by gene-

(2. 13) 

: solution of the dif-

r ( I - Y+ n) • r ( I -)'? ( r + i ( 1 - y ) ) (D) (2.14) 

and taking into account (2,5)• we can put (2.13) in the following form: 

I- r -. 

(a - y + 1 )(D) 

(2-y)(n) 
• 
1- r+ n o-y+n) 

( 1-y> 
r ct>[a-y+1 ;2-y;a;r+iO-yll. 

(2.15) 

The remarkable property of the solutions (2.5) and (2.11) of equation 

(2.9) is that these functions are at the same time the two independent 

solutions of the differential hypergeometric equation in the argument 

a 

Let us look for the difference analog of the usual hypergeomet-

ric function (2.6). Putting z • a r in( 2,6) and passing to generalized 

degrees r (n) we get 

n•O 

" (n) 
a r 

n! (2.16) 

Us ing again the identity (2. 4) and remembering the definition of the 

generalized hypergemetric series / 9 / we conclude; that 

2 F 1 [a ,fJ ;y;a;r] • ~ 
n .a 

a (n) fJ (n)( -ir) (D) 

Y (n) 

D 

( i a ) 

n! 

Generally speaki!'g, the expression of a F 1 

(2.17) 

as a hyperg eomet-

ric series is purely formal, because this series diverges at all valu­

es of the argument. Therefore we get from the formula ( 2.17) only 

the equality 
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2 
F

1 
[ a , {3 ; y ; a ; r 1 - a F 1 (a , {3 , - i r ; y ; i a ) , (2.18) 

a nd d e fine the function F in terms of M e ijer' s G-function /9/ 
a 1 

r<r> u 
G a F1 (a,{3,-ir;y;ial- r<a>r<{3>r<-irl 21 -· y 

) . 
a a {3 -i r 

Using k n o wn relations f o r G -function 

za Gmn 
pq 

( z I •, ) - G IDD ( z I 
b. pq 

a +U 
r 

b +U 
• 

.) 

mn a
1

, ••• a mn a
1
-l,a 2 , ••• a 

(1-a +b )G (zl P l-G <zl P)+ 
1 1 pq b1, ••• b., pq b1, ... b., 

+ Gmo (z I al •• • • ap 

pq b1+1, .. b" ) 

mn a l ··• a 
(a -a )G (z l P l • 

p 1 pq b .. . b 
I q 

mn a-l,a , .. a ID D •t • •••p-l ' a p -1 
- G ( z I I 2 P ) + G < z I 

p q b •• • b pq 
bl, ... b " I " 

. 
) , 

(2.19) 

( 2. 20) 

and taking into account the for mulas (2, 19) we can establish that 

the function 
2 

F 
1 

[a , {3 ; y ; a ; r 1 satisfies the following difference equati­

on o f the third order 

I [ r - i (y+ 2)1 6.
3 

+ i [ r - 2 i ( y+ ll + a( a+ 2+ irH/3+ 2+ i rl 16.
2 

+ (2,21) 

+[iy- 2a a {3 -a(i r+ 2l(a+f3+1l6. - i aa,B]I
2

F 
1
[ a,{3 ; y;a; r ]~ 0, 

~ 

l 

I' 
• 

In the non-relativis tic 

nishes a nd (2, 2 1) g oe!; 

for the function 2 F 1 ( a 

case of the confluent 

tion . ( 2. 17) is the funct 

1 - y (1-y> 
a r F [1 +• 

2 1 
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The solution of 
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2 
H rad 

(E - (--o- )2)R 
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complicated calculalio 

energy spectrum of i : 



. ) . (2.18) 

G-function /9/ 

B -ir 

.. a 

q 

") + 
b 

q 

) . (2.19) 

(2.20) 

1 establish that 

difference equati-

(2,2 1) 

I 

i 

In the non-relativistic limit (see (2.10) ) the term containing !1
3 

va-

nishes and (2.21) goes into the hypergeometric differential equation 

for the function 2 F 1 ( a . fJ ; Y ; • ; r > • • In complete analogy with the 

case of the confluent function we find that another solution of equa­

tion (2.17) is the function (cf. (2.11)) 

I- y (1-y) 
• r 

2
F

1 
[1 +a-y,l+fJ-y;2-y ;a ;r+i0-yl], (2.22) 

III. The Relativistic Coulomb Problem 

According to /
4

/ we can consider the function 

V(r)- + a 
c th tt r 

as the relativistic generalization of the Coulomb potential , where a 

is the fine structure constant and the + signs correspond respec­

tively to repulsive and attractive fields. 

Let us consider the problem of defining the discrete energy 

spectrum and the wave function of a particle in the relativistic Cou­

lomb field of attraction 

v ( r) a - __ a_c_lh;;;;__._. __ (3.1) 

The solution of this problem would be simpler, if we work 

with equation (1.3). Substituting in this equation the integral (3. 1) 

we g et 

rad 
2 Ho 2 

(E -(---) ) Rf (r,q) •-
q 2 

a clh rr r __ ..:..::;;..._..:,__ R l ( r , q) • (3. 2) 

Let us restrict ourselves to the case l • 0 to avoid over 

complicated calculations. It is convenient to parametrize the discrete 

energy spectrum of interest in the following way 

9 



2 E q- 2coa )(q • 2- J W J , (3.3) 

is the binding energy. where-! W I 
Putting in (3. 2) f = 0 and taking into account (3,3), this equa-

tion becomes 

2 2 d 
(cos )( - ch (i-- ))R (r ,q) • 

q dr 0 

acth11r 
R

0 
( r , q l · (3.4) 

In the region of large (3,4) reduces to the equation 

2 ~ d • 0 

( cos )( - ch i -- ) R ( r , q ) = 0 , 
q dr 0 

(3.5) 

among the solutions of which there is the exponentially decreasing 

ao 
Ro (r,ql=e -r)(q 

It i s clear that the solution of equation (3.4) has to be sought 

in the form 

Ro (r ,ql•e- r)(q y(r, ql , (3.6) 

where the functi o n y( r. q l must not increase at large r faster 

than a polynomial of finite degree, Besides this we must require that 

y(O,q)aO 

(cf. § 4 in/
5

/), Substituting (3.6) into {3,4) and going over to the new 

argument 

p = 
2 

we find the equation for the function </>(p ,ql-y(2p,ql 

-1~ 
[(f3 2

+lle dp 
2 

-1-{3 e 

2 e 2 {3 

p-i 

-21~ 
dp ]if>(p ,q)-

- 1.!... 
cth 2 11 p e dp </> {p,q). 

10 

(3.7) 

(3.8) 

/'> 

21 )( 
where f3- e q 

instead of the fine !; 

ration (3,8) is writte1 

I ;<p-il6
2 +il 

Comparing (3. ~ 

equation is a partie 

on in finite differenc 

2i e 

a----
f3 

y = 0 , 

{32 
8 = 

respectively. 

Consequently, 

"' ( p 

where a , y ar 

Since the hYJ 

infinity at y-+ 0 

proportionality coefl 

2FI (a 
fim 
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(3 . 3) 

~ccount (3. 3), this equa -

1
0 

( r , q ) . 
(3.4) 

equati on 

(3.5) 

•ne n tially decreasing 

.4) has to be sought 

(3.6) 

':l.t la rge r fa ster 

we must require that 

ing over to the new 

(3.7) 

( 2 p,q ) 

(3.8) 

.p (p,q). 

where 
21 )( 

{3 - e q , and the quantity e 
2 is introduced tempo r a rily 

instead of the fine structure cons ta nt a 

ratio n (3 .8) is written as 

• In te rms of the 6. -ope-

i(p-il 6.
2 

+diCp-ilO- -
1
-l­

{32 

2 i e 
2 

cth277p]6. + 

2 i e 
2 

+ -
13
-- cth 2 11p l .P (p , q l ~o . 

(3 . 9) 

Comparin g (3. 9) with (2. 9) we come to the conclu s ion that our 

equ a tio n is a particula r case of the c onfluent hype r geime tric equati-

o n in finite differences, the para meters a , y and a being equal to 

a - ----- cth 2 77p•-

2 
e cth 2 rr p 

sin 2 )( 
Q 

(3. 1.0) 

2sin 2 )(q 
a= 

respe ctive ly . 

Consequently, due to (2.7) 

<f>Cp ,q )-
2

F
1 

(a , - i p y ; i a ), (3. l.l) 

where a , y and a have been defi ned earlier. 

Since the hype r geometric functi o n 
2 

F 1 (a • {3 ; y ; z l tends to 

infinity at y .. 0 , w e must introduce a c o mpensating factor into the 

proportionality coefficient neg lected in (3.1.1.). Using the relati o n 

2 
F 

1 
(a , {3 ; y ; z) 

fim .af3z 
2

F
1 

(a+l,{3+1;2;zl 

y .. o [' ( y) 

1_1_ 



We choose this factor to be r ~ y 
1 

• As the result we get instead 

of (3.11) 

t/>(p ,ql •P F 0-
2 I 

e2 cth 2 rrp 

sin 2 )( q 

2i •in 2 X.q ). 
,-ip+l;2; 21)(q (3.12) 

e 

At large P the function cth 2 rrp appearing in (3.12) tends to 

unity. Therefore, if the expression 1 - e2 
equals a negative 

ain2)(q 

integer 

1 -
e -------n, ·-0,1,2, ... 

slu 2 )( q (3.13) 

then the function tl> ( p , q l shall behave as a polynomial of n-th deg­

ree. Formula (3.13) obviously defines the discrete energy spectrum. 

Taking into account (3.3) we can give relation (3.13) the following 

form 

or 

2 1 I W I • 4 sin ( - arc sin 

" 
2 j I . e 1 e 

-1-2(1- -(1+ 1-­
n 2 

0
2 

e 
sin ( 4 arc sin J ..l!.J 

2 4 2n ) -

-M 0 __ l_w_l_ 1 J 1 __ l_w_l_ 
2 4 • n • 1,2 •••• 

) ) . (3.14) 

From here, in the non-relativistic limit I W I « l , follows the Bohr 

formula for the case under consideration (equal masses) 

e 4 1 w--lwl----·-
2 n

2 
2 

(n-1,2,3, .•. ). (3.15) 

1 2 

, ..... 
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;ult we get instead 

1 2 Xq 

2 I )(q 
). 

(3.12) 

(3.12) tends to 

equals a negative 

(3.13) 

1omial of n-th deg­

nergy spectrum. 

3) the following 

)),(3.14) 

2 ••. • 

follows the Bohr 

;ses) 

(3.15) 

Let us write in conclusion the 'I)IB.ve function R 
0 

(r, ql , performing 

the transformations (3,6) and (3.7) in reverse order 

-x• 
R

0
(r,q)a c(rlre q 

1 2isin2)(q ( ) 
F 0-ncthtrr ,1- --•-;2;--.,---.......;:_._), 3,16 

~ t 2 e ~ I Xq 

where c ( r l is a normalizing i-periodic coefficient. 

IV. Some Remarks on the Geometric Properties of the 

Relativistic -;.-_Space 

In earlier mentioned works/4-
6

/ there was introduced into con-

sideration a new relativistic -; -space. It was shown in particular 

that this ; -space is connected with the three dimensional momen-

tum space of Lobachevsky realized on the upper sheet of the hyper-

boloid p~ - p ~- rJ - 1 , by the Shapiro transformation /
10

/. 
-+ 

The question naturally arises, about what geometry this r -spa-

c e obeys. It follows from the orthogonality and completeness condi­

tions for the "plane waves" e ( p ,1 l · s ( p - p .. l- 1
- IP used in the Shapi-

0 

ro transformation 

(4.1) 

that the metric of the relativistic -; -space has to be euclidean. On 

the other hand the generators of its shifts can not be equal to -i L 
at' 

because the eigenvalues of these operators form a euclidean ~ -spa-

ce, not p -space of constant curvature. 

It happens, that the following principal statement is true : the re-

lativistic 1 -sp<....::e is euclidean, but the generators of the shift 

13 



... 
transformations p•(p,.p3 P a are realized in it in the form 

of differential-difference operators, the common spectr-.~m of which 

forms a p-space of Lobachevsky, and the common eigenfunctions of 

which are the "plane waves.. e (; . 1 

Explicitly, the quantities ; , ; and p are the following 
1 3 a 

a 
P •- sin8cos~ (e 

1 -;r;- _ Ho ) . (cos </>cos8 
I 'f' -- _, 

a 
ar 

sin </> 

r sin 6 

a 
1--

p • - sin 8 sin </> ( e 
3 

+ 
cos"' 

r sin 8 

... sa 
Pa•-cos6(e "'J;" 

a. 

Ho 

2 

2 

a 
""""i¢ ) e 

a 
'a;-

Ho ) _ i 

2 

a 
_a_ le 1 o;-

a.p 

) + 
sin 6 

sin </>cos 8 a 
a;-+ 

a 1 a 
a?Jedr 

(4.2) 

where 8 and </> are the angular coordinates of the vector ? and 

H 0 is the relativistic free hamiltonian /4/. 

a 
H •2chi-

& ' a 2; . a e,.p ~ 
+--sh•--- e o a. a. r 2 

It is easy to see from (4,2) that 

[; ; ] -[ ; ; ] =[; ; l - 0 . 
I 3 3 3 3 I 

(4.3) 

(4.4) 

In the non-relativistic limit the operators (4.2) go into the usual ge­

nera to r s of the translations - i _a__ in spherical coordinates. The 
ar-

other corn-nutators of the euclidea n motion g roup stay unchanged 

alo ru! ,,_..i th (4. 1) i n the rela tivistic r -space. VIle have i n particu-

la t· as i n the case of the euclidea n c.rou o 

1 

I 

[L 
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n it in the form 

:trv~m of which 

eigenfunctions of 

the following 

a 
---+ 

a 
r. 

a8 

(4.2) 

-+ 
e vector r and 
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where L is the angular momentum operator. It may be that the re-

suits obtained here will have an heuristic meaning for the development 

of the idea of space-time quantization, because we have shown in 

fact that the motion group of the (pseudo) euclidean space permits 

a representation containing organically a parameter with the dimen-

sion of length (in the given case it is Ia /me ). 
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