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The concepts of the peripher.al model (PM or OPEM)/ 1- 3 / for the 

single- pion production in the nucleon-nucleon collisions were verified by 

comparing with experimental data for the distributions of nucleons produced 
in the process 

( 1) 

at incident proton. energies T= 970, 2000 and 2850 MeJ 2/. It was estab

lished that the experimental data can be explained on the basis of PM pro

vided that the unknown function characterizing the pion- nucleon form- factor 

dependent on the value of the momentum transfer fl 2 and independent of. the 

incident energy T has the shape/ 2/ 

G ( fl 2 
) = 0.72 

(2) fl 2 2 + 0.028. 
l +µ + 2 

4,73· µ 

2 
follows/ 5•6/ Later it was shown that it is better to choose G ( fl ) as 

2 
2 2 8µ 2 9µ G ( fl ) = 

fl 2 2 or G ( fl ) = 
fl 2 2 + 9µ + 10 µ (3) 
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w,ich are nearly the same as ( 2) and give good agreement with experi-• 

mental· data at three various energies, This fact is considered as a proof 

of the applicability of the peripheral model concepts in the given energy 

region, 

In the present paper the calculated pion energy spectra are compar ... 

i ed . on the basi~ · of the peripheral model with the experimental "+ - mes~ri 

energy spectra measured at different angles 0L at the incident energies 
, " 

T .. 660 MeV and 556 MeV with the aim of clearing up the possibility to use 

the concepts of the peripheral model in this energy region, 

+ 
1, Expression for " Meson Distributions 

in the ii + p ➔ - - + 
p + n + " Process 

In the frame of the peripheral model process ( 1) is described by 

four Feynman pole diagrams of fig. 1, The expression for the differential 

· cross section can be written as/ 
2

/ 

3 8 8 
-5 4 ll 4 

du = (2 1r) - 1- ....!!!.... l: I M I 8 (P -P ) 
F 2 fl f I 

dqdq 1 dq
2 

q O q 10 q 20 
( 4) 

and the energy distributions at the given angles are determined by the 

expression 

d ll <7 

dq 0 dO 

-5 4 

~-m-liil 
F 2 

ll 4 
Jl: I Mfl I l, (P, -P,) 

8 3 
d q Id q ll 

q q 
10 20 

( 5) 

To ·calculate expression ( 5) it is necessary to carry out the 

sive integrations four of which could be performed using the 

six succes

s 4 
- function, 

As to the two remaining integrations, it is convenient to carry them out 

numerically with the help of the L R - reference system ( fig,2) suggested 

in ref_T
7T, Leaving off ~e details of these derivations described in/ 7/, we 

4 

· represent here the final result for the point of the pion energy spectrum 

relating to the kinetic energy TL • q L - p. and the angle 8 ~ in the lab, 
" 0 

(L) system 

d 2u 
-5 B fT 2 

(2") , -L R ( 6) 
• ---m I q I f d cos {3

1 
p ( q , cos /3 ) f d ¢, I M ( q , cos /3 , ¢, ) I , 

dqLdOL 
O· 

where 

F A 10 l 0 I fl 10 I I 

Cl 112 I 

L 
q 

2 2 2 22 2 2 2 2 
------(R (R -R )+Rcos/31 y[(R 0-R ) -4m (R -R cos {3 )]I, (7) 

2 2 0 o o I 10 
2 ( R - R cos {3.) 

0 J 

L 
Ro= P 10 + m -

L 
qo 

L 2 L 2 
R-lv'[(pl) +(q) 

L L L 
-2 p 

1 
q cos El" ] J 

(qL)2-m2 
R 

p ( q JO. cos /3 J ) .. I JO I • 

A 
low 

( cos {3 J ) 
Um 

L 2 2 L 
R

0 
y[ (qJO) - m ] - q 10R cos {JJ 

2 2 

lv'[

.4mR -{Ra 22 o O -R ) ] 
2 2 I · 

4 m R 

5 
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( 8) 

(9) 

( 10) 

( 11) 



up 

B ~ ( cos f3 I ) Ilm 
1 =---

2m 

(R
2

..;. R
2

)--2m
2

A 
2 

0 

/_ . 
lv[R2-{R2-m2)A2]1 

0 0 

( 12) 

It is convenient to write down the square of the whole matrix element relat

ing to the four diagrams of fig. 1 of process ( 1) as follows 

2 2 cf. 2 2 2 2 2 2 IM I =(2ffl --
4
-[(c +c )X +Cc + c )y +(c c +cc )ZZ*], 

II m I 8 2 4 I 8 2 4 
( 13) 

2 
mere G, 

2 
16 rr m 2 

f 0.28 is the coupling constant of 
JL 2 

2 2 2 

strong interaction, ( c 1 + c 3 l X 
2 

( C 2 + C 

2 
y 

2 
are the sums of the 

square of the matrix elements of diagrams a), c) and b), ct), respectively; 

is the sum of the interference terms of the diag-(c
1

c
3

+ c
2

c
4
)ZZ* 

rams a), c ) and b), d) ; C 1 '• • •, C 4 
are the basic isospin coefficients 

corresponding to the diagrams a) - ct'), for which in· the case of process 

( 1) the following relation takes place 

(ell+ ell) 
I 8 

( C 2 + C ll ) ll = ( C C +c C ) = 
2 4 I 8 2 4 

20 

9 

( 14) 

A detailed expression was obtained for. the square of the peripheral matrix 

element ( 13) in ref/ 21 • The calculation of the matrix element in the pre,-. 

sent study takes into account the specific feature of' process ( 1) at the 

given energy, namely, the fact that in the energy region T = 500- 700 MeV 

the main contribution to the amplitude of rrN- scattering is due to the 

( 3/ 2, 3/ 2) resonance. It means that it is necessary to take into account the 

contribution from the amplitude with f = 1, j=3/ 2 only. The virtuality of 

one of the pions in diagrams a), •.. , ct) was taken into account basingon 

the derivation of the one-- dimentional dispersion relations obtained in rel ~/ 

In the following formulae ( 15)- ( 32) the notations are the same as 

in ref/ 2/, where 

6 

■ 

2 
I 

G (t 
2

) 
I 

2 

is the propagator function of the virtual pion, 

+ µ 

K(t 2 lK'(t 
2

) 
I I 

is the function depending on the momentum 

2 
transfer 11 t 

one, 

K ( t\ l 

K ' ( t 2 l 
I 

is the picnic form- factor and 

is the ratio of the whole propagator to the perturbative 

u < 11 l is the ( 3/ 2 3/ 2) resonance total cross section of 
88 / / ' 

rr N- scattering described by the phenomenological formula 
9 

, f ( u , t 

2 

I+ I 

is the ( 3/ 2 3/ 2) resonance amplitude of the virtual " N scattering, r ( t : ) 

is the factor taking into account the virtuality of one of the pions in the 

virtual rr N scattering in diagrams of fig. 1 derived in ref.' B/ on the basis 

of one- dimensional dispersion relations. 
. . 2 y 2 * 

The above-mentioned suggestions. adopted. the values X , , ZZ 

in expression ( 13 ) have the following explicit forms 

2 2 2 2 2 2 2 2P x = u I n < 1 1 i I f 
1 

+ < u • 1 i 1 < 1 + s cos 0 i • 
( 15) 

y 
2 2-2 2 -2 -2 2 2 P 

11 1 n < 1 
1 

i I f i+ < 11. 1 i 1 < 1 + a cos c i , ( 16) 

z z * = 11 2 n < 1 2 l n < i" 2 1 I f * < 11. 1 2i f < 11 • "i 
2 

1 I x 
I+ 1 + 

p P P 2. P 2P 
!(11+mlR [1+ 9cos0 cos£ cosa -3(cos 0 +coscl]+ 

(-) 

p p p 

( n - m ) R )[ cos a +. 3 cos 0 cos E ] I , 
(+ 

( 17; 
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mere 

2 1 2 2 2 -2 fl ( I I) = C (1
1 

) , ( I = I ,I ) 2 2 
I I + /1 

I 

p 

( u, I 
2 

) 
p I 2 a aa(u) 

= r <1 ) v' [ I . I+ I q p I 8" 

2 2 
. 2 2 

3 ( I 2·+ fl 2) I I + /1 ½ 
1, + /1 1(1

2
) = (1 + ) [ 1 + I l [ 1 + I 2 

4m 2m(u-m) 2 m( u - ·m) 

2 p 3 
(J (u) = _2_"_ [ y 

l y =[ 2c q • a > l 
P 2 Yo· aa (qp ) 2 

( u - u ) 
2 

+ y 2
/4 1 + ( q • a ) 0 

R =[(pp+m)(pp+m)]½ 
( +) 10 20 [ p p l ½ R (-) ( p 10 - m )( p 20- m ) ' 

cos(") p 

L 

p 
cos ( 

cos a 
p 

2 q pp p 
2 

r 2 + ( m 2 + /1 2) -2 q pp p J • 
0 20 

------[ ,2 + (m2+µ2)- 2 qPpP] 
2 q pp p O 10 

I 

------[2m
2 -w 2 + 2ppppj 

2 p Pp P 10 20 
I 2 

,3 

( 18) 

( 19) 

l 
-a 

, ( 20) 

·1 

(21) 

(22) 

(23) 

(24) 

(25) 

qP=__l_(n 2 2 
- m 2) • 

p 
=[(qP)2 -µ2]½ + /1 q 

o 2n 0 ( 26) 

. 
p 

=-l-(n2+ m 2 + I 2) • p·p~((pP)2 - □ 2]½ p 
10 2n I 10 

(27) 

P l 2 2 2 
p =---.{u+m +t), 

20 2 n 

p P 2 2 ½ 
p =[ { p ) - m J 

2 . 20· 
(28) 

2 2 2 2 -2 
n ~w - 3m -t -t 

( 29) 

In expressions ( 2 2) - ( 28) the upper index "P ,, denotes the re-

ference system where 

matrix element I M,. 1
2 

-+p -p 
q + q 

2 
= 0 • As a result, the square of the 

for pions ( particle q ) , produced in process ( 1) 

turns out to be expressed through the invariants w 2 
, r 2, ;- 2 , z 2 , t 2 , r 2 , 

w.ich are of equal strength to the fundamental set of the invariants 
2 

w "'2,n2,t2,6.2 • The invariants 2 2 - 2 2 
W ,r ,r ~z can be 

simply expressed by the constant values determined in the L- system 

2 2 L ½LL½ L 
r =-(m-µ) +2µT-2T {m +T)-2 [T(T+2m)] [T (T+2µ)]cos0 ,(30) 

,r ,r ,r t1 

-; 2=-( m- /l 
2 L 

+ 2 m T 

" 
W 

2 = 2 m ( 2.m + T) , (31) 

2 
z = {qL+qL)2 

10 20 
{qL+qL)2=R2-R2= 

I 2 0 (32) 

'$ 

9 



2 
·(2m - µ ) 

L ½ L L ½ L 
+ 2T(m-µ)-2T (2m+T)+2[T(T+2m)] [T (T +2µ)] cos®. 

rr rr rr rr 

The square of the matrix element contains the functional dependence 

on the integration variables cos /3 
1 

and .cf, 
1 

only in the invariants 
2 2 -2 

t = - ( q - p ) • t = -· ( q 
I I 

p )
2 

, their expressions being as 
2 . 

follows: 

i) if, taking. into account B -functions, the integrations in expression 

( 5) 1'\ere made by the use of the differentials d 8 
q and d 3 

q , succes--
2. 

sively, then 

L L 
t 2 =2( p q 

10 10 

L L 

m 

( p sin El ) ( 
I rt 

2 qi. L 2 2. ½ R 2 
-- [ ( q ) - m .] [ ( -- + 

R 10 L 
q 

2 ½ 
- cos /3 l cos cf, l I , 

I . I 

t 2 a2(mqL\-m
2 

); 
10 

p L cos El L - q L) cos /3 + 
I rr 

(33) 

ii) and if the integrations were made in an inverse order, i.e. at first over 

daql and then over d 
3 

q 
2 

, then 

2 { 1 2 2 L LL 
t =2 ---(2m + µ ) +mq + (m-q )q + 

2 O O 20 

(35) 

qL L 2 2½ L lJ L 
-- [ ( q ) - m ] [ ( p cos 0 .:.. q ) cos /3 

R 20 I rr 2 

L L 2 ~ 
+ < P sin .0 H 1 .- cos /3 l cos cf, l I , 

I IT 2 2 

-2 I 1 2 2 L L' L L L L L L [ L 2 21\i I t =2 ---(2m+µ l+p q + p q cos0 +(p -q )q -R (q )-m cos/3 • 
2 10 10 I IT 10 0 20 20 3 

(36) 

The integration limits A and B ( ( 11) and ( 12), respectively) for the 

variables cos/3 
1 

and cf, 
1 in the cases i) and ii) are the same, this fact 

10 

being the consequence of the identity of particles q 
1 

and q 
2 

with respect to 

their kinematics ( m 1 = m ~ = m is the nucleon mass). 

2, The Comparison with Experimental Dat.a 
+' 

The energy distributions of rr - mesons, produced in process ( 1), 

· can be deduced by the numerical integration over the variables cos/3 1 and 

cf,I of expression ( 6). 
L 

The values of kinetic energy T 
IT 

of the pion spectrum at the 

given angle 9L 
rr can lay in the region 

L 
T 

tr max 

B 
p 

20 

L 
( 0 ) •µ 

rr 

w 
2 

L L 
0 < T < T 

1T - tr max 

L 
( El ) • 

rr 
( 37) 

m B D B L m 2 · B 2 B 2 a2 2 L, ½ 

{ 

(--) p q + k, cos 0 [(-) (q )-(p )+(k )cos0 J } 
µ 20 0max rr µ 0max 20 rr 

---------'------t 
B2 B2 2L 

( P 20 ) - ( k l cos El rr ( 38) 

B 2 
k a ( ._w_ m2 ), ½ 

4 

r _,..., ~ • 

B 
q 

O max 

__ l _ ( W2-4m2+µ2). 

2W 

(39) 

From the realness condition. for ( 38) we !'let the corrlltlon of the , = 
existence of the limiting angle 

B 
p 

20 

-(-m-)qB 
I' 0 max 

> 0; ( 4'0) 

The direct calculation of ( 38) shows that it does not hold, this fact deter .. 

mining the possibility of the whole physical range of angles, e.g. 

,. 
11 



I In 

L 
0<0 <rr 

1T 

L 
- 1 < cos 0 < + 1 • 

1T 

the present investigation the energy distributions of 

( 41) 

+ 
" - mesons pro-

L 
'duced in process ( 1) at various angles 0 at kinetic energies of in-

" cident protons T .. 670, 657, 654 and 556 MeV were calculated using the 

-computer. 

The calculated normalized spectra of rr + - mesons in comparison 

with present day existing experimental data/ 
12

- 16/ · are shown in figs. 3- 10. 

In all the calculations for the ( 3/ 2) resonance of the physical rr N- scat-
/ 9 11/ -3 :_ 1 

tering the values ' u 
O 

• 1235 MeV, y 0 = 58 MeV, a= 6.3• 10 MeV • 

were taken. 

The function 
2 

G (t
1 

G (t 
2 

I 

was taken in the form/ 
5

/ 

2 
8µ 

12 + 9µ2 
I 

( 42) 

The energy spectra calculated with u 
88 

.. const. in expression ( 6) 
2 

and the curves of the phase volume ( expression ( 6) with IM fl I ., canst.) 

were also obtained. These calculations were made with the aim to clear 

µp the ~ale of the 33- resonance of the physical rr N scattering and 

that of the phase volume. These results of the calculations have shown 

that the experimental data cannot be explained only by the behaviour of the 

phase volume and that the 33- resonance is of _great importance. 

The agreement of the theoretical spectra of rr + - mesons deduced on 

the basis of a peripheral model with the experimental energy spectra for 

the wide range of angles in the energy region T = 556 - 670 MeV is to be 

considered as a good one in the main pprt of the region of the continuous 

spectrum except the region near the limiting energy where due to the poor 

resolving power of the experimental arrangement in the experimental spect

ra there is the additional yield of rr + - mesons from the process p + p ➔ d +rr +. 

All the calculations were carried out using electronic computers of the 

Joint Research Institute. 
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3. Discussion of Results 

As has been shown in refs/ 
2

- 6 / , the concepts of the peripheral . 
model can be used to explain the single- pion production process in nuc-

leon- nucleon collisions at energies above 800 MeV. However, the results 

of ref/ 
7

/ cast doubt on the complete quantitative success of the peripheral 

model, since the computations based on the formulae of ref./ 
2

/ turned out 

to be in contradiction with the energy and momentum conservation laws. 

Nevertheless, one may hope that using the peripheral model it is possible 

to describe qualitatively process ( 1) and that the peripheral model concepts 

in the energy region below 800 MeV can be useful. Earlier it was usually 

considered that there exists a satisfactory explanation of process ( .1.) on 

the basis of the J\/Iandelstam "resonance" mode/ lO/ in which the main 

attention was paid to the effects of rr N and NN interactions in the final 

state and the matrix elements were considered to be constant. The peri,

pheral model has the advantageous feature in comparison with the Mandel

stam model, especially because of the fact that in the peripheral model 

there exists the explicit method for deriving matrix elements and their depen

dence on the characteristic invariants is clearly estal!:ilished. It is natural 

to assume the applicability of peripheral model concepts to the energy 

reg~on below 800 MeV and to try to prove it by comparing with pion spec

tra as the pions are just the produced particles. The results of the present 

study show that the pion spectra at ti.yo different energies, namely, '1'=556 

and 660 MeV, can be qualitatively explained on the basis of the pedpheral 

model_ using at these energies the same formfactor G ( t 2 l = 2 
8 

I': 
2

2 I I + 9µ . 
This· fact should be considered as a proof of the applicability ~f peripheral 

model concepts for process ,(,1) in the energy region T = 500-700 MeV. 

Finally, we would like to mention that for the complete proof of the applica

bility of the peripheral model concepts it is desirable to calculate nucleon 

spectra t.aking into account the results of the refJ 
7
/. This problem will be 

the goal of our future investigation. 
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Fig,1, The four Feynman pole diagrams describing . the process of single

pion production in the peripheral model. 
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Fig,2, The positions of vectors and angles in the L R - reference 

system ( "t = pL - qL 
1 _..,L • 

, the reference system rotated 

relative to the vector p 1 by the angle 
L l L L L ) 

cos ( = -- < P - q cos e > • 
R I TT 

16 

L 
( 

1.0 

d26 dT:; dQ~ (~tt ....... tts) 

p + p __,.. p+·n+ :n:+ 

T= 657 MeV 

9~= 24° 
Ill .--·-. . 7 

/ 

o.s~ ; 

I 
I 

100 200 300 T.;,MeV 

Fig.3. The comparison of experimental and theiretical laboratory kinetic 
+ 

energy TT - meson distribution at T = 657 MeV, E)L = 24 o 
TT 

for the process p + p .. p + n + TT+ • Thick full line 

represents the result of calculation using formula ( 6) of the 

given paper, 

Thin full line 11 is the result of the calculation of formula ( 6) with 

a 88 = const. 

Dash-dotted line Ill represents the phase-:- volume curve ( formula 

( 6) with I M fl I 2 = const ). 

The line labelled FS is the result of calculation using formula 
· I 2/ ( 3,87) of ref. • 

Here for comparison the results of Mandeistam' s 

are also represented ( lines labelled by M ). 

data of ref.f 1 3 /. 
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