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Introduction 

In previous publications ( ct) :J.2/ and references to previous 

work in/2/) we have introduced and discussed the two-dimensional ex

pansions of relativistic amplitudes for binary scattering processes 

with respect to both independent kinema tical parameters s and t 

(more precisely with respect to convenient combinations of these pa

rameters). The amplitudes were decomposed into s ums a nd integ rals 

over the basis functions of irreducible representations o f the homo

geneous Lorentz group 0 ( 3,1). In this approach the g roup o( 3,1) 

does not in general figure as the invariance g r oup of the amplitude, 

but as the group of motions of the space of kinematical parametet·s . 

In/ 2/ we considered the relation between these two- dimension a l 

expansions and the relativistic partial wave analysis/ 3,4/ in terms of 

various little groups of the Poincare group. 

In this paper we wish to consider several futher features of 

the two- dimensional expansions. In particular, we shall consider ex-

pans ions in the so- called H - system, corresponding to the reduc-

tion o( 3,1) ) 0( 2 ,1) :) 0( 2). This expansion can be considered 

as an integral tra n s forma tion of the function f ( s , t ) in velocity 

space ( Mandelstam coordinates) to the function A ( u , e ) defined in 
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the space of parameters - quantum numbers, which corresponds to 

the . reduction mentioned above (The magnetic quantum number m of 

the smallest subgroup 0 ( 2) vanishes in the zero spin case) . The 

next problem is to correlate the analytical properties of transform 

A ( o, f) in the space of two complex variables ( o , f ) and the 

asymptotics of amplitude for real s or (and) .. oo • • ln this man-

ner we try to find the relation of relativistic expansions with Regge

pole theory and to see how moving Regge- poles are generated by 

the specific asymptotic behaviour of transform. This relation will be de

monstrated for the p otential scattering in Coulomb field, 

Further we shall consider the specific case of elastic forward

direction scattering , when the 0(3, 1) grouR figures a lse as an 

invariance group, i,e, as the 1ittle group, corresponding te zero

vector momentum transfer, In this case we demand that 

the two- dimensional expansions for t ~o (and masses satisfying 

m • m , m = 'm ) coincide with the Toller/ 3/ expansion for I 3 2 4 

t - 0 . This leads to an integral relation which must be satisfied by 

the Lorentz amplitudes (for arbitrary t ). This ensures the possiblex) 

existence of a series of daughter · poles/ 3- 6/ in the complex angular 

momentum plane for t- 0 , corresponding to each "Lorentz pole". 

Making certain natural assumptions on the analytical properties of the 

Lorentz amplitudes, we obtain the same poles for arbitrary t , but 

these are fixed poles and not Regge trajectories, Thus we conclude, 

that we find no evidence for the existence of daughter Regge trajec

tories from pure kinematics, 

In this paper we limit ourselves to the scattering of zero spin 

particles, 

x) Possible in the se~e that they may be compensated by 
zeros of the eJ{pansion coefficients (transform). 
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2, The Reduction 0( 3.1) ::> 0( 2,1) and the Behaviour of 

Amplitude s for Larg e Momentum Trans fer 

In this p a per w e s h a ll c oncentra te on the 1-L system expansione, 

introduc ed in/1/ • T h e e xplic it e xpress io ns for the basis functions in 

t:1is s y s tem, a s well a s the direct a nd invers e expansion formula e 

a re g iven in A p ple ndix 1. T h ese e x pansio n s c a n be interpreted in 

the following ma nne r, 

Let u s write the u sua l R egge formula/7/ for the s cattering a mpli

t!..lde ( a ll fo ur p a rticle s h .:.ve zero spin): 

y-lioo 

f ( s , t) = - - 1- f ( 2f + 1) df a (f , t) P • ( ch $ ) , 
21 sin rr f ' 

y-100 
( 1) 

the c :)nnection betwee n cb f3 a nd s , t 

ses a r e e qua l w e h a v e c h f3 = - 1 -

i s given e .g. in/ 2/ (if all mas-

2s 1 
). For y=- 2-' for-

mula ( 1) i s a n e xpa n s i o n over the u n itary representations of the 

little group 0 (2, 1) corresponding t o the fixed value < 0. In g en-=ral y is 

such, tha t 8 ( f • t) i s h o l o mo rphic f o r ReI > y Further, let u s 

e xpa nd the Regge p a rtia l a mplitude 8 ( f , t) into a n integral, such 

th at on s ubs titution into ( 1), we obtain a double expansion over ir

reducible r epre sentations of the Lore ntz g roup 0( 3,1) :x o + i 

8{f ,l)c---~--
8 rrv' 2 

cos " 

O+too 
f(o+ l)do 

o-too 

r ( 0 - f + 1 ) r (a+ f + 2) 

r ( o+ 1) ch a 

+ --(1-1 -o-1 -a-1 -o- 1 
. l A ( 0. f )[ p f ( - th Q ) + p p ( th Q ) l + A ( 0 ' f) { p f ( - tb Q) - p f ( th Q ) ] I .. 

O+loo 
.. f x(o,f,t)do 

8-too 

(2) 

x) l'bte the app eur a n c e o f two functions A+ and A • The 
H- c oordina te s cover (fo r a > 0 ) o nly o ne half of the upper 

s heet o f hyperbolo id ( u 8 > O l a nd a l so h a ve t o use the one half of 
the l ower sheet, T his l euds t o the introduction of two ampliturles , 
odd and even in tha c or-r e spo nd ing ly. 



The g ene r al c onnectio n between a a n d s , t is also given in/ 2/ a nd 
b 2 t f o r a ll . equal masses we have a a • - ~ 

Substituting ( 2) into ( 1) for y • - +· and 8--1 w e o b-

tain a n expa n s ion of f( s, t) in terms of the principal series of unitary 

repres entatio111s of the Lorentz group. In this case ( l • - + + I q , , 

u ·c - 1 + I p ) we can write the following invers e formulae 

00 

a · ( l , t ) • a ( l , a ) • - cos rr t J f ( a , f3 ) P l ( cb f3 ) ab f3 d f3 
(3) 

and 

± 
A . (u, l)--y2 r(-u-t-l)r(-u+Ofch czdaa( t,cz)· 

r (- 0) coarr t -
( 4) 

o+ 1 u+ 1 

• [ P l (- tb a ) ,:!: P l (tb a ) ] 

If we try to go over to the nonunitary representations we have to be 

more careful with the convergence of (4), 

Using the expressions for the Legendre FUnctions near the sin

gula r points we have 

CT+ I 

pf 

u+ 1 

( +· tb a) .. 
- a~±• 

Pf (!tba) 
cz ... - .. 

+ 

1 . t. 4 ( u+ I I 
--e 
r(-u) 

slaw t + ·a C u+ ·l 1 
" T(u+ l)e 

Re(U+ l)> ·o 

6 

(5) 

o+ 1 

p f <:ttba) 
a-+- oo 

+ 
Re(CT+ I 1< 0 

_r_,_( _-...:..·u_---=-1..:...) ~- e 

r < - u + t > rc- u- t -1> 
'!:_ a ( CT + I I 

Subs tituting ( 5 ) into ( 4) w e o btain the conv e r gence condition 

- (I + I Re u+ I I I I a I 
la(f,a) 'l < e 

Ia I .. "" 

( 5) 

( 6 ) 

Natura lly I a I .. 00 implies t .. - 00 a nd for e qua l masses we o b tain 

the follow ing r estric tio n o n the b e haviour a t i nfi n ite momentum tra n s-

f e r 1+ I Reu+ aJ 

Ia( f,a)f ,. Ja(f ,t)f < (-t) 
t ... -oo ( 7 ) 

For the .unitary c ase Re u+ 1 c 0 we face the w e a k est c onditio n, In 

g eneral case w e have to choose not too l a r g e I Re u + 11 , in o rder 

to satisfy ( 7). A s a n ex a mple we take the n o nre l a tiv i s tic C oulomb 
f -2a 

a mp litude ( ct. Sec . 4). In this cas e a ( , a ) • e a nd ( 6 ) i s 
a .... 

s a tis fied, 

If the integr a l ( 4) diverges the invers e transfo rma tion mus t be 

m odified, This case will be treated s epa r a te l y . 

3 . LorEntz Amplitudes a nd Regge P o l es 

The func tion a a 't) can h a v e a s i ngula rity if the i n teg r a l 

( 2 ) diverges. This can b e due either t o the behavi our o f the integ r a ted 

fu nction for 1 ul .. oo 
1 

or to s ing ularities l y ing o n the i n tegr a tio n path 

fo r finite u , L e t us con sid e r thes e two c ase s separ a tely . 

a)" Loren t z p o l es" a nd fixe d poles in the compl ex 1- plan e 
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Let us first consider singularities in the 1- plane generated by 

singularities of the function X ( u , t , t) in ( 2) lying on the integration 

path for finite I u I • 'The Legendre functions P~ (:r) are analytical 

functions of II and ll for all finite values of these indices (and have 

an essential singularity for I II I · .. oo or Ill I .. oo ) • 'Thus X ( u , t , t) 

can become infinite only if either the "normalization" 

r( U-,f + 1) 1 r( U+ f + 2) have poles On the integration 
+ . 

Lorentz amplitudes A- ( u; f ) have such singularitiesx. 

only t- dependent ( a- dependent) parts of X ( u, l , t) 
-u-·J 

r - functions 

path, or if the 

Since the 

are the func-

tions Pt (+tha) it is evident that the positions of the singulari-

ties of a(f,t)generated bythesingularities ofx(u,t,t) at finite lul .do not 

depend on t i,e, these are fixed singularities in the complex f -plane. 

Fixed poles in the l -plane if they do exist will dominate the 

high energy behaviour of the scattering amplitude for such a t for 

which they lie on the right- hand- side of the moving poles. 'Their 

properties can also be investigated using the integral representation 

( 2) and we shall give examples of this below. 

b) Lorentz Asymptotics and Regge trajectories 

Moving poles of a( t ,t) ( Regge trajectories) can only arise 

in ( 2) as a result of the integration over the infinite parts of the 

integration path. In order to investigate moving Regge poles we have 

to consider ~he Lorentz asymptotics, i.e. A i:.. (u ,t ) for lu1.+ooand to evaluate 

the contribution of these asymptotics to a (t , t) 

To do this, let us write the integral in ( 2) as a sum of three 

terms 

lJ-IH 8+1N l+loo 
a( t ,t) c fx(u ·, l,t)du + fx(w,l,t)liw + f x(u, f ,t)dac J + J + J .(8) 

I 2 3 
~100 8-IN I+IN 

x} 'The . existence of singularities of the integrated functions is 
~ecessary, but not sufficient for the existence of singularities of 
a(t,t). 

8 

wher ·, N >> 1 is so large, that we can replace the integrated func

tions in J 
1 

and 1 
3 

by their asymptotic expressions. 'The integral 1 2 

can o nly gen e ra te fixed s ingularities, which have a lready been dis

cussed. 

In o rde r to estima te 11 and J 3 we need the expression for 
- a-! P f (:;: th a ) for I m a · .. ~ "" , Re a fixed . Standa rd textboo ks 

o nly lis t the asymptotic expressions for Rea .. "" , the expression 

w hicl·, we nee d is obtained in Appendix 11, n a mely 

a+l 
pf 

-a-1 

p f 

-lp 
e 

( ( th a ) 

llmla+lll .... V"i,; 

(€ tha) 

( -i p) 

lp 

8+-l.. + lp 
2 

e 

e ( i p) 

3 
-8--;-lp 

j im,(U+I) j .. oo 
y2TT 

( (O+ !+lp )a 

-( <8+ l+lp)a 1 
(9) 

e 

where u= 8 + i p • Formula ( 9) holds for arbitrary finite a , includ-

ing complex values. 

Let us con s ider the integral J 
3 

i cos tr f "" 1 + - < 8+ i+IP )a 
J (( , a)= f pdp -I [A 6 + ip, f>+ A ( ·R + ip,f ) ] e + 

3 8 IT V 2 N ch a 

+ 
+ [ A ( 8 + ip , f ) - A ( 8 + i p , 

- <8+ l+iP )a 

) ] e 

( 10) 

To continue the calculation we need some knowledge concer

ning the asymptotic behaviour of the Lorentz amplitudes A.:!:(a ·, f ) i.e. 

we h a ve to make certain physical assumptions, which will of course 

depend on the actual dynamics of the process. 

As quite a YJ obvious example,/ 9/ which illustrates the genera

tion of Regge trajectories by Lorentz asymptotics and may be also 

9 
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the u sefulness of the suggested appr oach, let us consider the fol

low ing assumption: 

+ 
A (a,f)+A 

+ 
A (a,-l.)-A 

(a , f ) -
e I P f I ( f l 

p_. +oo p 

(a, l 
p ~· 00 

e lp 12 It 

p 

( 11) 

where f 1 ( l) and f 2 {i) a re arbitrary functions such tha t 

lm f I ( f ) > 0 , j a 1, 2 • ( 12) 

Substituting ( 11) into ( 10) we o b tain 

!B+Ila uoi[t
1
1fJ+a] IN (I (f) -a] 

e 2 -------1. 
-(8+ I )a 

J (t ,a)=-~ 
s s,-/2-

__l_( e e + 

cha 

e 

f 1 (f )+a f2 (f)-a 

(13) 

Thus the assumption ( 11) implies the existence of simple Reg

ge poles, the tra jectories o f which can be obtain ed by solving the 

equatio ns 

f
1

U)+cz=0 

f 
2
l f) -a a 0 

( 14) 

with res pect to t 

The res idues in these Regge poles can a lso be obtained di

rectly from ( 13). The integral J 1 ( t ,a) c a n be considered in a com

pletely analogous manner. 

lt is of course possible to ma ke more gener a l assumptions 
+ 

• For ins ta nce, 

we can directly obtain multiple Regge poles, by putting fo r example 

concerning the asymptotic behavio ur of r (a , f ) 

10 

+ 
A(a,i)+A(a,i)-

P ... +oo 

p" e lpfllil • 

4. An Example. R;!gge Trajectories from Lorentz 

Asymptotics for the Coulomb Potential 

As a mathematical e.xample illustrating the method, s u gge!;; 

U•e previous sectio n, let u s consider the scattering of a chargE 

ticle in a non- relativistic Coulomb field. 

The partial wave amplitude, obtained b y solving the Schr• 

ger equation, can be written as/ 10/ . 

ru+t-
e 2 

a(f,a)=-
2m ch a 

2mcha -1], 
e 2 

r(f+1+ 
2m ch a 

where we have put the energy E e qua l to 

E = - m 2 ch 2 a = _t_ - m 
2 

4 

In this sectio n we shall a pply the relativistic expansions 

( 4) and the r e la tivis tic kinema tical variables a a nd {3for ampli 

obtained from a non- rela tivistic e qua tion. There is no formal cc 

tion in this procedure, specia lly if we consider it only as a so 

model, demonstrating the generation of Regge poles by Lorentz 

toties. We make no use o f the 0( 3 , 1) symmetry/ 11/ of the CoU: 

scattering problem, which d eserves separa te attention in this c< 

The amplitude a (f , a ) satisfies the convergen ce conditio 

w ith Rea=- 1 so th.v.t we shall put a= - 1 + ip (since we shall c 

1J 
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+ • D 1pf 1 (f) • 
A(u,f)+A (u,t)- p e 

p ~ +oo 

4. An Example. Regge 'Trajectories from Lorentz 

Asy mptotics for the Coulomb Potential 

( 15) 

As a mathema tical example illustrating the method, suggested in 

t."le previous section, let us consider the scattering o f a charged par

ticle in a non- rela tivistic Coulomb field. 

The p a rtial wave amplitude , obtained b y sol ving the Schrodin

ger equa tion, can be written as/ 1 0/ • 

1(f+l-
2 e 

a(f,a)=- -------------=2~m~ch~a~------- l], 
e 2 2m ch a 

2m cb a 

where w e have put the ene r gy E equa l to 

ln this sectio n we s h a ll a pply the r e l a tivis tic e x pan s i o n s 

( 16) 

( 1 7 ) 

( 1 ) -

( 4 ) a nd the r e l a tivistic kine ma tica l varia bles a a nd {3 for amplitudes , 

o bta ined f r o m a n o n- r e l a tiv i s tic e qua tio n. There i s n o forma l contra dic 

tio n i n this p r ocedure, specially if we con s ide r it o nly as a soluable 

model, demon s tra ting the gen e r a tion o f Regge poles by Lor e ntz asymp

to tics. We ma k e n o u s e o f the 0 ( 3 ,1) s ymmetry/ 11/ of the Coulomb 

sci::lttering p r o blem, whic h d eserves sep a r a te a tte ntio n i n this context. 

The amplitude a (f , a ) satis fies the con ver gen ce condition ( 6) 

w ith R e u=- 1 so th.nt we s h a ll p ut u= - 1 + ip ( s ince we s h a ll consi-

1 1 



der arbitrary complex f , this is not e quivalent to decompositions 

in terms of unitary representations o f the Lorentz g r oup.) ln Principle, 

the Lorentz amplitudes A± ·(u,f) for the Coulomb scattering can be 

obtained by substituting (16) into (4). However, there 

is no need to perform the integratio n explicitly , since we only 

need the leading term fo r 

Using ( 4) and ( 9) 

..;Tt ± 
A (u,f) .. 

IPI .. oa COSir fp 

p .. ± .. 

we obtain 

oo - (5+ i+ lp) a 
f ch a d a a ( f , a ) [ + e 

-cB +I+tp)a 

- e 

( 18) 

To evaluate the lea ding term in the Lorentz asymptotic it is not even 

necessary to calculate this integral. Indeed, we can apply the meth.od 

used in Regge pole theory, namely shifting the integration path in (18) 

by a dding an imaginary part to a in such a manner that the value 

of the integral for I p I .. oo decreases as I l11 a 1 increases. We 

can then replace the integral by a sum over the re s idues of the in

egr ated function in the polesJ crossed while shifting the path. 

For the Coulomb amplitude this gives 
e2 

+ .. i +oo r u + 1 - 2m'CDii" > A- ( p' f ) = - fda [ - 1) X 

p· .. "' v 2 'cos" f m p -oo ~ r(f + 1+ __ e_ 
2m ch a (19) 

1 P' a -tpa .. 
n 

x £.+ e 
i (-1) 

- e ] = I If da X 

1/2 cos ~rf mp n 
e - n ! (f +1+n)r(2f+2+n) 

n 

ch a -tpa 
+ I 

(-1)" cha lpa 
X e f d a e 

sha-(a-·a - ) - n n!(f+ l+ 11)r(2f+ 2+n) sha+ (a- ·a +) e + 
" " " " " 

e 2 - + 
Im a < o. Here cha ... 

' a = - ·a e a , 
" 2m( f+ 1+n) n n a " .. 

(20) = ' ch a 
e 2 

sh a ., (a - a ., ) -
2m<f+l+n) 

± ± c., - c losed contours, containing one pole a" 

12 

r 

Furthe r we have 

± .. 
A (p,f)• I 

P .. 00 y2 COS If f II p " 

-lp a + 
x [ - cth a - e " + cth a e 

n - n 

( -1) 2 .. i 

n!(t+l+ll)f (2f+2+D) 

+ tp a , 
] . 

Performing the analogous procedure for p .. - .. , we obtain 

" 

X 

I 
(-1) cth a -+!pan 

" e 
+ 

A (p, f) .. 
4w 

~00 y 2 COS lr f II p 

A (p, f ) ,. 0, 
I i> 1.:. .. 

" II! ( f+l + n ) r ( 2 f + 2 + II) 

(21) 

i.e. nonzero terms in A 
+ 

vanish more rapidly than those in A when 

I pI goes to infinity. 

Substituting ( 21) irito ( 1 0 ) a nd ( 8) with J 
1 

• J s , we get 

a(f.a)~ 

lp(a- a 
2 [ e " 

I 
2m ch a " 

.. 
fpdp 4 1r I ( -1) " cth a ., • , 

N y2coswfmp " n!(f+l+ll)r(2f+2+n) 

-lp(a+a.,l 
+ e 

(-1)" cth a., [ 

n! ( f + 1 + n) r(2f +2+n) 

.. .. 

a- ·a 
" 

(22) 

I. 
a + a 

n 

So the knowledge of the leading term in the Lorentz asymptotics,. gives 

u s exactly the Coulo mb a mplitude in the v icinity of .its poles. 
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5 . E lastic Scattering a t t =0 a nd Daughter Poles 

In the previous sections we have shown how fixe d and moving 

poles of the Regge partia l amplitude are gener a ted by s ingula rities 

of the Lorentz a mplitudes. We shall now apply these considerations to 

the problem of d a ughter Regge poles which have been discussed e.g. 

in/ 3- 6/ in connection with the 0( 3 ,1 ) symmetry of elastic s c a ttering 

amplitudes for fo rward scattering. To c la rify the problem, let u s brief

ly repeat the g r o up theoretical arguments leading to daughter Regge 

poles . 'Ihe presentation is s imila r to tha t o f Sciarrino and Toller/ 3 / 

but is more transparent s ince we o nly consider particles w ith zero 

spin. 

For elastic forward direction scattering in the process 1+2 .. 3+4 

(the masses satis fy m 
1 

= m 3 , m 2 = m ~ ), the four- dimensiona l mo-

mentum transfe r is a null vector P 1 -p 3 = P ~- P2 = (0,0,0,0). ln this case 

c r ossed channel partia l wave analysis/ 3 , 4/ implies, tha.t we write the 

scattering a mplitude for lc 0 as a function on the little group 

0( 3 ,1) • and develop it in term s of the reduced transformatio n ma trix 

e lements/3, 12/ D~~',\( {3 ). Explicit e xpressions forD ~~',\(p) are g iven 

in/ 3 ,12 / a nd e l sewhere, for the scattering of zero spin p a rtic les we 

have 

I +- -2 
op " _1_ P 1 P 

D ({3) =v T -' -h"' -2+11'" 000 yS ~ 
( ch {:1 ) = 

2 
p 

p f3 
sinT 

~ ( 23) 

where f3 is the same variable that figur es in the l-L system expa n-

s ion. 

'Ihus in the considered case we can w rite 

f(s,t)l 
"" 2 

f(s,O) ={ p dpa( 
( 24) 

0 p 
p)D o oo ( {3) 

t = 0 

O n tho ~ o ther h and, Regge pole theory is connected with expansions 

in te rms o f 0( 2 ,1) r epr esentations and we can decompose the 0( 3 ,1) 

14 
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.l 

representations with respect to the 0( 2 ,1) subgroup . For spinless 

particles this is equivalent to putting 

0 p 
({3) = f q th "qdq C(p ,q).P D 

0 0 0 

Using the orthogonality property 

f p ( c h f3 ) P ( ch f3 ) sh f3 d f3 = 
- -...!. -+ 1 q _L+tq' 

a 2 

w e o btain 

..:_+ I q 
- 2 

( ch f3 ) • 

8 (q-q '), 

C(p,q) 
2 "" f3 - f sin _P_ P 1 ( ch f3 ) d f3 
p 0 2 - -+lq 

2 

(25 

(26 

(27 

'Ihe integral ( 27) is calculated in Appendix III and we finally o btair 

1 - "P 
f ( S, 0 ) = --- f B ( p ) sh -- p d p f q tb " q d q r 

2" 2 o 2 0 

-4--. .l + .iiq -): 
' 2 2 

1 ip 
-2 -I q+r 

1 I p 
2 +iq+ --2-

( 28 
1 -r·- iq- ___ ip-~ 

2 
xr( )r( )r( ) P (ch f 

2 2 2 -++ lq 

'Ihis is an expansion of f( s, 0) in terms of unitary representa

tio ns. Since we wish to con sider Lorentz poles in the complex p·p la

ne and Regge poles in the complex f- plane we need a more gem:

r a l expansion. 

Putting uc - 1 + ~.the integ ral ( 24) can be written in the form 

-l+loo 
2 

" f < s. o > = ;.ti v-
2
- f (u+1) 

- ·t-too 
dua(u) ----- p 

..; sh f3 

15 

-L + q 
2 

( ch f3 ) = 

( 29a 



8 -t+too 

f ( 0' + 1)
2 

dua(O') --=·-
y 2rr - ·t-tero v sh f3 

---; • ..1.. + u 
2 

( cbf3) • ( 29b) 

No\11: let u s gen e ra lize this e x pression to n on- unitary rep r esen tatio n s 

( so tha t it will b e possible to e x pand func tio ns f ( s , 0) thi:lt a re not 

s qua re integ r a ble w ith res p e ct to f3 ) • This p>roc e d ure is some w h a t 

a rbitra ry e .g . becau s e ( 29a) a nd 29b) a r e ell{uivalent o nly o n the 

u n itary integr a tion p a th. However, let u s g eneralize ( 29b) : 

8 8+ I"" 2 
f(s,O)e J (0'+1) 

V 2rr 8-too 

1 
1 ---; 

dO'&(u)-=-Q 
1 

y sh ~ 2 + a 
(30) ( ch f3 ) 

a nd let u s s hift the integra tion path to the ri«ht, assu ming tha t a (a ) 

is a mero morphous function: 

8 8' +too 2 1 Q -T 
f(s,O) ~ f (a+ 1) dO'a(a) ==-= (ch {3)+ 

V 2rr '8 ' -too v s~ ~ 1 
--+ a 

2 

8, ~· 00 

( 3 1) 

2 1 -+ 
+ 2" i__! - t p (a k ) ( 0' k + 1) Q 

....!....+ 
(chfj), 

y2rr v sh f3 2 O'k 

w h e re p (a k ) a r e res idu e s o f a ( 0' ) in the "Toller p o les" . For 

la rge f3 ( asympto tic e n e r g ies) the pole terms w ill d omina te the in-

tegr a l. 1 

ln Appendix · III we exp ress the " Lorentz " fu n ction P -TID ( chf3) 
_l....+ ""--

2 2 

in terms o f the "Regge" function P -...l.+ tq (chf3) •• Genera liz ing this 
2 

e xpression to n o n,- unitary rep rese ntations, i.e. complex p a nd q (the 

rig our o f this pro cedure is ques tiona ble), writing both the P- func-

ti :ms in te r ms o f Q- functio n s , approxima ting the integ ra l by a series 

16 

of poles and comparing the asymptotic expressions for the individ ual 

terms ( cf./ 3/ ) , we obtain the asymptotic expansion 
_..1.. 

2 
Q 1 ( ch {3) 

y sh {3 2 + 0' e h {3 -+ oo 

I ~ { 3 
2 

) r(n+} ) r( ~n-1) -=L a+ - + n x 
y2rr n 2 r( - O')r(o-+ 2 ) (32) 

X r ( a + _l_+ D ) 8 f Q ( ch {3 ) , 
2 n! a + 1 + 2n 

Substituting ( 32) into ( 31) we finally obtain the decomposition of "Tol

ler pole" contributions to f ( s, 0 ) into series of daughter Regge poles: 

8 8 +too 2 1 
f ( s, 0) ~ --=. f (a + 1 ) d 0' a ( 0' ) -=::::-

y 2rr 8-too v sh {3 

_....L 
Q 2 ( ch f3 ) -
-l + a 

2 

( 33) 

r(n+.l.)r(- a -n-1)r(a +n+-1.) 

-8 Ip(a
1 

)(ak 
k 

3 n 2 k k 2 
+ 1 ) I (a + T + 2 n )( -1) Q (cbf3) 

n k n ! r ·c-a )r(O' + 1) (T +!+2n 
k k k 

ln the framework of one- dimensional little g r o u p expansions 

ther e is no way to de termine, whether these daughte r poles a r e fixed 

poles or the intersections of Regge trajectories with the axis t= 0 • We 

shall demonstra te in the following section, that the same famil ies of 

daughte r poles are generated by Lorentz poles in the normalization 

r - function s in the two- dimensional o( 3 ,1) expansions, so tha t 

accor ding to the arguments of § 3 they are fixed poles in the com

p lex 1- p lane, 

6 . T w o-Dimensional Expansions fo r E lastic Scatte ring 

a t ~0 and the 0( 3 ,1) Little G r oup 

A n application of the o( 3, 1) little group expansion, red uced to 

the o( 2 , 1) subgroup, a t I= Of o r equal masses leads to relation (28),0n the 

other hand we can d irectly apply the H- system decompositio n o f/ 1 / 

to this case i.e . put a = 0 (and ¢ ~ 0 ) in the formulae of Appen 

dil( I. 
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Thus we obtain 
,;2 .. 2 .. 

f(a,O)• - · fp dp fqtbtrq.dqA 
8 0 0 

+ 
(p, q) 1 .Q.. + 2 s/2 

2 2 

X 

1T 

. 1 I 
- - lq- 2.£.. - + lq - _l....£ 

p 2 2 2 -2 1 { 34) 
X"(cb,q-lab,-)r( )r( )r(-+lq+tL)x 

2 2 ? 2 2 

X 
r<i--iq+ -¥--> 

r o + J....e.... > 
2 

p _ ..L + ( ch f3) 
2 I q 

Comparing ( 3 4) a nd ( 28 ) we find tha t the two expa n s ions c o i

n c icie , if the c -oefficients satisfy an integral relation 

I p 

"" p r p2 d p 2 IT 

I 
iq + -2- ) 

1 --l...e.. . --- + ) - + lq + - 2 > r < 2 I A < P • q -r( 
2 

2 

i p 
r(1 +-

2
-> (35 ) 

. p 
-a(p) -~-- b "P -12+3 - s --·2 

y2tr 2 

1 ip ..l . --'..£... .,..+ lq .. -2 
- lq- 2 .1. I o 

__ 2-----)r( 2 )e 
2 

r( i >r< 

Thus , the fa ct tha t for t e 0 ( a nd ma sses s atisfying m 
1 

e m ! , 

m 2 e m 4 ) the gro up 0( 3,1) i s a n inva riance group of the a mplitude, 

p osess the restriction ( 35 ) o n the " s ymmetrica l Lorentz a mplitude" 

+ 
A (p, q) in the ·H- system. 

Now l e t u s pro c eed to the c ase o f no~ unitary represen tations . 

The H- system e x pan s i on in te r ms o f u n itary r epr esenta tio n s fo r t = 0 

can a l so be w ritte n as 

8 +1oo y + IOD 

f ( s,O) =- • f 2a ~ ( (2 f +1)dfr( a-1'+ 1 )r(_a+l'+ 2 ) x 
S/2 - 8-100 r ( a) r 1oo 2 

",; 2 (36) 

with 8 = - 1 andy 
1 

-2-

+ 
x A ( a , p ) Q _p - I ( ch f3 ) 

• Let u s now gen eral ize this e x press i on 

1 8 

to a rbitra ry Y a nd 8 a nd s how how this expa n s ion lea d s to the sar 

r esults , as the little g roup expansion of the preceding section. Inde 

consider large energies , i.e. ch f3 -+ "" • Let u s shift both the 8 and 

integ ration p a ths s imultaneously to the left (so tha t w e do not eros ! 
+ 

a ny poles of the r -functions). Assuming tha t A (a , I' ) is meromor 

phic with respect to a a nd holomorphous with respe~~tt to l in some 

s trip, the integr a l over the new path will be dominated for large f3 by th 
+ 

res idues in the poles of A ( a , I' ) : 

(-1) 
f(s,0)=(2tri) / l: 

52 - k 
1T v 2 

ak 
2 y'+loo 

f ( 2 I'+ 1) dl' 
r( uk ) y ~~-

+ 
R ( ak • I' 

X r ( ak - f+ 1) r ( Ut + f' + 2 ) Q - ( ch {3 ) ' 
2 2 _f -I 

+ 

) X 

( 37 

where R (uk, P ) i s the residue of A+ ( u, I' ) in the k- th pole. Now 

let u s shift the remaining integration p a th to the left, a ssuming tha t 
+ 

R (uk, I' ) i s h o lomorphous and only keep the terms , due to poles 

o f the r -functio n s , lying to the left of the p a th Ref • y' 

Fina lly w e o btain 

f(s,O)=~I 2uk l:(u 
- k r< > ... k v' " ult 

+2n+l...)R+(a -u -2-2n) x 2 k . k 

(-1>" r < 
X - C7 

n! k 

3 
+ 2+ n ) Q ( ch f3 ) 

ak + 1+2" 

Thus , in compl e te a n a l ogy with Tolle r e (,a l ./ 3/ we h a ve o b taine 

a series o f Lor ent z pol es each of w hich g ives rise to a n infinite se

que n ce o f d a u g hte r pol es. H o wever s ince these poles have nothing 

to d o w ith the L o r entz a s y mptotics discussed i n secti o n 3 , w e co~ 

elud e tha t they a r e fixed p o les in the e - pla n e . Furthe r we can r e-
+ 

l a te the r esidue R (at' -u k-2 -2n) t o the r esidue p ( u k ) o f the Toller 

a mplitude. 

Let u s a d d a few r emarks . In the d e rivatio n o f ( 38 ) w e h ave 

assumed cer tai n analyticity p rop erties o f 

1 9 

A+ (cr,f) and R+(u, f ) •• 
k 



to a rbitrary Y and S and show how this expansion leads to the same 

results, as the little group expansion of the preceding section. Indeed, 

consider large energies, i.e. ch {3 .. oo • Let us shift both the S and f 

integration paths simultaneously to the left ( so that we do not cross 
+ 

any poles of the r -functions). Assuming that A ( u , f ) is meromor-

phic with respect to u a nd holomorphous with respe.lltt to t in some 

strip, the integral over the new path will be dominated for large {3 by the 
+ 

residues in the poles of A ( u , t ) : 

f(s,O)c(2wl) {-I) :£ 
,. s/2 1/2 t 

y'+too 

f(2f+l)dt 
+ 

R 

X r ( U k - f + 1) r ( __ u_k::,_+_f_+_2_ 
)Q - (chf3), 

2 2 _f -I 

) X 

(37) 

+ 
where R (uk, Y ) i s the residue of A+ ( u, f ) in the k- th pole. Now 

let us s hift the remaining integration path to the left, assuming tha t 

+ 
R (uk, f ) i s holomorphous and only keep the terms , due to poles 

o f the r -functions, lying to the left of the path Ref - y' 

Fina lly we obtain 

f ( s , 0 ) = ( -SI) I 2 u k I ( u + 2 n + l... ) R + ( u - u - 2 - 2 n ) x 
..; ;- k r(u~.) It k 2 k, k 

(-1)" 
X -

0
-!- r ( Uk 

Thus, in compl ete a nalogy with Tolle r et;p.l./ 3/ we have obtained 

a series of Lorentz poles each of which g ives rise to an infinite se

que nce of daughter poles . However since these poles have nothing 

to d o with the Lorentz a symptotics discussed in sectio n 3 , we co~ 

elude tha t they a re fixed pol es in the ~ -plane. Further we can re-
+ 

l a te the r esidue R (u t' -u .-2 -2n) to the res idue p ( u k ) of the Toller 

a mplitude. 

Let u s a dd a few r emarks . ln the deriva tion of ( 3 8 ) we h ave 

a ssumed certain analyticity p r operties o f A+ ( u, f ) and R+(u , f ) •• 
k 
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If these are not satisfied, e .g . if these functions are not holomorphous 

w ith respect to f , we still reproduce the result ( 38) but obtain ad

ditional non- daughter like terms . 

So far the unitarity condition for the scattering amplitude has 

not been exploited in the framework of tv.o- d imensional relativistic 

e xpansions. It is quit? possible that unitarity will pose restrictio ns on 

the Lorentz a mplitudes, excluding the generation of fixed poles (inc

luding fixed daughter poles) in the complex f-plane (confrontalso/13/ ). 

7 . Conclusions 

The main results of the present paper are the following: 

1) Two- dimensional expansions of relativistic amplitudes should 

be a useful supplement to conventional Regge pole theory. 

2) The coefficients in these expansions, which we call Lorentz 

amplitudes A±: (u, f ) determine the behaviour of the Regge partial 

amplitude •f (t) in the vicinity of its singularities. Namely certain asym

ptotic expressions for A"'"-(u, f ) g_enerate moving Regge singularities, 

. .±. 
whereas "Lorentz poles" of A · (u ·,f ) for finite u generate fixed poles 

in the 1- plane. 

3) The condition, that the two- dimensional expansions should 

coincide with the 0( 3,1) little group expansion for t • 0 in the equal 
+ 

mass case, implies that A (u, f ) must satisfy a certain integral 

condition, 

4) The daughter Regge poles introduced in/ 3, 6/ for t- 0 in the 

equal mass case, are generated by Lorentz poles for finite u and it 

folbws that they are fixed poles. Thus we find no evidence for dau

ghter trajectories from pure kinematics, but we do not exclude possib

le dynamical mechanisms, forcing Regge trajectories to pass through 

the daughter poles. 

We would like to thank professor I. Todorov for a number of 

useful discussion~ 
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Appendix 

Expansions in the S and H systems. 

Here we shall reproduce the expansions over the orthonormal 

sets of basis functions in the S and H systems and incidentally to 

remove some misprints made in/ 1/ • 

The spherical coordinate system corresponds to the reduc tion 

0(3,1) ) 0(3) ) 0(2) (confronJ 2/ ). In the S -system the four-veloci

ty is parametrized as 

u = ( u 
0

, u 
1
, u 

2
, u 

3
) •( ch a , sh a sin 0 cos ¢, sh a sin 0 sin¢ , sha cos 0) • 

( 1.1) 

The expansion of amplitude f ( u ) in the general no~ unitary case has 

The inverse formula follows immediately 

00 ,. 2" 

a f ( P ) = f sh 
2
a d a f sin 0 d 0 f d ¢ f (u) <I> : · ( a , 0 , ¢ ) • 

m 0 0 0 Pt m ( 1.5) 

The hyperbolic coordinate system correspond s to the reduction o( 3,1) 

) o( 2,1) ) o( 2) I 2/ • In the H- system the foul'- velocity is paramet

rized as 

u = ( ch a ch f3, ch a sh f3 cos¢, ch a sh f3 sin¢ , sh a ) • 
( 1.6) 

We have the following expansion formula 

the form I oo Ot-too y+too 
f(u)=-1_ . ~ f (o+l)dtT f(f +.!..)ctg~rf df r(o-f+l)r(o+f +2) 

SHoo r(<T+ 1) 1 
f(u)=.!._~ f(o+1)2doafm(o)r(o+1-f) ysha 

2 fm 8-loo 

_f_..l 
-P 

1 
(cha)Yf(0,¢).1.2) 

I m o+-
2 

In the unitary case o=- l+ip this goes into the expansion over the 

orthonormalized set of functio ns 

where 

f(u)=~ faf (p)<l> • (a,O,¢ ) p
2

dp 
fm " m p L m 

( <I> <I> ) -
' f' '' n -p m pl.m 

r (lp) 

cS(p-p') 

p2 
cSPf'cS 

_, -+-

mm 

p ( cha)Y (0,¢). 
_.J.-+Ip f m 

2 

<I> ( a,O,¢)• r(ip-f pfm y sha 

22 

( 1 ,3) 

( 1.4) 

BIT ... _ 2 
o-too y-too r ( o+ 1) r ( f + 1) 

r(t+f-m) + -0'-1 - -o-1 
_ [a (u, f)Pf (-tha)+ 11

111
( u,f)Pf (tha)] 

( 1,7) 

P fm ( ch f3 ) e 1 m ¢ 

In the unitary case o = - 1 + I p , f= - + + I q this goes into 

lXI ~ ~ + 
f( u) = ~ f p 2 d p f q th " , q d q [ a m + 

(p,q) <I> pqm(a,f3, ¢ ) + 
m 

( 1.8) 

+ B (p,q)<I>P: (a ,f3 ,¢)] 

a nd the inverse formula take.s the form 

+ +oo oo 21T + 
- 2 -

a ( p, q ) = 2 f ch a d a f sh f3 d f3 J d ¢ f(u ) <I> • ( a , f3 , ¢ ) 
m -oo 0 0 P q m 

( 1.9) 

where the basis functions 
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:t r < ~ + iq+ipl r < + -iq + ; P > 

<l> (a,{3,<f>)-
pqm 

211rO+ipl 

ch a 

-lp 

PI (~tba)P I (c'a{3 le tmt/> 

-r+tq --r-+ tq 

satisfy the orthonorma lization condition 

+ + 
<<I>- <l>- ) -

' ' ' p q m pQm 

8(p-p ') 
2 

p 

+ 
( <l>-,' ' <l>:;: ) = 0 

p Q ID pqm 

8 (q-q ') 

q th 11 q 
8 

+ 
It may be convenient to define amplitudes Am- (p,ql: 

+ + 
a m ( p' q ) <l> pqm 

- -
+ a ID ( p ' q ) <l> p QID 

r<...L - m +iq) 
2 

1 
r<T+; ql 

( 1.10 ) 

( 1.11) 

( 1.12) 

'1/2 

- <l> + - <l>-
+Am(p,q) pqm pqm 

'1/2 

+ <l>+ + <l> -
s A m( p , q) P Q m p q m 

where 

± 
A (p,q) = 

+ -
a (p, q) + a (p,q l 

m - m 

'1/2 

2 4 

Appendix II 

Asymptotic formula for Legendre Functions • 

Here we sha ll derive the a symptotic express ion for 

:t (U+ I) 

P f ( l th a l for Im u -+ + .. R e u fixed 

P ".., ( z l denotes the Legendre function on the cutf 14{ha takes arbit

rary finite complex values, and l = ±. 1 , We beg in with the raation 

between P ~ ( z l and Gauss hypergeometric function 

+l(U+l)a 
+ ( U+ I) 

p-f ( l tba)-
e -

r( 1 + ( u + 1 ) ) 2 F I (- ( f + 1 ; 1 + ( u + 1 ) ; 1 - ~ th a ) ( 1!, , 1 ) 

The following formulae are obtained by a necessary modification of 

those in/15/, so that they become applicable to our special case, 

For the Gauss function we have a s ymptotic series, which can 

be used a lso for I t h a I > 1 

2
F

1 
(-f,f+1;1;(u+1l; 1 -t th a ) ':. 

2 

r(1:;:(U+1) ( 
~ 1+l: 

(:t:(u+1)) r(I+(U+1)+f 1 X'-
1 

d r<-f +x> 
X 

r<-f >[:;: <u+1>l x 

for 
1 arg [ 1 + < " + 1 > + f 1 1 < --';- . 

(for the evaluation of d X see/ 15/ ) and for 

I arg [ - ( " + I ) - . f ) I < .!!__ 
+ 2 

(n:.2) 

the corresponding formula is obtained by the interchange f .. - f - 1 • 

Taking only the leading term of this asymptotic expansion we obtain

ed 
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+(U+ I) 
P- (nhal= e 

lp l -ooc ( :;: ( U+ 1 ) ]- l ( 1 + ( U+ 1 ) + f ] 

;t l ( U+ I) a 

( II. 3) 

mere U=O+ip. 

The asymp to tics of the l ' -functions we calculate leaving only non-

Vdnis hing te rms in the Stfirling series for fn r ( z ) 

tha t 

r <-u+f)':. 
.I ip -0+)'- 1 ' ( V 2 " e ( . 'T'- ' p-q) 

-· p) 
I Pl .. .., 

r < u+ e + 2 > !!: v 2" 
I pl .. .., 

'Nh e r e = )' + i q . 

-IP 
e ( ip) 

0+)' +l-+l(p+q) 

' 

And fina lly we h a ve the leading term in the fo rm 

• So it follows 

( II. 4) 

;t < U+ I) - lp 
e + 

;t(O+I l --};!:IP ..:tt(O+I+Ip)a 

r e (oha) : 

I pl .. .., 
..,(211 ( + ip) e ( II. 5 ) 

It is a l s o convenie nt to w rite down the a s ymp to tics o f k e r nels in the 

d irec t a nd inve r s e inte g ra l r eprese n tation u sed in the H - s yste m 

['( - u- f - I ) ['( -o + f ) p u + 1 ( l th a ) 

e I p 1 .. .., r< -ul 

<(O+I+Ip ) a 

( -i p) 

26 

-u-1 
f'(u- f +1lf'(u+ f +2) pf (nhal 

'['( U+2) 

- t ( O+ l + 1 P l a 
e 

I P 1 .. .., 
i p 

We could w rite the next terms o f the asympto ti c s eries , but these a r e not 

sary in the context of this paper. 

Appendix III 

Calculation of an integ r a l 

We shall calculate the integral 

.., pf3 
J • f sin ,..- P 1 ( ch {3 ) d f3 . ( 

0 -""li+lq 

It is convenient to represent (IlL~) as a combination of two terms 

where 

J=TI-0-I*), 

lpf3 

I • f d{3 e ~ 
0 

P (ch {3l, 
--'-+lq 

~ 

and to start calculation with this integral/ ~6/ 
I .., t-<- i--lq+l ~ l 

I --, fdx e 
2 0 

1 } -X 

F(T+ iq,2;1; 1- e ) • 

1 i p 
1 iD - - iq - --r-
-+iq--r- 2 " , ) "P 

['(2 )['( 2 =-1-(ch"q+ish--2-

2 '" ~ 3 i p 3 i p 
/ .,--lq---·· -+iq- --· 
21( 2 )['( 2 2 

2 2 
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[' ( u- f + 1) f'(u+ f +2) -u- 1 
------------ Pe < f tba l 

If'( CT+2) 

- f ( B+ 1 + 1 P > a 
e 

li> , .... i p 
( n. 6 ) 

We could write the next terms of the asymptotic series , but these are not neces

sary in the context of this paper. 

Appendix III 

Calculation of an integra l . 

We shall calculate the integral 

.. p{3 
J •/ sin,.- P 1 ( cb {3) d {3 • 

-~+lq 
( IIJ.1) 

It is convenient to represent ( IIL1) as a combination of two terms 

where 

P (cb .{3 ), 
- .l.+lq 

~ 

( III.2) 

and to start calculation with this integral/ 16/ 

1 .. +<- i--lq+l f.) 
I a-. Jdx e 

2 0 

.!..+ iq- .!e._ 
['( 2 2 

1 . i p 
-2--•q- -r 

> r < __..;;;..__---~- > 
2 2 

( III.3) 
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1 . ..!e_ 1 . .1.L 1 
1 

io 1 . -Le..._ 
T + •q- -r 2 -•q- 2 2 + q+-r- -r-•q + 2 ·. 

x r < 1 r c 1 rc 1rc 1 . 2 2 2 2 

Substituting ( III.3) into ( III.2) we obtain 

~ "p 1 ip 1 ip 
pf3 ,h_ -+iq-- --iq+-

fsio- p . ( ch{31df3~ 2 rc 2 2 lrr_2_ 2 
o 2 -L+Iq 4tr2 

2 2 2 
) . 

_;_+iq+ ...Le._ 1 . i rc :l 2 --•q-..!.f.. 
• 1 rc 2 2 1 2 2 . 

( III.4) 

For the sake of completeness we shall consider also the integra l 

I , • f d{3 I fl!. 

, 
2i 

I p 
" ~ f3<-r+•q+•-r> Q 

1 
( ch {3 ) a ~ f d {3 e 

-T+Iq I 0 

e 2 
0 

1 1 -2{3 
xF(y--iq, 2 ;1;1-e ). 

1 . i p 1 . . p --•q--- -+•q-·--rc .2 2 >rc 2 2 

2 2 

.3 
rc ,-+ iq-i+ a. 

Ire z--iq-if--

2 2 
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( 111.5 ) 


