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1. USually, when one is dealing with fields describing 

particles of definite spin, the spectral representation of the 

two-point function is given by an integral in the total mass 

only[l, 2~ If one is dealing with fields containing more 

than one spin, then it is necessary to decompose the two-point 

tfunction1also with respect to the spin variable ~with respect 

to the second Casimir operator of the Poincare group). This is 

always the case when infinite-component fields are taken 

into account. We find here the form of such a representation 

for a field, transforming under an arbitrary irreducible 

representation of SL(2,C) ( the result applies also to more 

general fields using their decomposition into irreducible 

components). The clue to the solution of the problem is the 

use of the formalism of homogeneous functions of two complex 

variables ( instead of the tensor formalism) in the 

description of the irreducible representations of the Lorentz 

group (see e.g.fJ] or Appendix A tof4J). 
~·or finite component fields,Poincare' invariance 

and spectral conditions imply the equivalence between TCP 

and weak local commutativityf5l For infinite component 

fields this is not the casef6]. In Sec. 4 we construct explicit 

examples of non-local, generalized infinite-component 

fields with an increasing mass spectrum ( with respect to spin). 
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2. A field )P(X} transforming according to the 

:irreducible representation [ ( 0 , f; J of SL(2,C) will be written 

as a homogeneous function !l'rx, 2) of the complex (Lorentz) 

spinor 2=(~ - 2 J ( cf.f7J) 
•.~ ~ 

~-\1 
Y' ( x, A 2} : -x· A' y (X~ 2) (l) 

where the degree of homogeneity ( Y,, VL) is related to the 

number of the representation [ l. 
1 
l,) by 

"Ys.-=- e, +to -l .~ v~ = ~-e.,-J. 

( we recall that the single-valuedness of ~ implies that 

V ... - \IL :: 2 { 0 is an integer). For the special case of 

(2) 

finite-dimensional representations ( for ~ , Y, - non-negative 

integers) !/ (X 2) is a polynomial of i! and 'i , its 
~ . 

coefficients being the ordinary ( spinor or tensor ) field 

components • In particular, the Pauli two-component spinor JP 
and the vector field A correspondm our notation to the polynom~ 

als 

2 

':f l " , 'i): L ljJq,(l(j Z, J 

q.: L 
J 

A (X., 'a)= I A"'tx) Z 6"J. i' 
1': 0 

(further the sum sign in similar expressions with repeated upper 

a nd lower index will be omitted). Consider the two-point 

function 

(OI '/(x .. l) y,~,wJI o) = £=;'1' (x-~~ ~~~), (J J 

4 

-· 

where CJ and vr are transforming under the ret: 

[e., lJ and ( t:, (1 respectively. 1'he spectral cond 

us to write F in the form 

S~ (.X; 7, W"") = J lftp) K(f; ~ W") l-,·PJt J.p 
where 'l}tp; = &rp•; 8(p~ is the characte 

of the forward cone and 

(

f"+l 
. p = O:.r f,., == • ·f~ 
,_ p ~' 

!'- i.pl) 
p•_ p.J 

Lorentz invariance implies that for each At .s 

1< ( A,el'_; zA-
1
) w-A-~ J = K ( p; r-/ w-) 

-
Furthermore, because of (1), I( is a homogeneous 

and W"' of degree 1 v ..... vl > and ( \)~' 
1 
){ 

1 
}, respectj 

To satisfy (6) we require that the kernel K 
function of the invariants, which can be formed by 

f and the Lorentz spinors Z and W'" 

First we find a complete set of independent in 

One can construct four Lorentz vectors in terms 

two real light-like vectors 

r,..: r~'i and '?...., = w-6,Z u; 
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where 'J and 'Jf are transforming under the representations 

[e., e,] and [ t:, (1 respectively. '!'he spectral conditions allow 

us to write F in the form 

S~~-l.x; 7, ur):: j 1.1cp> K(f; i~ .,v) f.-i.Px d.p 
where lftp) = &rp•J Blpt; is the characteristic function 

of the forward cone and 

P = o:. f,. = (e'+l t'-i.p~) 
-- r , . ~ 

p H.f Po- PJ 

Lorentz invariance implies that for each j\ f SL{2, c.) 

}( { A E A• _; z A-t) w A_,) : K ( P ; r- I w-) 
-

Furthermore, because of (1), I( 
and W of degree and 

is a homogeneous function 

( VJ./ I l{' }, respectively. 

To satisfy (6) we require that the kernel K is a 

(5) 

(6) 

of z 

function of the invariants, which can be formed by the 4-vector 

f and the Lorentz spinors Z and W'" 

First we find a complete set of independent invariants. 

One can construct four Lorentz vectors in terms of r and W": 

two real light-like vectors 

and (7) 
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and two complex conjugate zero-length vectors 

X,.= z~ ~ and X,..= w~ ~ (B) 

t' t t t 
The equality ) : 1[ :: ,t : 0 are a consequence of the iden-

tity 

j,.~ {5',.) ./~ (0:,) I i = 2 & ~r t,; i 
I 

£='~=(() t) (9) 
-J. 0 . 

All non-vanishing scalar products of these vectors are proportio

nal to the product of the complex conjugate invariants z!~ 

and 'i t. t4l'" 

'(' - I 
J ~ =- - X X = 2ll £ ...-/ , 

J X =-1 X= fXs '(X•O· (1o) 

Kore general, the tensor identity holds 

- -
X,. .X~+ i.14 X, = J,.., ~~~ + '?,. '"- 9"r1 f 't ., 

it implies in particular that 

{)p)(~p)- ( Xp){Xp) =; f(f"( 

6 

'I z = F ~~.wl 

(11) 

(12) 

' 

' I 

I 

For the existence of a single-valued homogene 

invariant function K it is necessary and suffic 

that the difference C:-e-' is an integer. A str 

forward argument which makes use of the identities 

shows that K can always be written in the form 

I 

K K L~ 
( f; 2, ,.rj = !!If/ ( P;2,11') =(.&!V) (. ,.., 

l {Z. p f) f,-f.-1. {IV j) ;;t, :e. ·{h. ( 
- - y~ 

where 

t 

1
A.£ : C.dJ tJ = J. _ .tp'- I ~~,v/ 

~ p~ III'PtV 

2 

=t- 1'11[. 
.... .., (fp)(Z ~; 

9 is the angle between 3 and ~ in the 

of p • This form of K is convenient if t.,~lt. 

( which always can be achieved by possible interch 

of the roles of 2 and 

J. Next we decompose 

W" ). 

](!I 'J' in terms of the e 

of the spin square operator 

S z 1 M t1'f ~~~ p!~ P. 2 

_ = 2 nlrJ'11 - H~}f M ---,." = e. 1-t, -1 -....! 

/ 
To find the eigenfunctions K I~J 

of sl 
( 1 

to the variables 2 ) of the form (l) ) it is conv ' 

work in the rest frame in which 
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For the existence of a single-valued homogeneous 

invariant function K it is necessary and sufficient 

that the difference f.- e.,' is an integer. A straight

forward argument which makes use of the identities (10)-(12) 

shows that K can always be written in the form 

{ _) t,-t.--1. ( -:l· :e. -t I ( ) CD) • Z.p~ wp,v/ fl. ~~ v' .... ..... Y'Y" I f ' 

where 

t 

.t( = (,I1J tj = /. _ -l r. I ~t W"l 
I p - -ZPe W'PIV 

( 14) 

..... ..... 

8 is the angle between } and 'l in the rest frame 

of p • This form of K is convenient if G ~ I f.' I 
( which always can be achieved by possible interchanging 

of the roles of r and wr ). 
J. Next we decompose K!/'1' in terms of the eigenfunctions 

of the spin square operator 

S l == J_ M 11tr' M Mtf'" PJI P., 2 " ~,/ 
- 2 1 1 t!'"J' - tT" -,, = f + e. -1 - .L 11\.1 p · M e 

• 1 f' ' L<rl' i I ti 

K lr.) of $1 
1'o find the eigenfunctions ( with respect 

to the variables 2 ) of the form (lJJ it is convenient to 

work in the rest frame in which 
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$2 t. , ( r) - d ) z 
{ P:o} = ./1 = ~ cq914. - ~4 ()F 

- - 4. 

1 [2 2 - 2] ~ T q £"' £) fc J Z!c l,tl 9J4 + 

(15) 

The ·equation • 

[ 
t J w fj - SLS+i) K (p:11WI D); l, w-) : 0 (16) 

is equivalent to the following equation for the function 
r w ll) 

fl.i.t~ (!f) connected with K by (lJ) : 

{ 
/ I d. u 1'~1 ( 1-/) j, - 2 [ t. + { fo + i) )4] T + [ .SUt~J -f.(l.•t)] Ill e,(HJ.}67 ) 
~~ ~~ oo . 

)'=:!1 is The solution of this equation regular for 

II~} p (R.o+R.', £.-i.'} 

t\ t.e~ 'J J -= ~-e. l I' > , (18 ) 

P t«<,(JJ 
where "" lJ4) are the Jacobi polynomials 

c we have assumed here that fo ~I e: I as mentioned above) . 

; I I -
In particular, for 'Jf • ~ ( and hence, f. :-!. ~ (}, f, : f, ) 

we obtai n 

~ k (~) K~; (p;:iiW"') =L Pstpt; e.eJ (p_-~,w):= 
.5 .,,e. 

f. i- _ ~~ z(.) (l 9 ) 
_ (~p~)

1 

·{rpi)~-f.-1.(w-piV) 1 .f.t2f.scp~fs-e. l~J . 
....., ,...,. "" . 

8 

It is important that the kernel 

IS) 

Kt. t, defined by 

is positive-definite in this case because 

K l!IJ lo~ ~ 
t.eA l P; ~~ w) = As L ZlJJ t p,?J U.s! <r~ 

5a-.S 

.where A is a positive constant and 

1.t s ~ l P, ~ J = Is f { z 8P ) , 
0

o i 

B :: '"+m+~P 
i . 

V2mtp0.-~) 

are the canonical basis vectorsf4} 

For finite dimensional repre~entations of SL(2, 

K 
IS} 

is a positive inteeer and ft is a polynOmial w 
~ ' 

p. In that case the (weak) locality condition for th 

two-point function is equivalent to TCP invarianceC 5 

implies 

< 0 I 'f ()(I ~) y:> l ~' W'") *I 0 > ~ < 0\ If l x, w-/lt .!P ( :t I 2) ' 

For instance, for a local vector field A ( ffo, f; J 
reduces to 

KAA. (p, r~~J : fo(pi.J (~P>l1f) + ~tp'l[(JpJI~f) 

:: /.PolftJ P"f" +I: lpL; ( p-"t'- flfl"".,)} r .. Lv -

= K AA l pI t I 3) 

where r and ~ are defined by ( 7). 
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It is important that the kernel 
K t.S) 

t. t, defined by (19) 

is positive-definite in this case because 

(2U) . 

.where A is a positive constant and 

are the canonical basis vectorsf
4J 

For finite dimensional repre~entations of SL(2,c) ~-e~ 

K IS} 
is a positive inteeer and is a polynOmial with respect to 

e~t, 
p. In that case the (weak) locality condition for the 

two-point function is equivalent to TCP invarianceC
5

) which 

implies 

For instance, for a local vector field A ( ff.,,EJ = [ 0, 2 i) (I~) 
reduces to 

= /.Po lp 1J P''f" t- £: IP 4! ( p-"f''- fz;J,.,v}j L Lv --

- K;A lp,~L3) -
where r a nd ~ are defined by (7). 
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For infinite compo~ cnt f ielc s the locality of the two-point 

function is rather an exception. As an example of a local 

infinite-component field we take the free field 'f'IJl,2) 

of mass ~ , transforming under s ome unitary representation 

[e.,, icr] of SL(2,C) ( of ttre principle series). In this case 

(; _ tt _),·cr #-PW" e P ~ ,.. K.,.,. (p;z,w") :- .rpi) #"~w dl rov) c> (p'-mz) 
1 

.... "" 

where . r ( i £ w-) is a two-dimensional [;_ 
function which is 

( 22 ) 

a homogeneous function o= degree (-1,-1) of its complex 

argument ( see[J]) • In this case the first two factors do not 

depend actually on p because of the d- f unc tion. For real 

self-conjugate representations ( fa =0, ~ - real ) the free 

local field !f of ma ss ""! corresponds to 

K!f~* l P.: }, 'l) = (3 'l.)€,-J s, fL_.,':J (2J ) 

Both examples (22) and ( 2J) correspond to infinite mass 

degeneracy with respect to spin. This is no mor~ chance. Grondsky 

and Streater showed recently[a) that an infinite-component 

field1 with polynomially bounded two-point function in momentum 

space, can be local only for infinite mass degeneracy. 

IO 

4 . ~s s ta t ed above in the general case ,wh en at 

of the mass va l ue s is nondegenerate with respe ct to 

is a tempe r ed nistribution wi th respect to p , the 

i s non- l ocal . Here we shal l consider a cla ss of exa 

of ~eneraliz ed free non - local fields with increasin 

spectrum in which the sum over S can be taken e : 

For thi s purpo s e we put 

S'.s lfl.) = 5J. 
Y1? ~ ... {" 

S I 

S( pz-m;} m~ = m.+ )(; !> o ... , 

"'·;;I> 0 I 
('}(. > ( 

oubstituting (19) with this fs in (4) and putt i n 

(S·f.)- th term of the sum p = m,).., we obtain 

f it - 2{, -; t,-t. -J. - ( • ( x · .e w-) = ( e n w) ( r .n ? ( w-, w) 
':JIJ I I .- " .-

~ ( - ~ J(. 11 ,\ ) .) p ' ~I l t, J J J 

~ L- c. e t ~J _.:__!!_ ~ 
~=€.. S-(.., 2no 

- I] l (, -I J - :J to e. /) . 
- " ( 2 ?2 w) ( 2 !!. i) ,- c;.-

1 ( w ~ w) ~ 

.\J_ 
R 

( ~ +- 7: ,. i ) - Zi c J ;11 = 
n" 

T1 

F;,,.. ~ (X/ t/; ~) 



4 . ~s stated above in the general case ,wh en a t l east one 

of the mass va lues :i..s nondegenerat e with respect to spin and /( 

i s a tempe r ed d i stribution wi th respect to p 1 the theory 

is non-local. He re we shall consider a clas s of examples 

of 0eneraliz ed free non-local fields with increasing mass 

spe ctrum in which the sum over $ can be taken explicitly . 

For this purpose we put 

~ubstituting (19) with this fs in (4) and putt i ng in the 

(5-l.)- th term of the sum p = m->.., we obta i n 

= .2 l (, - i J - 2 t, l. jJ -

( 2'YIW) tJ ( :z"'.;") ,-c..-J · -)f.-{.-j · 
"' ' I; ,Z I; ( W ~ W 1 0 .e_ • ' Hfo If A 

' 

(25 ) 



where 
~ R ~ ( 1- 2 f4 r ,. r r.; l ~ r.,. ( e-i~tl'f)( 

and the range of integration is the upper unit hyperboloid: 

"11° ': vi ... !!. ~ Allocher two-point functions (as well as 

all truncated Wightman functions ) are zero by definition. The 

field !f ( x, l}so defined is TCP- invariant but not weakly local. 

For the mass degenerate limit ~ ~ 0 if we put C : 1. n-1, :- m 
' J 

Rd = 0, e_. = f we find a local field of the type (23). 

In the general case the two-point function (25) decreases 

exponentia lly for large space-like separations. Indeed, using the 

first equality (25) and the analyticity of the integrand in the 

strip / J~ n)<1 for each j{-~ 1,Z, J), 

we find 

I F!f!f .. ( 0, X; ~- w-) I ~ At e-(~o-t)l!l' (26) 

where E. is an arbitrarily small positive number and At. > 0. 

It is interesting to speculate on the possibility of the 

existence of a local infinite-component field whose two-point 

function is p-space (19) is a Jaffe type generalized function(9J 

increasing faster than a poiynomial. 

The authors thank Prof. R.F.Streater for a prepublication 

copy of his paper. 
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