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Introduction 

The study of quantum theory superselection rules has a great 

contemporary interest and in recent years much knowledge has been 

accumulated in this field ( one is referred for bibliographical notes 

to I 11 ,I 21 ) • In our treatment of the problem \1\e follow the paper of 

one of us I 31 • We base the forthcoming exposition upon coherent 

sets of elementary properties (Propositions 1, 2 ; th'e authors believe 

that the essence of § 1 is the Definition). 

The consideration of § 1 permit to give the proof of the gene

ralization of Wigner's theorem on symmetries (I 41, Theorem 1- 1) 

without the hypothesis of commutative superselection rules (under a 

symmetry any coherent set of physically realizable vectors is mapped 

onto a coherent one). In § 2 we point out that any Hilbert space in 

which some superselection rules act can be decomposed into the 

direct sum of mutually orthogonal coherent subspaces and one sub-

space v1hich is orthogonal to all physically realizable vectors. The 

wide- spread exposition of superselection rules in terms of the com-

mutant of the set of all observables is presented. 
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§ 1.. Coherent Sets in Hilbert Space. 

Definition, We call a set J C H ( 1 ~ cp , o rl- J l coherent if there 

is no partition of 1 into two nonvoid subsets 11 and J2 so 

that 11 J.12 ( 11 J. 1 
2 means that any f 1 1;. J 1 is orthogonal 

to any f 2 ~;.1 2 ). 

Below the criterion of a set J C H to be coherent follows. 

By F - L ( J l we shall denote hencefo rth the closed linear hull of 

a set J 

Proposition 1. A set 1 C H ( 1 ,f. cp , 0 rl- 1 ) is coherent if the 

(von Neumann) algebra in a subspace F • L(1l generate<!l by pro-

jections P ( f l in F on vectors f c;. 1 coinsides with the a lgeb-

ra of all bounded operators in F , i,e. if the commutant 9'' of the 

family P = { P( f). f r;. 11 of operators in F consists only of multiples 

of the identity. 

Let J C H be coherent and C ~ P' • From CP ( f l = P ( f ) c 

if follows C* P (f l .. P ( f) C * ; one can see that each ff;. 1 i s 

an eigen-vector of C and c * : 

-Cf •A(f l•f C*f ,.,).(fl•f ; >- u > .. < r • cr >. 11 r 1 r ~ 

we c a n divide J into If we suppose that >. ( f l depends on 

nonvoid non- overlapping subsets 1 1 a nd J 2 so that >. ( f 1 } -

- A (f 2 l 1- 0 for any f 
1 
~ J 

1 f 2 ~ 1 2 and for these f 
1 

, f 
2 

-I 
<f 1 ,f 2 > ... [AU 1 l-A(f 2 )] .[<A( £

1 
lf

1
,f

2
>-<f

1
,A(f

2
l£

2
>] 
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i.e. 1 1 .! 12 • It is impossible according to the cohere 

We obtain : if C c;. P' then Cf = .\ f for any 

Cf,..\£ for any f c;. F = L ( 1l • 

Let J C H be not coherent then there exist 

such that 1"' 11 u 12 ,1 1 .! 12 , It is evident that the pre 

on F 1 = L(11K F belongs to p, and differs from a 

identity, The assertion is proved, 

We shall establish now that any set m C H ( 0 rJ. l 

resented (uniquely) as a union of some family A = { a 

pairwise orthogonal subsets m c a a 

Proposition 2, Let m C H ( 0 rJ m l • Then M = L ( m1 ca 

sed into direct sum of identity o rthog o nal subspace: 

into direct sum of mutually orthog ona l s ubspa ces 

m = +a t;. A m a 

f.'>o that :m .. m 
a!;;. A a 

where ma =M a m(ai;;A ) a re coherent pairwise or 

sets in H 

Prof . One introduces in m the binary relation: 

is a coherent subset IT C m s u ch that f , g C- IT 

even to demand the finiteness of a subsets IT and 

the same ). The relation is symmetric ( f "' £ l , reflexive 

We are going ' to prove the transitivity. Let .. g 

there exist coherent subsets IT 1 and 
" 2 

i n m sue 

g , hi;; IT 2 • The subset IT= rr 1 "
2 is coherent 

one takes an arbitra ry division of " into 11' and 

IT= IT IT IT' J. IT • Suppose cthat g ~ " ' 
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It is impossible according to the coherentness of J 

We obtain : if C ~ P' then Cf = ,\ f for any f c;;. J ; hence 

for any f ~ F = L ( Jl • 

Let J C H be not coherent then there exist J 
1 and J 2 

such tha t J a J 1 U J 2 , J 1 l J 2 • It is evident that the projection Q in F 

on F 1 • L(J1lC F belongs to and differs from a multiple of the 

identity. The assertion is proved. 

We shall establish now that any set ill C H ( 0 r+ illl c a n be rep-

r e sented ( uniquely) as a union of some family A =I a I of coherent 

pairwise o rthog ona l s ubsets ill C H a 

Propos itio n 2 . Let ill C H ( 0 C/ ill l • T hen M = L ( illl can b e decompo-

sed into d irect s um of identity o rthog o nal subspaces decomposed 

into d ire c t s um of mutua lly orthog ona l s ubspa ces 

ill = + :m a t;. A Jll a 

s o th at m = r- m a .... A a 

w h e r e ilia =Ma a re c oherent pairwise orthog o nal su~ 

set s i n H 

Prof. One introduc e s in ill th e binary rel a tion: .. g if ther e 

is a c oherent s ubs et rr C ill s u c h tha t , g C- rr ( one i s able 

even to demand the finiten e ss of a s u bset s rr a n d thi s l ead s to 

th e same ). The r e l a tion i s s ymmetri c ( f = f l r e flexive (f .. g-> g"' f) 

We a r e going ' to p r ove the transitivity. L et "" S g ... h . Then 

there exist c ohere nt s ubset s rr 
1 a nd rr 2 in ill such, that f,g <;;. rr 1 , 

• The s ubset i s coh erent. To see th.is 

o ne takes an arbi trary divis i o n of rr into rr ' a nd n 

rr = rr fT rr' l rr • Suppose ~that g I;. rr ' • As rr 1 is 
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the union of two orthogonal subsets rr 1 fT and ITI IT" and the 

first of them is nonvoid ( g <;;. IT 
1 

IT ' ) the coherentness of rr 1 entails 

the identity rr 
1 

IT" = ¢ • F'or the same reason rr 
2 rr"- ¢ , hence 

rr"-tr tr"-(rr
1 

,, ) ( rr
2 

rr") .. ¢ and one should conclude that 1T 

doesn't admit partitions into nonvoid orthogonal subsets, i.e. IT is 

coherent; f , h <;;. rr and f .. h • 'I'he relation introduced is the equi-

valence relation and we can divide the set m into classes m a (a<;;. A ) 

of equivalent elements. These classes possess the properties: 

1) any f c;. m belongs to some (unique) m a ; 

2) m a .1. m 8 when a 1- f3 (if, f,g c;. m and < f ,g>.f. 0 then 

are equivalent arrl belong to the same class); 

f ar .d g 

3) m a (a c;. A) is a coherent set in H (indeed, supposing the existence 

of a division of m into nonvoid '"' and '"" m , .1. m , one re-
a a a a a 

ceives that vectors of m'a are not equivalent to vectors of '«'~ ). 

We introduce now subspaces M = L ( '« ) a a a c;. A • 'I'hey are 

mutually orthogonal and m a .. 

next simple statement: if '« C H 

M a '« . We omit the proof of the 

is a union of some family of pairwise 

orthogonal subsets :lila (a<;;. A) then L ( :lJl ) = (;) L ( '«al • 'I'hus 
cit. A 

one is 

drawn to the conclusion: M = G) M a 
at;. A 

this completes the proof. 

(F'or the sake of clearness we shall remind what is usually 

meant by the infinite direct sum of mutually orthogonal subspaces in 

Hilbert space. Let fa (a <;;. A) be a family of vectors in H ; a seri-

es I. fa 
ac;.A 

is summable with the sum if for any c > 0 there is 

a finite subfamily I C A the inequality for any finite subfamily J 

taking place: II L fa - f II < £ 
a<;;. J 

• 'I'he necessary and sufficient 

condition for the series of pairwise orthogonal vector L fa 
a 

to be 
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summable is the summability of the series I-11 f 11 2 
• a a • 

is fulfilled there can be at most countably many nor 

in the series. 'I'he direct sum of mutually orthogo;r 

M(ai;.A) 
a is the set of all sums of summable seriE 

Note that in a separable Hilbert space one is able 

the most a countable family of mutually orthogonal s 1 

A few words on the uniqueness of the decompc 

the Proposition 2. We remark that if ~ and G are tVI 

in H then either ~ ~ =¢or ~ ~/.¢and ~ ~ is coh 

can be established just in the same way as the cc 

1T I rr2 above). Given two representations of th 

)R = ma 
a<;;;. A 

~"' 'Yl. {3 
{3 r;,. a 

m a • 'Yl. {3- coherent ; m a .1. m a, • a.,;. a, 'Yl. {3 .l. 'Yl. J 

Using the remark one can easily establish a one-t 

between A and B such that a -.{3 entails ma"' 'Yl. t 

§ 2. On Superselection RulE 

Wick, Wigner, Wightman /S/ pointed out that i 

eve_ry vector of the quantum theory Hilbert space co: 

state of a system (i.e. is a "physically realizable vec1 

a set of all physically realizable vectors in H 

Definition. Subspace F C H will be called coherent if 

linear hull of some coherent subset ~ c m ' and rna: 
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summable is the summability of the series l:ll f 11 2 
; if the corrlition 

a a 

is fulfilled there can be at most countably many nonzero vectors f 11 

in the series, The direct sum of mutually orthogonal subspa.ces 

M(ar;..A) 
a 

is the set of all sums of summable series l: f a • rar;,. Ma. 
a 

Note that in a separable Hilbert space one is able to single out at 

the most a countable family of mutually orthogonal subspaces). 

A few words on the uniqueness of the decomposition fgiven by 

the Proposition 2 , We remark that if :f and G are two coherent sets 

in H then either :f ~ a¢ or :f ~ ~ ¢ and :f ~ is coherent (the latter 

can be established just in the same way as the coherentness of 

" 1 " 2 above), Given two representations of the set m C H 

m a , :}l {3- Coherent ; m II~ m a, , a,. a' n 
13 
~ n 

13 
,, f3 .;. f3 , > • 

Using the remark one can easily establish a one-to-.one mapping 

between A and B such that a -+ f3 entails m a .. :tl f3 • 

§ 2. On Superselection Rules. 

Wick, Wigner, Wightman /S/ pointed out that in general not 

eve_ry vector of the quantum theory Hilbert space corresponds to a 

state of a system (i.e. i s a "physically realizable vector"). Let m be 

a set of all physically realizable vectors in H 

Definition. Subspace F C H will be called coherent if it is a closed 

linear hull of some coherent subset :f c m ' and maximal coherent 
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if in addition it is not a proper subspace of some coherent sub-

space, 

Due to the Proposition 2 the closed linear hull M .. L (~ ) of the 

set ~ can be decomposed (uniquely ) into direct sum of maximal co

herent mutually orthogonal subs paces M a (a G- A) each vector <;. ~ 

belonging to some M a , We point to the connection betw-een this 

decomposition and the s tructure of observables in H • As to obser

vables one usually - says such words (and we adopt them): a) every 

maximal coherent s ubspace is an inva riant subspace of any obser

vab le /s/,/6 /; b) any projection P ( f) on a physica lly realizable v ector 

is an observable / 4 /, 

In troducing G = H E)M, M -G) M o ne r eceives H "" ( @ Ma ) @ G 
a a a 

The c ollection of all observables is N • Any o perator T <;. N (due 

to the a s sumption "a ") has th e blo c kvvise fo r m: T= (@T l @S 
a a 

where T 
a 

is a h ermitian o p e ra to r in M 
a 

s is a her mitia n o pera-

to r in G ; in each subspace Ma operato r s Ta genera t e a n irredu

cible set (the la tter is the c onse q uence o f the assumption "b" and 

the Proposition l). Therefore any C<;.N ; N' the commutant of N 
' 

is of the form: C = ( G) C a) G) D , where c is a multiple of the a 
a 

identity in M a , D is an opera tor in G , 

The hypothesis of c ommutative superselection r ules (w hich as-

serts N ' is a n a belia n a lgebra) is fulfille d automatic a lly if one de

mands that G , the subspace w hich is o rthogonal to all physically 

reali z able vectors, consists o nly o f zer o . In this case the superse

lec tion r ules (i.e. th e s e pa ra tion of coher ent s ubspa ces M a in H il

bert s pace) c an be c hara c terized CO'Tlpletely by N' ; namely in this 
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case the general form of C <;. N ' is C = I A P , where P a a a c 

jection in H on a coherent subspace M 
a 

A 
a 

is an arl:: 

ber. 

The authors are grateful to M.K. Polivanov, LT.To 

B.A.Bachelys ~) for helpful discussions, 

N ote a d ded in proof, The system of postulates adOJ 

exposition doesn't describe the general situations in quan 

Namely, the postulates: l) every physical state of a syst 

cribed by a normalized vector (ray) in Hilbert spac e, 2) e 

on a p hysically r e alizable vector is an observable , ar 

trictive and are absent in the general theory of algebra~ 

vables (see e.g. /? /); the structure of superselection rules 

nera l case is to be clarified, The authors would like to 

ticipants of the 5-th Annual Winter School for Theoretic 

in Karpacz, 1968 for this critical remark. 
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some coherent sub-

tr hull M .. L(nl) of the 

:t sum of maximal co-

l ) each vector 

nection between this 

in H • As to obser-

::tdopt them): a) every 

>space o f any obser-

::ally r ealizable v ector 

·es H - ( (±) M a)<±) G 
a 

r operator T <;. N (due 

T = ( <t)T l <±)S 
a a 

is a hermitia n opera -

g enerat e a n irredu-

~ assumption "b" a nd 

the commu tant of N , 

2 
is a multiple o f the 

::tion rules (which as-

tomatica lly if o ne de-

~anal to all physica lly 

1is case the s upers e-

;ubspa ces M a in Hil-

>y N ' ; n a mely in this 

c ase the general form of C ~ N' is C = ;A a P a , where P a is a pro-

jection in on a coherent subspace M a 
>.. 

a 
is an arbit rary num-

H 

b er. 

'The authors are grateful to M . K. Polivanov, L 'T.'I'odorov and 

B .A .Bachelys Ji<) for helpful discu ssions. 

Note a d ded in proof. 'The system of postulates adopted in our 

exposition doesn't describe the general situations in quantum theory. 

Namely, the postulates: 1) every physical state of a syste m is des-

cribed by a normalized vector (ray) in Hilbert space, 2) a projection 

on a p hysically realizable vector i s an observable , are too res-

trictive and are absent in the general theory of algebras of obser

v a bles (see e.g. /?/); the s tructure of superselection rules for the ge-

nera l case is to be c larified. 'The authors would like t o thank par-

ticipants of the 5-th Annual Winter School for Theoretical Physics 

in K a rpacz, 1968 for this critical remark. 
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