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1. Upper Bounds for the Cross- Sections of Binary Processes 

First we consider some process of elastic scattering 

a +h-+a+b, (I) 

We assume the a mplitude of this process F ( s , t )to be analytical in 

Z IZ C08 (J 6 being the scattering angle. in the centre of mass svstem, 

inside the Mandelstam ellipse E 
0 

axis c .. 1 +-y- , y> 0 at 8 .. "" 
8 

with foci at ~ 1 and with the major semi

• For a number of processes such 

analytic properties were proved on the basis of the fundamental postulates 

of the local quantum field the or) 11 • Let us expand F ( s , z ) in partial 

waves 
V8 

F (s, z) .a , -P- ~ ( 2f + 1 l ~ (sl Pf (zl . ( 1) 

As is well known, from the analyticity in z and from the polynomial boun-

dedness at s 

increases/ 2 / 

it follows that a l ( 8 l decreases exponentially when f 

-f 
I a e< 8) I < R ( 8) [ c +...; c~- 1 l ( 2) 

w here R ( 8 l is a polynomial in 8 • Let L be that value of f at which 

the r .h .s. of the relation ( 2) e quals 1 , and L be the smallest integer 
0 

number still greater than L Now we rewrite the sum in ( 1) as follows 
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F ( 8, z) 

y-:- D '1> 
BIT--l: ( 2£ +1) a (9) P (z ) + 

p f =0 f f ( 3 ) 

V8 
+BIT -- l: ( 2f + 1 ) af( 8 ) Pf ( z) 

p f=n io+l 

By u s i ng the ine qua lity ( 2 ) w e c a n prove tha t a finite integ er numbe r n 

can a lways be chosen to mak e the sec o nd term in the r,h,s . of ( 3) decrease 

fas ter tha n any p o w e r of s a t s .... • We r~member that if we substitute 

for •r ( sl i n the firs t sum their u pper u nitarity bound 

laf(a) I <_ 

then, in virtue, of the relatio n 

n L .. c onst J; fns 
0 

we obtain the Frois sart b ounds 

F ( s , 1 ) < Conal s fls 

3/4 3/3 
s f n s It (a ,eos8) I < eonal 

ysln 8 
, 8 .j. 0 , IT • 

( 4) 

( 5) 

( 6 ) 

( 7 ) 

It i s possible to imp rove th e se r esults u s ing in the first sum of ( 3) 

the Schwartz inequa lity instead of the s ubs titutio n 1 a ( s ) .. 1. T hen w e have 
f 

~ n L
0 

2 

I F ( s , z ) I = ll: ( 2 f + 1 ) af ( s ) P f ( z) I < 
k=O 

( 8 ) 
n Lo ~ oo 

< ! ( 2f + 1 ) I P ( z) I ! ( 2f + I ) I a ( s ) 

f=O f=O 

4 

W e d enote by da.l and a f the differential and the 
d cos8 e 

sections of the pro c e ss ( I). We obta in, as a .consequence ol 
(B), the ine qu alitie s/ 3 / 

d c7 f ~ 

--
8
-- I < Conal aln a a ef d coa 8 8 •

0
-

da e ys fn s 

-"- I < Conat 
11ef d cos8 - sin 8 8;.o , IT 

We COJI\&l'id4!r now any binary process 

a+b .. c+d• 

and we decompose its amplitude T ( s, • l in partial w aves 

y s 
T (s,z). 8 1r -p- ,; (2f + 1) bf ( a ) Pt (z) 

This always can be done in the interval - 1 < • < 1, The cc 

the partial amplitude bf ( • l in the imaginar:t part ., •e <a l 

~ 

Im •r<• l ·I •r (al I 
2 

+ I bf (s) j · + 

S ince a ll the te rms in the r.h.s. of ( 12) are positive, we ce 

I bf ( s ) I < y I., ae< a) < y I a f ( s) I 

We conclude thus on the basis of relations ( 2 ) and 

b (a) d ecreases exponentially whe n f increases a nd for tr. 
l d 11 f 

and total cross sections toe a nd 
, d COB 8 

11 
lnef 

ties as for the e lashc process es 

d alnef 

d cos 8 

d a o 
~ 
d cos 8 

8=0 
< const s f n ~ sa 

0 lneL 

ysfna 
j < cons t 

8-!0.;; s ill 8 
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+ ( 3 ) F ( s, z) 

ys n ~ 
81T--l: ( 2£+ 1) a (s) P (z ) 

p f =0 f f 

+ BIT A i (2f + 1) af(s ) Pf ( z) 
p f=n io+l 

the inequality ( 2 ) w e c a n p r ove tha t a finite integ er numbe r n 

s be chosen to make the sec ond term in the r.h.s. of ( 3 ) decrease 

'l any power of 8 a t 8 .... • We r l!membe r that if we substitute 

in the fir st sum their upper unitarity b ound 

l af(s) I <_ 1 

irtue, o f the r e la tion 

n L .. c onst y-; fns 
0 

the Froissart b oun ds 

F ( s , 1 ) < Conal s f n3 
a 

I F ( s , cos 8 ) I < cons! 

a/ 4 a/~ 
s fn 8 

y8in 8 
, 8.;. 0, IT o 

( 4) 

(5) 

( 6 ) 

( 7 ) 

; possi b l e to imp rove these r esults using in th e first s u m of ( 3) 

:trtz inequality ins tead of the s u bstitutio n 1 af ( s ) -+ 1. T hen w e have 

3 n L
0 

2 

I F ( s , z ) I ~ p: ( 2 f + 1 ) af ( 8) P f ( z) I < 
k=O 

( 8 ) 
nLo :;~ oo 

< !. (2f + 1l J P (z) j !. (2f + 1l j a (s) 

f=O f=O 

4 

We d e note 
d o.t 

by 
dcos8 

of the proce ss 

and o.f the differential and the total cross-

inequalities/ 3 / 

(I). We obtain, as a .consequence of the relation sections 

(B), the 

d c7 f ~ 

--•-- I < Conal s fn .. o .e dcos 8 
8

_
0

-
(9) 

do f 'o/s fn s 
- -

8
- - I < Conal 

o.f d cos8 
8 

- sin 8 
"O,IT 

( 10) 

We coJI\ari.d4!r now any binary process 

a+b-+c+d• (II) 

and we decompose its amplitude T ( s, •) in partial w aves 

ys 
T ( s , z) a 8 IT - p -~ ( 2 f + 1 ) b f ( s) Pf ( z) • ( 11 ) 

This always can be done in the interval - 1 < • < 1. The contribution fr om 
~ 

the partial amplitude bf ( z) in the imaginar:t part 

~ 

I, •r(s l •I af (sl I 
3 

+ I bf (s) j - + 

af (s) equals I b (c) J 

(12) 

S ince a ll the terms in the r.h.s. of ( 12) are positive, we can write 

I bf ( s) I < y I"' af( s) < y I a f ( 8) I ( 13) 

We conclude thus on the basis of relations ( 2 ) and ( 13 ) that also 

b ( s) decreases exponentially whe n f increases and for the differential 
f d 0' p 

and total cross sections lu and u 0 we get the same inequali-
lneL , . d COB 8 

hes as fo r the e l ashc processes 

d uh•el 

dcos 8 

d 0' D 

~ 

d cos 8 

< cons! s f n ~ s 0' 
0 

8 
!neL 

=0 

I < cons! 
8-fO, i 

ysf ns 

s ill 8 

5 

( 14) 

0
!nef 

( 1 5 ) 



• 

If the differential cross sections are con sid ered a t fixed t instea d o f 

Cos 8 then we have 

d u
0
f lna 

d (J t 2 
I < con8l --- U f -"-I < con8t fn 8 

(J of . 
t-/0 VTiT • dt dt ' .o 

( 1 6 ) 

d'ill.f 
fns 

~I < const f n 
2 

8 U f • I < const --- U J 
_ lne 

dt 
_ VTiT ID 

dt '.o 
'" 0 

( 17 ) 

The relations ( 1 6 ), in particular, s h ow that the width of the diffraction 

p~k for elastic and inelastic processes 

u.f 
~.t • du .{ dt I t•O 

u ..... t -
~:....1.. • du jdt /t•O 

OD. 

( 18) 

can not decrease at • .. oo 
faster than 1/tnll • • This result for elastic 

proces ses was obtained earlier in a paper of Bessis who used a different 

method/
4
/. 

2. Ueper B::Junds for the Gross- Sections of Inelastic Processes of 

~tiple Production 

Now we are intended to show that the results obtained before are 

true also for the processes of multiple production of the type 

• + 11 .. c + a
1 

{m) 

where a
1 

denotes a system of hadrons. We denote the angle between"a" 

and " c" particles momen\a in the centre of mass system by I • 'llle am

plitude of the process m r• ( ...... ' . . . -) will be presented in the fonn of 

6 

a function of s , • • cos (J and other independent v a riablE 

can be chosen in such a way tha t the integration domains 

les are independent of the angle 8 The amplitude •• T 

always be decomposed in the Legendre polynomials 

jo Va 00 
So 

T ( •• I • •. ) - h" -- I. ( 2 f + 1 ) b. ( 8 • • .• ) p (I) 
p ~0 ~ t 

The contribution from the process Ill to the imaginary pol' 

amplitude is equal to 

Jo 
1

111 
•t (a) ~11 • vt (s) 

2 

Po dpo 
X 

2 " 0 

,;.. 4 4 
- f (2 11') 8 (p + p - p - !pi 

21f p a b o I 

8 
d P1 

ll-----=--
(2rr, 2t

1 
I 

Jo 2 
b t ( 8 •••• ) ~ • 

where p , p and p are the momenta of the correspondin~ 
a b o 

the momenta of the particles of the system R
1 

, and t
0 

,t
1 

ponents of p and p , The differential cross section of t 
o I 

a given 8 , integrated over all other variables, reads 

2tr 
Jo 

d"t ... f I. ( 2t + 1 ) ( 2 f' + 1 ) p ( cos (J ) p ( cos 8 ) 
f.f' f f ' dcos8 p2 

where 

Jo I ys 4 4 

cff (a)--- f (211') 8 ( 
' 2tr p 

2 
p d p 

__ o __ o n 
2f 

Due to the Schwartz inequality we can write 

a 
d p 

I 
(2i;l2;"" 

I 

I o 2 I o I o 
1 cff' < s > 1 ~ vt < 8 > vf , < s > ~ 1 ~ < 8 > I I •t, < 8 > I 

7 

I o 
bf ( 8, 



differential cross sections are consid ered a t fixed t instead of 

we have 

d u.f filS 
~ 

I < const --- U f - I < cons t fn "u.l . 
dt t-/0 v'TiT • 

I t - o 

( 16 ) 

d~ll.f f ns 
ul l < COIIS I f ll 

~ I < con8t --- U of s u 
lnof ' _ v'fiT In - dt 

'"' 0 
t .o 

( 17 ) 

n s ( 1 6 ), i n p a rticular, s h ow that the w idth of the diffraction 

ta s tic and inel a s tic processes 

~ 
du.{dt / t•O 

u .... t ... 
ll;.,d_ • du ./ dt /t•O ... .r 

~crease at • -+ .. fa ster than 1 / ln 
2 

• 

( 18) 

• This result for elastic 

was obtained earlier in a paper of B e s sis who used a different 

3:Junds for the Gross- Sections of Inelastic Processes of 

h1ultiple Production 

we are intended to show that the results obtained before are 

for the processes of multiple production of the type 

• + b .. c + o, (m) 

denotes a system of hadronso We denote the angle between"a" 

16rticles momenta in the centre of mass system by (J • 'Ihe am

the prOCeSS ffi T0 
(a o COB (J • • • • ) wiJl be presented in the fonn of 

6 

a function of 8 , z • cos 8 and other independent variables, which always 

can be chosen in such a way that the integration domains in these varial>
lo 

les are independent of the angle 8 , The amplitude T ( s, z, . . . ) can 

always be decomposed in the Legendre polynomials 

Jo ..yr;- ao Jo 
T (s,z •• . )•hlf-P-r.o(2f+l)bf (s, .•. ) Pf(z) ( 19) 

The contribution from the process lli to the imaginary part of the part!~ 

amplitude is equal to 

Ia 
1., •t ( s) ~II • vl ( 8) 

~ 

Po dpo 
X 

2 <( 
0 

V8 4 4 
- I (21r ) 8 (p + p - p - !pi) X 

211 P a b o I 

8 
d P

1 n-........-- 
< 21f f 2tl 

I Ia ~ 
b f (s , . .. ) ~ , 

(20) 

where p , p and p are the momenta of the corresponding paricles, P are 
• b 0 t 

the momenta of the particles of the system R
1 

, and t
0 

,t
1 

are the time com-

ponents ofp and p o The differential cross section of the process III at 
o I 

a given 8 , integrated over all other variables, reads 

where 

Ia 
dOjnof 

dcoaO 

2 tr Ia 
-- l: ( 2f + 1 l ( 2 f' + I l P ( cos 0 ) P ( cos 8 ) C ( 8 l , 

p ~ f.f' f f ' ff' 

~ a 

( 21) 

Jo I ys 4 4 
C (s) •-- f (211) 8 ( 
ff' 211 p 

p d p 
~on 

2t 

d p I o 
I b ( [2i;f2;" f 8 .. . 

I o 
) bf' ( ••. •. Je( 22) 

0 I 

Due to the Schwartz inequality we can write 

I o 2 I o I o 
1 eft'< s > 1 ::: vl < s > vl , < 8 > ::: 1 ~ < "> 1 1 •t, < s > 1 

( 23 ) 

7 



l 

As a consequence of this inequality we have , on the basis of the relation 
I o 

( 2) , the exponential decrease of CH' in f and f' • By means of the 

arguments used f;bove it is easy to derive inequality of the type ( 14 ) 
d u :t I 5/ 

.and ( 15) for In (see ) 
d cos O 

d 17
1 0 

!nof 1 < 

Oao d cos 0 
const s f.? s u' 0 

In of 

I o 

~ I <const 
d cosO 0/.0 ,n' -

ysfns 

sin 0 

I o 
17

!nof 

Performing summation on the cross sections 

( 24 ) 

(25) 

I o 
d _ 17 tnof over all the pos.-
d cos 0 

sible system ll 
1 

we obtain the expression f:)r the total cross section for the 

production of a particles " c " at a given angle 9 0 

d 0 

~uf =L 
I o 

d 
17

1nof 

d cos 0 I d cos 0 

Similar relatio n s can be established also for these quantities 

d u 0 

~ 
d cos 0 

I < const s e D 
2 

s a 
0 

0=0 - lnof 

.y-;f n s d 17 ° 
tu ef I < const ao 

d cos 0 O.f.O," - sin 0 tnof 

( 26) 

(27) 

Similarly to ( 18) we introduce the notion of the width of the diffraction 

peak for the inelastic processes 

I o 

!:J. -
In of 

I o 
~ 17

1u£ 

dl7
10

'jdcos0 10~0 
In 

!:J. 
c 

In of 

I o 
8 U I no£ 

du 0 .I d cos 0 
toeL 

8 

(28) 
10=0 

~ 
l 

,, 

Then, due to the relations ( 24) and ( 26), it follows that 
2 

can not decrease faster than 1 I ln " 0 
• 

3, The Exponential Increase of the Imaginary Part of the 

Elastic Scattering at Real• > 

We have in the foregoing sections established a numbE 

assuming polynomial boundedness of the elastic scattering an 

for any finite z inside the ellipse E
0

• Using the unitarity cor 

replace this assumption by a weaker one, the polynomial bo 

F (8,z) . lf, at least, one of these inequalities is not full 
ID 

mean that either I F ( 8. z ) is not analytical in E or 
m 0 

faster than any polynomial in this ellipse. We denote by N ( 

rn.un of the modulus of F ( 8, z for any z inside 
m 

easily be pr,oved that F ( 8 , z ) reaches this maximum a 
m 

F (8, c) aN (8) • 
m 

Again we assume I m F ( s , z l to b e analytical in E .., The: 

c ase when only one of the established inequalities is brok 

mean that N ( s l at s -+ .. inc reases faster than any polyno 

now that the study of the behaviour of the corresponding c 

cross- section or the width of the diffraction peak) enables u : 

character of the inct·ease of this function. 

Indeed, by means of calculations used above we can, 

inequality ( 6 ), for example, derive the relation 

2 
F ( s , 1) ~ const s £ n N ( s) 

where N (sl is determined by ( 29 ). This gives 

\F(s , 1lltl 2 
] • exp [ const -

du lj 

I 
d cos 0 Omo 

N ( s l > exp [ const ----
s 8 

9 



quence of this inequality we have, on the basis of the relation 
I o 

onential decrease of Cff' in f and f' • By means of the 

sed above it is easy to derive inequality of the type { ~4) 
d al o / 5/ 

p r l p ef~ { see ) 

d a
1 0 

1 lnef 

I d cos 8 
I < 
8mO 

const s f .f s a' 0 

lnef 

jo ysfns 
~ 1 <const . 8 
d cos8 8/.0 ,rr - sm 

I o 

alnef 

I o 
d _ a lnef summation on the cross sections 
d cos 8 

expression L:>r the total 1 ll 
I 

w e obtain the 

of a particl es " c " at a given angle 9 . 

=I 
I o 

d a loof 

d cos 8 

(24) 

{25 ) 

over all the pos-

cross section for the 

tions can be esta blished a l so fo r these quantities 

d a ,:of I < cons t s f n 
2 

s a 
0 

8=0 - !nef d cos 8 

...;-;to s d a 0 

ln ef I < c ons t -----
d cos 8 8 /. 0, rr - sin 8 · 

a• 
lnef 

(26) 

( 27) 

J ( ~8) w e introduce the notion of the wid th of the diffraction 

<e inelastic processes 

. 
. £ 

I o 
~a,..,£ 

I • 
du 

0
'jdcos 8 l8mO 

In 

c 
6. 

lnef 

I o 
s aloof ( 28 ) 

du 
0 £/ d cos 8 I 8=0 

!no 

8 

tJ, 

Then, due to the relations { 24) and { 26), it follows that these widths 

can not decrease faster than 1 I ln
2

" • · 

3 . The Exponential Increase of the Imaginary Part of the Amplitude of the 

Elastic Scattering at Real • > 

We have in the foreg oing sections established a number of relations 

assuming polynomial boundedness of the e lastic scattering amplitude F < •, z l 

Cor any finite z inside the ellipse E
0

• Using the unitarity condition we can 

replace this assumption by a weaker one, the polynomial boundedness of 

F ( s, z) lf, at least, one of these inequalities is not fulfilled, it could 
m 

mean that either I F ( 8 , z ) is not analytical in E or it increases 
m o 

faster than any polynomial in this ellipse. We denote by N ( s ) the maxi:-

F ( 8, z for any z inside E • It can 
0 

m.un of the modulus of 

easily b e pr_oved that F ( 8 , z ) reaches this maximum at z • c 

F ( s, c l aN (8) • { 29) 
m 

A gain we assume I m F ( s • z l to be analytical in E.., Then, even in the 

c ase when only one of the established inequalities i s broken this woul d 

mean tha t N ( s l at 8 .. .. increases faster than any polynomial. We show 

n o w that the study o f the behaviour of the corre sponding quantities { the 

c ross- s e ction or the width of the diffraction peak) enables us to guess the 

character of the inct·ease of this function. 

Indeed, by means of c a lculations used above we can, instead of the 

inequality ( 6 ), for example, derive the relation 

2 
F ( s , 1) < con8t s f n N ( 8 l ( 30) 

w here N (sl is d e te r min e d by { 29 ). This gives 

IF(s , 1l l t / 2 
] '" exp [ con8t -

t/4 ( 3~) du 

N ( 8 l > exp [ const ---- I 
d cos 8 8-o s 8 

9 



which is a generalization of the inequality 

t/~ 
N ( s ) > ex p [ const a ] 

tot 

obtained by Martin in a different wa) 
2

/ • The following formulae can be 

derived analogously 

1/ a sin() da.f I ] 
N(s) ~exp[const y.- dcos 8 6"'0 , 11 

N (s) > exp [ const-

sa 
.e 

sin() 
N ( s) > exp [ const __.,. 

d a
0
f 

d cos() .() • 0 

d a .t 

1/2 

l 

~ 
Y• a.f d cos() (}"' O,rt 

1 
N ( s) > ex p [ const -

s 

N ( s ) > e xp [ cons t 

N ( s ) > exp [ const 

:;:;: ~ 

y;-

sa 
!nef 

d C>joef 

d cos() 

d a 
- · t ... f 

d cos () 

d a, ... e 
d cos() 

10 

I 
8-o 

I 
().f,o , , 

I 
8~o 

•I• 

t / 8 

1 

1 /~ 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

where a,,..t 

eia 6 
N ( s ) > exp [ coast 

y" ~ ... f 

d l'jnef 

d COB 6 
1
6"'o ,r 

is either the cross section of a binary in 

or the cross section of an inelastic process of multipole pro 

4. Lower Bound for the Cross Section of Inelastic Processe. 

In this section we establish some lower bounds for 

tions of inelastic processes of the type ( m). Let the differer 

tion< have the form 

where 

I o 
d u1 •• f 

:t , 
dcosu Pya 

cf- (a,coe()) 

t 
d 

1
P· lo ' p d p 

G <• , coe6l -JB (p +p- p- Ipl l 
a b 0 I 2f 

n • 
1 ( 2r) 2t 

I 0 

We denote by 1. F (•,coe8l/Jc the contribution to the imagir 

amplitude of the corresponding elastic process (I). 'Ihet 

where 

•• 
I F (•,co.B) I •r JdO B (a,c•B , c- I 
• Jo po I ll 

•• ' ,ll., 
B (a,.,..fl' .,..() l -J3 ( p + p -p-Ip l -L-.JL D-

ll a b o I 2f ( : 

•• T (a,.,..8 
I 

' ••. ) T
10 

(a, cea I , . . . ) 8 

ll 

11 



a generalization of the inequ ality 

t/~ 
N (s ) > exp[ const U ] 

tot 

by Nlartin in a different wa) 
2

/ , The following formulae can be 

nalogously 

t/ a 
•in o du.e I l 

N(sl ~exp[const y;- dcosO O,I.O , w 

N (s) > exp [ const-

su 
.e 

sin (J 
N ( s) > exp [ const --=;;;;-

du 0 _•_< I 
d cosO (J -o 

d (T .t 

../ 8 u.e d cos 6 

1 
N ( s) > ex p [ const -

8 

N (s) > ex p ( COilS! 

N ( s ) > exp ( const 

3;;: ~ 

;;-

su 
!nef 

d ~nel 
d cos (J 

_d ~nef 
d cos (J 

d (Tin of 

d cos (J 

10 

I 

l / 2 

~ 
(J,f.O,tr 

o-o 

I 
(J,f.O,!r 

I 
o~o 

t/ • 

t/ a 
] 

1/2 

(32) 

(33) 

(34) 

(35) 

(36} 

(37) 

sill 6 
N ( s ) > exp [ const 

.,; s u, ... t 
d "' ... t 

d cos 6 
I 
(J,I. 0,11 

(38) 

where 
(T Ia .I. is either the cross section of a binary inelastic process, 

or the cross section of an inelastic process of multipole production. 

4. Lower Bound for the Cross Section of Inelastic Processes. 

In this section we establish some lower bounds for the cross s ec-

tions of inelastic processes of the type ( ill). Let the differential cross see» 

tion< have the form 

where 

I o 
d ufut 

:t , 
dcosu P-,/s 

cf- (a,coefJ) (39) 

~ a ~ 
le ' P d P 

G ( •, coe 6 l • f 8 ( p + p - p - I pI l 
• b 0 • 2f 

n d pi. JT1(.,cos9$l(~o) 
I ( 211) 2f 

0 I 

We denote by 1. F (e,coe8l/Jc the contribution to the imaginary part of the 

amplitude of the corresponding elastic process (I). '!hen ~ can write 

•• 
I F (e,coa8) I •If fdO R (e,c•8 , c- I 
• lo pe I I 

( 41) 

where 

• • ' PI., •• , 
B (e,-li cae8 l • f3 ( p + p - p -Ip) _.___._ D-----' 

I • .. 0 I h U•f h . 
( 42) 

.. , .. . 
T (e.-~ ... ) T (e,c•l

1
, • • • ) 1 

11 



01 and 0
2 

denote here the angles between the momenta of initial a nd 

final partic l es "a" and that of the inte rmediate particle "c". The total cross 

section is 

j 0 

j o d 0 J' 
0 = f---·-D 

ln.f d cos() 
d cos() 

2p ..;;- ~ F ( s • I ) I 
j 0 

( 43) 

We remind that Martin, has proved the analyticity in l!. of the 

imag inary part of the amplitude of the elastic scattering F ( s, z) inside the 

Mandelstam ellipse I 1
/ • By the a r guments, similar to those in the preceding 

section, it can be shown that I F ( s, z) I is· also a n analytical function in 
m lo 

this domain. 'l'he study o t the analytic properties of the Feynman diagrams 

shows, however, that the contribution from some simplest diag r a ms of the 

perturbation theory to the amplitude F ( s. z l satisfies a dispersion rela tion 

in z for the values of s i n the physical domain of the s- channel. This 

was the motivation for the assumption that F ( s, z) is analyti c in Z in the 

complex plane w ith the cuts and poles on the real a xis, It is quite natural 

to assume that I F (s ,z) for the values of s in the physical domain of 

the s channel is also an analytic function in z in the complex plane 

with singularities on the rea l axis. Let us assume that F ( s, z ) I is poly-
m jo 

nomially bounded, i.e. an n exists, such that 

II F ( 8. z) I < const s
0 

8 ..... 

j 0 

for a u from any finite domain. Then a certain rela tion between the beha-

viour of this function at z .. 1 a nd their behaviour at 8 ..... in the interval 

-1 < z < 
j 0 

tion a lo..l' 

1 can be establish e d. Let us assume that the total cross sec-

does not increase faster than some power of 11 s 

F ( s. I) I > 
., jo 

const .. 
s 

s ..... 

at s ~ oa 

where m is some positive constant (see relation ( 43) ) • Then the fol

low ing l ower bound can be written / 6/ 

12 

-o(O lyef ne 
I F ( s , cos 0 ) I > cons! e s -+ oo 

j 0 

c ( 0 ) > 0 , - I < cos 0 < I 

We show now that the ine quality ( 44) w ill be broken <: 

i f the following inequality holds fo r a ll fJ 
TT 

in the interval rr-

some fJ0 satis fying 4 > ~ > 0 

j c l/2 -b(fJ>V.fn o 
( G ( s, cos() ) J < const e • s ... 

b (()) > 0 

1-l?nce we con c lude that the re exists a certa in interval o f a r 

we have 

j c 

d 
0 

lnef 

d cos() 
> const e 

-2 b (()) y(J f.no 

j 0 

To this end we consider the function H ( s. c os fJ
1 

, cos fJ 
2 

) • 

paring the expression ( 42) o f t! 1i s functio n w ith the expre ~ 
j 0 

G (s • cos fJ ) and using t l1e Schwartz ine q ual ity we get 

j c IH ( s ,cosfJ
1

, cos fJ
2

) I j 0 

< ( G ( s , cos () 
1 

) 
j 0 

G ( s, cos () 
2

) 
,•12 

'I'hus 

j 0 

F ( s, c .,~ G ) I < TT fd n ( G ( s , cos () ) 
j 0 

G ( s t cc 
j 0 PO I 

Now, assuming ( 4 S ) it i s e o.sy to derive on tl 1e basis o f th• 

Cl. n inequa lity r e c i proca l to ( 44) . We have thus proved the 

( 46) . 

We h a ve introduced the notion o f the total cross sectic 

wit11 the production of a particle "c" a t a g ive n a n g l e () 

to w rite a s imila r ine qua lity a l so fo r this qu"tntity 

13 
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d 6 
2 

denote here the a ngles betwee n the momenta of initial a nd 

s "a" and that of the intermediate particle "c", The total cross 

d a' 0 

= f lo..f 
d cos6 

d c os 6 = 2p ..;;- ';., F ( 8 ' I ) I 
l 0 

( 43) 

emind that Martin, has proved the analyticity in l. of the 

~art of the amplitude of the elastic scattering F(s, z l inside the 

ellipse I 11 , By the a r guments, similar to those in the preceding 

:an be shown that I F ( s, z) I is also a n analytical function in 
m l o 

, 'l'he study o t the analytic properties of the J:<'eynman diagrams 

ever, that the contribution from some simplest diag rams of the 

'1 theory to the amplitude F ( s, z l satisfies a dispersion relation 

e values of s in the physical d omain of the s- channel, 'This 

•tiva t ion for the assumption that F ( 8 , z l is analytic in Z in the 

l.ne with the cuts and poles on the real a xis, It is quite natural 

"lat I F (8,z) for the values of 8 in the physical domain of 
m 

mnel is also a n analytic function in z in the comple x plane 

trities on the real axis. Let us assume that 

unded, i.e . an n exists, such that 

I I F ( 8 ' z ll < const s
0 

8 -+ 00 

l 0 

F ( 8 , z l l is poly
l 0 

:rom any finite domain. 'Then a certain rela tion between the beha 

is function at :r a 1 a nd their b ehaviour at a -+ oo in the interval 

1 can be established, Let us assume that the total cross sec-

does not increase faster tha n some power of 1 I 8 at s ~ oo 

F ( s' I l I > 
m jo 

const 

m 
s 

• 8 ... 00 

is some positive constant ( see rela tion ( 43) 

2r bound can be written / 6/ 

12 

) , 'Then the fol-

-o( l}}yof no 
I F ( s , cos 6 ) I > cons l e s -+ oo 

( 44) 

l 0 

c ( 6 l > 0 , - I < cos 6 < I 

We show now that the inequa lity ( 44) will be broken a t rr-260 <6<260 

if the following inequality holds fo r a ll 6 in the interva l rr- 60 ~ 6 ~ 60 for 
TT 

some 6
0 

satisfying 4 > ~ > 0 

jo 1/2 -b(6lFfno 
[ G ( s, cos 6 ) ] < cons ! e ' s -+ ( 45 ) 

b (6) > 0 

1-f2n ce we conclude that the re exi s t s a certa in interval o f a n g l e:;; in which 

we h ave 

l c 

d a lnef > const e 
-2b (0) ve f.ne ( 46) . 

d cos 6 

l 0 

To this end we conside i' the function H ( s, c os 61 , cos 6 2 l . Com-

paring th e exp r ession ( 42) o f tl1is functio n with the expr ession ( 40) of 

l 0 G (s , cos 0 l and using t !1e Schwartz inequality we get 

l 0 
1 n < s • cos 6

1 
• cos e 

2 
> 

l 0 l 0 112 
< [ G ( s ' c os 6 I ) G ( s ' cos 0 2) I . 

'I'hus 

F ( s' C ·>~ !J ) I 
l 0 

< TT 

l 0 

f d n [ c < s • cos 6 l 
p o I 

l 0 

G (s, cos 6 
2 

) ]I I~ 

Now, assuming ( 45) it i s ensy to derive o n tl 1e basi s o f the last relation 

etn inequa lity reciprocal to ( 44). We have thus proved the low er bound 

( 46) . 

We have introduced the notion o f the to ta l c ro ss secti o n 

wi.tl1 the production of a partic l e "c" a t a g ive n a n g l e 6 ,It i s 

to w rite a s imilar ine qua lity a l so for this qu"l.ntity 

13 

d a lnef 

d cos 6 
possibl e 



d a I nee ·- 2~(f)}ysPn • 

3 ( 17) > "onst e 
d cos (J 

h ( o l > a 

for the values of 8 in a ccortain interval. 

vVe poiJtt oul that our assumption that the c r oss sections a J of and 
lne 

a do not d ecrea.se faster than a certain power of 1/ s c an be also 
lnef 

pr•:.>ved cxperime ntn lly. Tn the framework of the Regge theory s u ch a beh<"t-

viour o f the cross section s for zero angles i s valid for the majority o f 

processes. 

5 . Asymptotic Equality of the Cross Sections of Cross ing Processes of 

Multipole Production. 

W e consider now the inel astic crossing processes 

a + b a + a + 
I ~ 

.. + a + b' 
n 

a + b '-. a + a + . . ... + P + b 
I 3 n 

' 

(IV l 
I 

(IV ) 
2 

w,, denote the momenta of particles "b" and "b" in (IV
1 and those of 

particles " b" 
'I 

a nd "b" in ( IV
2

) by p and 

a nd " a " (or those of their a ntiparticles) 
I 

vVe can chose 

p
1 

the m o menta of particles 
f n 

by q and q. We put ~ = l: 
J=l 

2 
•=-(p+q) 

3 
1 •-(p -p ' ) 

'Ia'' 

q . 
I 

\ ( p + p ) 
( •±8 ) 

w =- k 
I I -(q- kl+l li v 

I k ( p + p, ) 
I+ I 

cts suitable independent invaria nt variables. 
1,2 2 

Let T ( s • I • W 1 • I 1 v 1 l be the a mplitudes o f the processes 

under con s ide ratio n. 
3 

These amplitudes for fixed values of the variables 

I . I 
I 

w 
I 

v 
I 

generally speaking , do not satis fy the dispersion relation 

14 

in At s 

T 
1
'\ s, I W 

2 
I , 

00 I r 3/ 
on t11e real axi s 

p to tic a mplitudes 

however, they tend to c e rtain asymptot 

v 
I 

anal y tic in s in the co:11plex p l a 

The crossing - symmetry r e lation h o lds foi 

2 
T ( D • t • w II ) 

I 
T ( s • t • 

2 
w 

I 
t II ) * 
I I 

u + I m + m 
b 

+ m , + w 
1 wher e s + 

cctn prove/ 
7

/ tha t fo r non- oscilla ting amplitudes 

• From thi 

T 
1

'
2 at s 

the asymptotic e quality of the differentia l cross sections o f 

(IV a nd (IV ) for the finite val ues of the variables t 
3 

w2 
I 

Let us consider the processes ( IV
1

) a nd ( IV 
2 

l a t fixed valt.. 

The p h ysi cal doma ins of the variables vf i> 2 and w 3. 
1 2 

d e pend o n s , t a nd W 
I 

• I bwever, these doma ins rema in f i n 

It means tha t a t very h igh energ ies the d omains of integ r a 

variabl es W~ • i > 2 a nd I II i > I .:.tr e pra ctically i 
I I -

and the values of these varia ble s a re fi n ite. Both sides o 

tic e quali ty for the diffe rentia l cross s ectio n s of t: 1e p r oc;ssE 

can therefore be integ r a ted over a ll possibl e values of W1 

I 
I 

II 
I 

> 

wne r e a a na a 
1 2 

• As a result w e have 

2 2 

a at a a2 

2 = 2 
a 1a w a 1 a w 

1 I 

a r e tne cross secu o n s Ol t ne processes 

For fixed v a lues of w the number of poss ible systems a
1 

i s finite . We can t ;1erefore perform a summation in both s ide 

tion (50) over all possible channe l s . A s a result we obtain 

2 
aa(o+b-+ .... +b ') 

a 1 a w 
I 

15 
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a 1 a w ·'~ 
1 
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d a lneC 

d cos (J 
> "OllSt 

·- 2~ ((}) V• P n • 

-alues of e in i.l certain interval. 

3 ( 17) 

h ( (J ) > c 

poi11t oul that our assumption that the c r oss sech ons a and I 
. . J 0 

lnef 
~o not dc:>crease fa ste!:' than a certain power oi 1/ s c an be also 
1 
xperimentnlly. Tn the framevvork of the Regge theory such a behi'\-

the cross sec t ion s for zero a n g l es i s valid f o r the maj ority o f 

~s . 

ptotic Equality o f th e Cross Sections of Crossing Processes of 

Multipole Produ ction. 

cons i der n ow the i nelas tic c rossing pro cess es 

a + h .. a + a + . . . . . + a + b' 
I 2 

a + b' .. a + 
I 

a+ ..... +•+ 
2 

h 

(IV ) 
I 

(IV ) 
2 

to te the mome nta of particles "b" a nd II till i n (IV
1 and those of 

" b" 
., 

and ''b11 in (IV
2

) by p a nd p 
1 

the m o menta o f p a rtic l e s 

' ( o r tho s e o f the ir a ntiparticle s) 

chose 

I D 

by q and q. We put ~ = I 
J=l 

s 
2 

- ( p + q) 
2 

t•-(p-p ' ) 

"a" 

ql 

q ( p + p ) 
( 4-8 ) 

-k 
I 

t, =-(q-kl+l " I 

>le inde p end e nt invaria nt variabl es. 
1,2 2 

I 

k ( p + p. ) 
I+ I 

T ( s . t . W 1 • t 1 v1 ) b e the a mp litudes o f the proce s s e s 

:Jn s ider a tion. These a mplitudes fo r fixed values of the v a riables 

" I gen e r a lly speaking , d o n o t satis fy the dis pet·si o n r e l a tio n 

14 

in s At s , however, they tend to c e rtai n asympto tic a mplitudes 

I 2 2 
T ' ( s, t W t , 

oo I ~ J/ 
II 

I 
analy tic in s in the co:npl ex pla n e w ith c uts 

o n the r eal a xis The cros s ing - symmetry r e l a tion l1o lds fo r these asym-

p to tic a mplitude s 

T ( o , t , W 
I 

2 
II ) 

I 
T ( 5 • t • 

2 
w 

I 
t II ) * ( 49 ) 
I I 

w h e r e s + 

cct n prove/ ? / 

u+t=m +m + m,+W 
• b b 1 

• F'r o m this re l a tio n we 

tha t for n o n- oscilla ting amplitudes 
T 1,2 at s oo w e h ave 

the asymptotic equa lity o f the diffe r e ntia l cros s sectio n s o f the proces,:;es 

(IV a nd (IV ) for the finite val ues o f the varia bles t 

2 w t 
I I 

II 
I 

2 
L e t u s con s ide r the processes ( IV

1 
l a nd (IV 

2 
l a t fixe d value s o f t a nd 

w 2. 
1 

The phy sica l d o m a ins of the varia bles vl 
2 

i > 2 and W. 
I - I 

2 
d e p e nd o n s , t a nd W • I b wev e r, these doma ins r e ma in finite a t s ..... 00 

It means tha t a t very hig h energ ies the doma ins of integ r a tion o v er the 

varia bles W~ • i ~ 2 a nd t 1 
11

1 i ~ 1 u r e pra ctica lly i n d epende nt of 

s a nd the values of these varia bl es a re fi n ite. Both s ides of th e asympto

tic equa lity for the differentia l c ross s ectio n s of t : 1e p rocesse s (IV1 l a nd OV 2> 
2 

cdn the refore be integ r a ted over a ll p ossible values of W1 i > 2 a nd 

t 
I 

II 
I 

> • A s 

2 
a al 

a ta w
2 

I 

a result w e h a ve 

2 
a a2 

2 a 1 a w 
I 

( 50 ) 

wnere a ana a a r e tne cross secuons ot tne proces ses 11 v 1 ana 1 1 v 1 • 
1 2 I 2 

F'or fixed v a lues of w the number of possibl~ syste m s a
1 

+ a 2 + . . · an 

i s finite . We can t ;1erefo re p e rform a summation in both s ides of the rela

tion ( 5 0) over all possible c hannels . A s a re s ult w e o bta in 

2 
aa(a+b ...... +b ') 

a 1 a w 
I 

15 

.. 
aa(a+b' ....... +h 

( 5 1) 

a t a w ·'
1 

I 

s .. 00 



Ti tt:> d o ts in tl te b rackets denote the p<lrticle syste tns witl 1 the e ffective 

ffi·::l.SS IV 1 • W ·2 not e thot for l11e dete r mina tion o f ll1e c r oss - s ectio n s a p-

pPc.l t' inu in the relati o: 1 ( 4 I ) it is sufficient to measur e the momentum of one 

·A [! tQ pa rt icles ( pct rticl e "b" o r partic le "b" ) s ince t ' ti s a JJows the de fini-
2 

tkm oft i\nd W1 ( the tn ixing tnass mell tod ) . llecause o f the C-invar ia nce 

ln e cross s e c tion o f the p rocess ( IV 
2 

l is e q :..ta t to tha t o f the process 

~ t 

a + b ... n+a+ 
1 2 

+ a + b 

S o w e have, besides tl lC' rekt! io t t ( !l 1 ), a n o the r equa ti o n 

2 

a (J (a + b -+ 

a, a w 2 

I 

+ b' ) 
2 

a (J ( a + b 

a, a w 2 

I 

( IY
3

) 

.. + 
( :.>2) 

Concludin g th is sect io n, w e 

cl teck e d exp e rime nta ll y : 

prese nt so111e con c r e te r e la tio n s to b e 

2 + 
a u( rr +p -+ . -+ p ) 

--~----,;:-----a, a w • 

2 + + 
a U ( rr + p -+IT + 

at aw 2 

2 + + 
au (rr+ p-+ k + ) 

a1 a w 
I 

2 
a a ( p+p+p+ . . . ) 

at a w 2 

2 
au( rr + p -+ . + p ) 

a, aw 2 

2 

aa( rr + p-+ 77 + 

at n 1V 
2 

2 
aa (k + p •11+ . ) 

a, a w 

2 .. 
a u ( p+p -+ p+ .• ) 

- ----,.------ - -a, a w 

The correspond ing r e la tions fo r th e r eson a.n ce produ c tio n c ross- s e c tion 

wer e o bta ine d earlie r in r e r./ S/ . 
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in l11e brackets denote lhP pdrlicle system s witl1 the e ffe ctive 

• VV·= nol e that for l11e delermin~tion o f the c ross- sections a p

the rela lio: 1 ( 4 I ) 1l is "'ufficient to 111easur e til e Ill omentum of o ne 
I 

rti c les ( pilrticJe "b" or parti c le "b" ) s ince t1,is a llows tl1e defini-
2 

<1 nd IV (the mixing 111ass mPtl1od). lleci:luse o f tile C-invariance 
I -

rs section o f the process (IV 2 ) is e q :.la l to tha t o f the process 

"' I 
+b -+n+a+ 

I 2 
+ a + b 

( IV
3

) 

ve, besides tl 1e r ekdi o 11 ( !>1)1 a not11e r equation 

2 2 
a a (a + b -+ . + b ' ) a a ( a + h -+ ... + 

_2 _____ 

"' a, a IV 
2 a, a w 

' 1 

( 52 ) 

nclu::!ing thi s section, we fJI'ese nt sotne concrete rela tio n s to b e 

experiln e nta ll y: 
2 + 
~a(IT +p-+ .. + p ) 

a.aw 2 

2 + + 
aa( IT+p -+IT+ 

a, aw 2 

2 + + a a (IT + p-+ k + ) 

at a w 
1 

2 
aa(p+p+p+ .. . ) 

a, a w 2 

2 
a 0 (IT + p -+ 

at aw 2 

2 

aa(IT +p-+rr+ 

atarv 2 

2 
aa(k-+p•IT+ 

a, a w • 
1 

2 ~ 

a a ( r + p -+ p + 
---- --2 

a, a w 

. + p ) 

. ) 

. ) 

oosponding rela tions for the r eson a. n ce produ c tion cro.ss- section 

ined earlier in r e f/ sf . 
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