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Introduction 

The commutation relations of the current al_gebra /1/ together 

with the assumption of partial conservation of the axial current (PCAC) 

/2/ give one of the most powerful methods of . calculation for proces

ses involving pseudoscalar mesons. Most of the results are obtained 

in the approximation of vanishing meson momenta., but a careful 

application of this method allows one to estimate the on-mass-shell 

matrix elements from the off-mass-shell ones. For instance, as it was 

emohasized bv Weinber~ /3/, the on-mass-shell amplitude of the pion 

scattering on a much heavier target may be obtained in a good 

approximation from the off-mass-shell scattering amplitude by retaining 

only firs t order terms in the vanishing momenta. The extension of this 

method to the more difficult case of pion-pion scattering is made by 

assuming a g eneral expansion for the low-energy scattering amplitude 

in terms of some unknown parameters and the kinematica~ variables. 

This form of the scattering amplitude taken in the limit of two vani

shing pion momenta is compared with .that obtained by current al

gebra in the approximation of soft-pions. Adding the Adler self-con

sistency a r gument /4/ and a physical assumption about the scalar me

son contribution, an expression for the low-energy pion-pion scattering 

amplitude i s obtained. 

The purpose of this pape r is to give a generalization of the 

method of Weinberg /3/ to the case of IC- IC low-energy scattering 
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and to add the scalar meson contribution to the rr- K low-energy 

scattering. 

K- K Low-Energy Scattenng 

The element of S matrix is related to the meson scattering 

amplitude <a ( q) c ( p ) I M I b (It) d ( p I> by 

<a(q ) c ( p ) j s ! b (k)d(p ')> 

-i(2rr)
4 

8
4

(p+q-k -p ') 

( 2 , l a ( 16 Po P o' q o It o l R 

(1) 
<a(q)c(pliMib(k)d(p')>, 

w here a ( q) denotes a pseudoscalar meson of unitary index a and 

mome ntum q 

Followinl:! Weinberl:! / 3 / we propose an expansion up to second 

o rder in momenta for the K- K l ow- e nergy S -wave scattering ampli

tude in accordance with the g eneral requirements of the crossing 

symmetry, Bose statistics and conservation of unitary spin 

< a(q)c(pliMib(k)d(p'l>= d d (A+B(s+ul+ Ct+ ••• )+ 
ab9 od9 

+ d d (A+B(s+tl+Cu+ .•. )+d d (A+B(u+tl+Cs+ ... l+ 
ad9 bo9 ao9 bd9 

(2) 
8 a 

+ ~I d "'b 1 d odl (A'+ B '( s + u ) + C ' t + ... 
~~ 

+ ~ d ad I d bel (A,+ B '( s + t) + C, u + •••) + 
1=1 

8 27 

+ ~ d 
1 

d dl (A'+B'(u+tl+C's + .. ) + ~ D D (A"+B"(s+ul+C"t+ ..• l+ 
l=l ao b l=l abl od l 

2 7 27 

+~ Dadl D bol (A"+B"(s+tl+C"u+ ... l+~ Daol Dbdi(A" +B"( u+tl+C"s+ .. l, 
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where s=-(p+ql
2 

=-(k+p')
2 

t = - ( It - q )
2 

= - ( p - p , ) 
2 

u =-l 

unitary indices a,b,c,d, run over 4,5,6,7, dab! are the 

completely symmetrical coefficients with d = y 2 8 
ab9 3 ab 

Clebsch-Gordan coefficient of the coupling [ax 8] 27 a 

unknown constant coefficients. 

As Weinberg emphasized such an expansion ha 

momenta It, q p. p are of order of the meson r 

For S-wave K- K scattering, the Bose statistics req1 

scattering amplitude preserves in the physical reg ion or 

metrical in a and c • This is the reason for which on 

metrical coupling •"-l .~ considered in eq. (2). On the othc 

sidering the ider <til:',' 

I 
4 4 -lqx 

d x d y e 
lky p. A 

<fiT<ap. Aa(xlaAAb(y)) e 

4 4 - I Q X lky I 1 (J 0 I [ 0 A ] I =fdxdye e --8(x-y)(<f A(xl,a,A(y) i 
2 a " b 

0 p. ' 0 p. 
+ < 1 1 [ A < Y > • a A < x > 1 1 ; > - i < q + 1t > < 1 1 [ A < x > • A b <y > l 

b p. a p. p. a 

+ q It < f I T (A p. (X) A A (y ) ) I i >I • 
p. A a b 

w here A p. (x l are the densities of axial currents, and 
a 

one-ma ss states, using the PCAC assumption and lettin! 

It and q tend lo zero, we obtain an expression f< 

r ing amplitude in the first order of the vanishing mome 

<a(q )c (pl l 
(0 ) 8 

M I b (It) d ( p , ) > = M bd + ~ ( q p) ~ f b I 
ao. F K 1=1 "' 
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unitary indices a,b,c,d, run over 4 ,5,6,7, dab! are the Gell-Mann's 

completely symmetrical coefficients with d . ,2 ., 
a b 9 = v-3- "a b ' D ab l is the 

Clebsch-Gordan coefficient of the coupling [Bx 8] 27 a rxi A, B... are 

unknown constant coefficients. 

As Weinberg emphasized such an expansion holds when the 

momenta k, q p. p are of order of the meson mass or less. 

For S-wave K- K scattering, the Bose statistics requires that the 

scattering amplitude preserves in the physical region only terms sy'11-

metrical in a and c • 'I'his is the reason for which only SU(3) sym

metrical coupling <'tl P c onsidered in eq. (2). On the other harxi, con

sidering the icler ;Hi~ , 

(3) 

+ q k < f I T (A p. (X) A,\ (y) ) I i >I • 
p. ,\ a b 

w here A p. (x l are the densities of axial currents, and i , are 
a 

one-ma s s states, using the PCAC assumption and l etting the momenta 

k and q tend lo zero, we obtain an expression for the scatte

r ing amplitude in the first order of the vanishing momenta / 31 

<a(q )c (pll 
(0) 8 

M I h ( k) d ( p ') > = M bd + ~ ( q p) ~ 
ao, F K 1=1 

r· . .) 

(4) 
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where fa b 1 are the completely antisymmetrical coefficients of 

Gell-Mann , The first term on the right hand side of eq, ( 4) is of zero 

order in the vanishing momenta arrl is symmetrical in a and b 

It comes from the equal time commutation between an axial charge 

and an axial divergence and may be related to the contribution of 

scalar mesons /5/, 
From the. comparison of eq, (4) with the expression (2) taken 

in the limit k = q -+ 0 it follows /3,5/ 

8 

(B-C)(dbd9daoll-dbo9 dadO )+{B'-C') 1~1 (dbdldaol- dboldadl)+ 

2T 8 

+(B"-C") :, ( D bdl D a a I - D bot D adl ) " F2 
K 

I, f ab l f odl ,_, 

(0) 

M ao ,bd • d ab9 dad 9 

8 

(A + 2m 2 B ) + I. d b 
1 

d dl ( A' + 2 m 
2 

B' ) + 
l=l a o 

(5) 

27 

+,;,oabiDodl (A"+2m2B")+(dbo9dad9+ dao9 dbdii)(A+m2B +m2C )+ (6) 

8 " 
+!;,<dbol dadl + d aol dbdl )(A'+m

2
B ' +m

2
C') +,;, (Dbot0 adi+DaoPbd}(A'+m2s'+u?C'~. 

Assuming the existence of an unitary scalar nonet it follows/
5

/ 

that 
(0) 

Mao ,bd must be proportional only to d a b 1 

and hence it is appropriate to require 

A =A' 

B =B' 

c = c' 

A"+ 2m 2 B " =0 

A + m 2B + m
2 

C = 0 

A"+ m 2 B + m 2 C"=0 . 
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, where ia1,2, .. 9 

(7) 

The Adler self-consistency argument / 4 , 6 / gener 

case of K - K scattering requires the vanishing of t 

amplitude a t s .. t = u = m 
2 and hence it follows 

2 2 
A + 2m B + m C .. 0 

A " + 2 m 2 8 " + m 2 C" = 0 , 

Using the equations ( 5 ), (6), (7) and (s) the expr 

low-energy K- K scattering amplitude is 

9 4 
< a ( q ) c ( p ) I M I b ( k ) d( P ' ) > = FT" (m 2 -t)Ld d 

1=1 a bl odl 

K-K 

9 

+ (m
2 

-u) I. dadl dbol 
I= I 

K 

9 

+ ( m 2 - . s ) I. d I d bdl I . 
t.. 1 ao 

It is now very easy to evaluate the four distinc-

S -wave scattering lengths 

y =0 y =2 
a =0 a = 0 

I = 0 I= 0 

y =0 -I Y=2 -I 
a =1,14 m a =- 0 ,28 ru 

1=1 " I= I TT 

The actual experimet-,tal data / 7 / give for the 
Y== 

a 
I = 

length a pos itive real value between 2 and 6 fermi, wh 

same ord e r of magnitude with our result. 

rr-K Scattering Lengths 

Taking the id entity (3), ·vvhere a ( q) b ( k l a t·e p . 

F-tcc K mesons in the lim it q = k ... 0 , VVeinberg /3/ 
expt·ession s;mi l d.t' tr) ou,. (4) f r) r ' the TT- K scatter in 

Expr<?ssinc, ~1 <o ·· i n tcnns of the scal ar m 
ac • Ld 

an1pl iturle /S/ tiJP scattedng amplitude < a(q )!( p) I M I b(: 
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The Adler self-consistency argument / 4 , 6 / generalized to the 

case of K - K scattering requires the vanishing of the scattering 

amplitude a t s "' t = u = m 
2 

a nd hence it follows 

(8) 

A +2m 2 B"+m 2 C"=0. 

Using the equations ( 5 ), (6), (7) and (s) the expression of the 

low-energy K- K scatterin g amplitude is 

9 4 < a ( q ) c ( p ) I M I b ( k ) d( p ' ) > = fT" (m 2 -t) I. d d + 
l=l o. b l odl 

9 

+ (m
2 

-u) I, dadl dbol 
1=1 

K 

9 

+ ( m 2 - . s ) I, d a ol d bdl l . 
t.=t 

It is now very easy to evaluate the four distinct 

\ 9) 

K - K a nd 

K -K s - wave scattering lengths 

y =0 y = 2 
a = 0 a = 0 

I= 0 I= 0 

(~o) 
y =0 -1 Y= 2 -I 

a =1,14m a =- 0,28 r~ 
1=1 " I= 1 1T 

The actual experime t-,tal data / 7 / g ive f o r t h e a s cattering 

length a p ositive real value between 2 a n d 6 fe r mi, w hic h is <:> ( the 

s ame ord e r of magnitude with our result. 

rr- K Scattering Leng th s 

Taking the identity (3), where a ( q) b ( k. ) a t•e 

F:l{'C K meson~; in the J im i t 

pions and 

/3/ obtained 

i • f 

an 

expt C"S!=~ion s; 111ilctr l<> <:>q. (4) fr ) t t lle rr- K scattering a:nplitud e • 

Expr<?s;.;inL~ M <o·· i t 1 t c•nns of the scal aT meson d e cay 
ac . Ucl 

a•npl iturle /S/ tl1r> sca itc>ri ng amplitude < a ( q )f( p) I M I b(k)i(p ' ) takes 
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the form 

T ( j ~a b) T(j~cd) 8 8 
<a(q) f(p) I M I b(k)d(p ') > • I + --(pq) If bl f d' 

M 2 F 2 J•ll a o • 
j , 

) 

(11) 

where T ( j ~ a b ) is the decay amplitude of the scalar meson 

and M • is its I'TlCI.ss. 

It is easy now to give the values of the rr- X: scattering 

lengths a 1; 2 arrl a 8; 2 using eq. (11) and the expressions of the 

scalar meson decay amplitudes lsi 

a t/2 .. 0,14 m -1 , 

a a/2• -0,12 m -1 , 

Conclusions 

Comparing the experimental data /?I and the theoretical predic-

tions /3,6 I with our results, it is easy to see that the signs of the 

scattering lengths are always the same, but the values differ consi-

derably. For instance, our scattering length a {::_ 1:~ is about two 

times lar_ger than that predicted by Cronin 161 and the scalar meson 

contribution in rr- K scattering modifies sensibly the results pre

viously obtained by Weinberg, without taking it into account. On 

the other hand, the results of Weinberg agree better than ours with 

those of Cronin /3, 61. 
Of course, it is impossible to discuss the v ario u s theoretical 

predictions in the absence of more c o mplete exp e rimental data . 
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