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1. Introduction 

The realization I 11 of the 
SU (2) group by boson operators repre-

sents the state 1111ith quantum number j , m in the form 
I 

-,.- l+m J-m 
[<J + m>r<i-•>11 1 e ., >. 

( 1) 

where e and ., are creation boson operators. In this basis the an-
gular momentum operators become 

a a 1 a a ( 2) L+·e-, L_.q ar L.,- -( , __ IJ-}. a., 
2 ae a., 

The annihilation boson operat~rs are written as derivative with respect 

to the creation operators. 

In the papers I 
2

•
3
1 an auxiliary creation boson operator ' is 

introduced such that the 

·scalar product 

3 - j symbols take the simple form of a 

11 +m1 1 1 -m
1 

J -21
1 'I 'It 'I 

where the normalization factor N is 

J 

'I '2 ' 5 
'I I 'It 'I~ 

el e2 e a 

J 

> • 

N "' 
(-1) -K 

__;,_..;:;..;___[ ( J + 1 ) I D I ( j I + • I ) ( it -.I ) ( J -2 j I) I] J I I 

3 

(3) 

( 4) 



Throughout this paper 

Iation m 1 + m 2 + m 8 a 0 

J denotes the sum J•i 1 +i 2 +ia and the re-

is satisfied. 

2. Recursion Relations 

An operator ' 1 from the left part of the scalar 
a 

product acts in the 

right as annihilation operator ---az-;- and it gives 
J-1 

' 1 '2 '3 ( 5) 
J <, ~ - ~ 'I ) 

2 8 2 8 'It '12 'Ia 

~1 ~2 ~8 

The.' operator 71
2 
~a - ~ 

2
71

3 
which multiplies the ( J- 1)- th power of the 

determinant becomes T :/: - :~ Tin the left part of the scalar pro-
'12 ', 3 , 2 'l 3 -

duct. Comparison with the definition ( 3) and { 4) gives the following rela-

ti•-:>n 

. . 1 . 1 
~!. i 1 i 2 i 3 1!.(1112-TlsT) 

[(J +ll(J-2j 1l] ( )=[(j2+~)(j3-mal] m m -+m +T -
ml m2 m_a . 1 . 1 I 2 a 

li ( l 1 l 2- 2 J 8- 2) 
- [(j - m )(j + m ) J 1 1 · 

2 2 3 3 m1m2+2m 3-? 

( 6) 

In a similar manner, acting with 'I 
1 

in the right and after that with 

~ 
2 

' 
8 

- ' 
2 
~ 

8 
in the left part of the scalar product one obtains 

If. ( j I j 2 

[<J+1Hj 1-m 1 )] \._m
1

m2 
ia ) = 
m3 ( 7) 

lfl(j-.!...)·1·-l) If. j-.!..j-lj 12232 I 222 8 
=[(j + m ){J-2j )j -[(j +m }(J-2j l] ( )· 

8 3 2 I I 22 8 I I 
ml+ 2m2m3-2 ml+2m2-2 m 3 

All other recursion relations which .can be obtained in this way fol­

low directly from { 6) and { 7) by using the symmetries of the 3 - j sym-
/ 4/ . . bols relative to permutation of the three angular momenta and change 

of the sign of the magnetic quantum numbers. 

Another recursion relation is obtained by using the fact that the ope-
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\I 

ll• 

{ 
ll• 
'l'. 

i 
r'1: 

1\ 

\ 
,' ~ 

a a a 
rator ~~cr;;;- +ell~+ ~a "dii; gives zero when it acts on 

from eq. ( 3). When this operator acts in the left part of 
. a a a .t . 

duct, m the form 'II~+ '12 a-r; + ., 8 ----ae; 1 gtves a sun 

By using the definition ( 3) and ( 4) it follows 

If. ( i 1 i 2 i a ) 
[ (j + w + 1) ( i - m l J m m m + 

I I I I I 2 8 

lfl{jl i2 is) lfl(j + [ ( i + m ) ( i - m + 1)] +[ ( j + m ) ( j - m +I) ] 1 

2 2 2 2 m + 1 m -1 m 3 a 8 s m +1 
I 2 3 1 

By the same metl1od one obtains 

· · · . . 1 . I 
!f.(1 1 12 J 8) lfi{J 1 J2-rJ3+-r) 

[(j +m +1)(J- 2j ) J +[(j +m HJ-2j +1)] •. 1 l + 
s 3 8 m 1m2 ma 2 2 2 m 1 ~2-2ma+t" 

. 1 . . 1 
If. { 11-2 12 1a + 2 ) + [(j + m

1
HJ-2j

1
+Ul 

1 1 
=0, 

I m -- m m +-
1 2 2 a 2 

K(j j j ) K j j +-
[(j + m )(J -2 j +1)] 1 2 a +[(j + m +ll(J-2j l] ( 1 2 

8 a a mmm 2 2 2 
1 2 3 m

1
m

2
+ 

i +.!... i j - .L 
K 1 2 2 8 2 

+[(j + m +ll(J-2j l] ( 
1 1

l• 0 1 
I I I m +- m m --

1 2 2 8 2 

. + 1 
K · · · ) K l 2 

[(J-2j ){J-2j+1)) (
1

1 
1

2
1s +[(j -m )(j -m+ll] ( 

1 

1 1 2 m m m 2 2 I I m __ 
I 2 3 1 2 

. I . 1 
K l +- J -- j 

+[(j+m)(j+m+1l] (I 2 2 2 a) 0 
2 2 1 1 m+..Lm-..Lm = 

2 2 2 3 

by using the operators 

e~-ai- + e2 :, +~a --tz--
1 2 

}'a +,a+' 
.. 1 ar- 2--ar- 3 

I 2 

a a a 
and ~2 ar- + lj2_a_ + '2 a-, ' 

I 'II I 

respectively. 

There are many bilinear operators which give zerc 

determinant from eq. ( 3) but the recursion relations which • 

t·esult also from eqs. ( 8) - ( 11) and above mentioned syr 

symbols. 

By combining the relations ( 6) - ( 11) in an appropr. 

by using the symmetries of 3 - i symbols it is possible 

cec:ursion relations for :J - j ;~yrnbols_ 

,­
,) 
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s paper J denotes the sum J • j 1 + j ~ + j 8 and the re-

m - 0 8 
is satisfied. 

2. Recursion Relations 

tor ,, from the left part of the scalar product acts in the 
a 

and it gives ation operator ar;-
J-1 

( I '~ '8 (5) 
J ('I ~ - ~ 'I ) I 

2 8 2 8 'It '12 'Ia . 
~I ~2 ~8 

71
2 
~8 - ~ 

2
71

8 
which multiplies the ( J- 1)- th power of the 

a a a a . 
omes a ~ -~ -a- m the left part of the scalar pro-

"12 , 8 ~ 2 7J 3 • 
n with the definition ( 3) and ( 4) gives the following rela-

' . . .. 1 . 1 
!'. ( 1 1 1 2 13 ) !'. ( lt 1 2- 2 1 a 2) 

=[(j2+m2)(j3-m3)] 1 1 -
mlm2m3 1 1 mlm2-2ma+T 

li ( j I j 2- 2 j 8- 2) 
m ) ] 1 1 ' 

8 mlm2+2 m 3-? 

( 6) 

anner, acting with 71 
1 

in the right and after that with 

in the left part of the scalar product one obtains 

!'. ( j I j 2 

I ) ) m I ID2 
ia ) = 
rna (7) 

l'.(j-_!__jj-.l) I; i-_!__j-lj 
2 . )j I 2 2 8 2 _ [(' +m )(J- 2 . )j ( I 2 2 2 8 )· 1

2 I 1 J 2 2 1a 1 1 
ml+2m2m8-2 ml+2m2-2 ma 

recursion relations which .can be obtained in this way fol­

m ( 6) and ( 7) by using the symmetries of the 3 - j syrn­

e to vermutation of the three angular momenta and change 

the magnetic quantum numbers. 

ecursion relation is obtained by using the fact that the ope-
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a a a 
rator ~~~ + e2rr;;; + ~~ "dTi;" gives zero when it acts on the determinant 

from eq. { 3). When this operator acts in the left part of the scalar pro­

duct, in the form Ti -/r.- + Ti 
2 
-a~ + "' __L_a 1: it gives a sum of three terms. 

I I c, 2 8 '> 8 

By using the definition ( 3) and ( 4) it follows 

li ( j j j ) 
[(j+w+1Hj-m)] mlm2m8 + 

I I I I 1 2 3 

!'. { j I j 2 j 8 l'. j I 
+[ (j +m )(j -m +1)] )+[(j +m )(j -.m+l)] ( 

2 2 2 2 m + 1 m -I m 8 8 8 8 m +I 
I 2 8 I 

( 8) 
j 2 j 3 ) 

= 0 
m m -1 • 

2 

By the same metl1od one obtains 

· · · , . 1 , I 
\;( J I J2 J 3) !'.{ J I J2-2Ja+'Y ) 

[(j +m +IHJ- 2j l] +[(j +m HJ-2j +U] . 1 1 + 
3 8 8 mlm2ma 2 2 2 ml'!'2-2m8+t' 

. 1 . . 1 
!'. ( 

1 1-2 12 1a + 2 ) +[(j + m )(J-2j +1)] =01 
I 1 1 m _ _!__ m m + ..l... 

I 2 2 8 2 

( 9) 

!'. .. + _!_. _ _!__ 
!'. ( j j j ) 

[(ja+ma)(J-2ja+1l] mlm2: +[(j~+ 
I 2 3 

m + 1) ( J- 2 j ) j ( 
1 

I 
1
2 2 la 2 ) 

2 2 + 
m m + .l m _ _l 

I 2 2 8 2 
(10) j +_!__ j j - _L 

!'. I 2 2 8 2 
+[(j + m +1HJ-2j l) ( 

1 1
> • o, 

I I I m +- m m --
1 2 2 8 2 

. 1 . I . 
!'. 11+2J2-2' 1a) 

+[(j-m)(jl-ml+lll( 1 I+ 
2 2 m--m+-m• 

I 2 2 2 8 

[(J-2j )(J -2 i +1lll'.(jl i2 ia) 
1 2 m

1
m

2
m

3 

, I . 1 . 
~> ( 1 

1 + 2 12 - 2 1a +[(j +m )(j +m +1)] 
1 1 

)=o 
2 2 I I m+-m--m 

I 2 2 2 

(11) 

by using the opera tors 

t~aY- + ~2 ;, +~a --h-
I 2 

' _a_ + , _a_ + ' ....1.._ 
I a~ 2 a~ 3 ac 

I 2 c, 8 

a a a 
and ~2 ar- + "12-a- + '2 a;:- , 

I T/1 '>1 
respectively. 

There are many bilinear operators which give zero acting on the 

determinant from eq. ( 3) but the recursion relations which can be obtained 

t·esult also from eqs. ( 8) - ( 11) and above mentioned symmetries of 3 - · j 

symbols. 

By combining the relations ( 6) - ( 11.) in an appropri;>te manner and 

by using \the symmetries of 3 - i symbols it is possible to obtain other 

recursion relaJons for 3 - j ;;ymbols. 
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In a more symmetric form I 31 the definition ( 3) may be written 

c· ... • .J 

ell e 12 e II '•j all 
e22 e I>· ( 12) a a a • N < ll ell I e21 21 22 21 II 21 

a
311 

a
12 aaa eu en eaa 

where 
a a 

J • Il•l all -II .. a II 

( 13) 
.J -...!. {-1) 2 

N. --({J + 1) Ill {N
11 

!)1 
J! II 

and e II acts as a creation boson operator. 

The determinant from the right- hand side of definition ( 12 ) can be 

considered as singledimensional representation of two U { 3 ) 

the following generators 

for the first and 

for the second group. 

X lk • I a 
I• 1 ell 

a 
ae kl 

y lk 
a a e --

=II• 1 II aelk 

groups wi~ 

(14) 

( 15) 

Since the definition ( 12) is invariant 1.1nder the transformation 

ell .. e 11 au .. all 
( 16) 

we restrict ourselves to consider further only the first U { 3 ) group, 

Transformations generated by the subgroup s U { 2 ) ( i,k•1, 2) of this group 

give the following relation 

(

a 11 

a21 

all 

t . 

Ru 

au 

an 

a 12) a' ' 
a2a •I ~ lla21 

a a a 
aa II 21 

a' ' 
{6) ~ 1.)122 

a a 
12 22 

6 

{6)~ 
a;aa;, 

{ 
a a 

II 21 
(
a~l 

6) a~l 

all 

•. 

a~2 R;aj 
a;

2 
a;., . ( 17 ) 

a a 
a2 aa 

.. 

where ~ 

tion I 41 is 

denotes the transformation matrix which in a , 

If w:1 take 6 

• , .b, 

~ 
a, b 

{6) • D 

- 1
-(a +b) 

2 
{ 6). 

...!..(a'- b '> ,L(a-b) 
2 2 

to be a rotation of 180° around "y a.: 

• 'b, b 
~ {rrl•{-ll B ,B, 

ab ab a b 

Vlhich leads to the fact, that in the form ( 12) the 3 - j 

variant under the permutations of lines and columns, the phc 
.J 

traduced by an odd permutation being (- 1) 

By keeping in eq, ( 17) only the first power of that 6 

tiplies the generator ( 14) for i•1, j• 2 we obtain the recur 

(

R 11 +1. 

({R +llR 1
10 

R -1 • 
II 21 21 . 

R +1.

1 
(' 

R 

12

-1 , + ( { R + 1) R 110 
, 

22 Ia 28 . . }l<•,.«IR,It 
mere the dots denote those elements which are not changed 

value. 

By using the symmetries /
2

/ of 3- j symbols w:1 cc 

in the forms (a;-( 11), the connection between the two not 

symbols being 3 / 

(

J -2j 

c~ jm2 jml ) • j I - ~ 
1 2 8 j +m 

I I 

J-2j J-2j ) 2 a 

j2-m2 J,-m, 

j + m j + m 
2 2 8 8 

Another type of recursion formula is obtained by a 

operator, say. e II 1 from the left part of scalar product ( 12 

and carrying back in the left the term e 22 e aa - e 12 e 28 

t'"le determinant is derived with respect to e II 
in such a VIBY 

, The formu: 

li (' [R {J+1l1 , 
II . ') li (Ru-1 • ·~ 10( ' = - { R 22 R aa ) ' J\21 • 1 + { R23 R a2 ) . 

• • • R -1 
88 

7 



re symmetric form / 3 / the definition ( 3 ) may be written 

- J 

R II .. ) Rll 
ell e II e II 

R R • N < ll e., I eu e II e I>· ( 12) 
n Ia II II 

R Raa ell eu eaa n 

a a 

J .. I 1 • 1 R 11 ·I 1 .. R II 

( 13) 
J - 2. 

(-1) 2 
N • --[(J + 1)1 ll (N

11 
!l] 

J! II 

cts as a creation boson operator, 

erminant from the right- hand side of definition ( 12) can be 

singledimensional representation of two U ( 3 l groups wi~ 

a 
s I a e 

I• I II 
xn ( 14) 

ae kl 

a a e --=I,. 1 II aelk y lk (15) 

group, 

definition ( 12) is invariant under the transformation , 

e II .. e II R II .. R II 
( 16) 

selves to consider further only the first U ( 3 l group. 

s generated by the subgroup s u ( 2 l ( i,k•1,2) of this group 

ing relation 

.. ) 
~~~- • I 

aa 

a; 1a~ 1 
A 

R R 
II U 

a;.p;2 
!Ol A !Ol~ 

R R 
12 22 

6 

• 

a;aa;a( 
61 

K R 
II 28 

( R~I 
Rll 

Rll 

•. 

R~2 a;.j 
R:i'2 RIa , ( 17 ) 

R R n aa 

.. 

where A 

tion / 4/ is 

denotes the transformation matrix which in a current nota-

, b' -
1-<· +b) • • 2 

A b (0 l • D ( 0 J. 
a' ..!..(a '-b'),L(a-b) 

2 2 

( 18) 

If -we take 6 to be a rotation of 180° around "y axis" we have 

• 'b, b 
A (, l • { -1 l B ,B , 

a b ab a b ( 19) 

Vlhich leads to the fact, that in the form ( 12) the 3- j symbol is in-

variant under the permutations of lines and columns, the phase factor in­
J 

traduced by an odd permutation being (- 1) 

By keeping in eq, ( 17) only the first power of that 6 which mul­

tiplies the generator ( 14) for i•1, j• 2 we obtain the recursion relation 

( 

R11 +1 • 

[(R +1)R ]
10 

R -1 • 
II 21 21 . } I ca,.~l•,lt R

12

+1 ') (' 
R -1 , +[(R +llR ]

10
• 

22 u 28 . . 
• R 13+ 1~ (20) 

R -i -o. 
28 

mere the dots denote these elements which are not changed from a given 

value. 

By using the symmetries / 2 / of 

in the forms ( 8 ;- ( 11), the connection 

symbols being 3 / 

3 - j symbols -we can put eq.( 18) 

between the two notations of 3 - j 

{

J -2j 

c~ jma jml ) .. jl -~ 
1 a 8 j + m 

I I 

J -2j J-2j ) ll 8 

i2-m2 ia-ma 

j + m j + m 
2 I 8 8 

(21) 

Another type of recursion formula is obtained by acting with an 

Operator, say_ e II t from the left part Of scalar product ( 12) in the right 

and carrying back in the left the term e 21 e 88 - e 82 e 28 obtained when 

t'1e determinant is derived with respect to e 
11 

in such a 11\ay 

, The formula obtained 

" (' . [R (J+ll] • 
II 

•) K ( R
11

-l • • ~ 
• • - ( R 22 R 88 ) • J\ii1 • I + (RIB ~(R. 1 I ~. ~ R 82 l • .R iil (22) 

• R _, . • • • R -1 
88 82 • 

1. 
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l ' . 

is equivalent to relations ( 3) and ( 4). 

3. other Recursion Relations 

If the eq, ( 22) is multiplied by ( R 22 ) " and the last term from right 

side is replaced according to the relation ( 20) one obtains 

[RII R22(J+l)]~ {: \. • +(R22+R2J<Raal~ \ :~ R2iil• }rauRu<\l+ll]~ Ru+l \:i'lJLi'l· 
' ') ,R-1 •• \ (R11l • •t 

• • •. Raa-1; Rai-l • • 

(23) 

which is the eq. ( 23) of ref/ 3 /. 

The eq,( 22) of· ref/ 
3

/ is obtained from ( 20) replacing Ru by 

( R 22 -1 ) and R 12 by ( R 12 + 1) multiplying it by R 13 + 1 and mo-

difying the last term according to eq.( 22). One of the two new terms , 

thus introduced, is ·modified according to eqs.{ 20) and ( 22 ), finally 

giving 

( 24) 

~(·' ') ~( • RlfR1;11 ~(R11 1 • •J (R +R 12 +ll(R ) • • • +[R (R +ll(R +ll) • R -1 R +1 +[B 1R1
1J+ll] • R ft-t , :oO. 

II 22 II 21 Ill 22 28 I g "'2•R -l ' 
• • • • • • • • -la 

'!'his result was obtained by ~harp I 3 1 as a generalized symmetry 

and by Louck / 5 / as recursion relation. 

By writting the eq. ( 22) three times, in the role of R being succes-
11 

sively R , R and R , one obtains three equations from which 
II 22 II 

it is possible to eliminate the two common 3 - J symbols to find the 

relation 

8 
' 

" 

(R -R l[R R 
22 sa 11 2a 

II 
~ 

R l • 
(.

R -1 

82 R :a -1) + ( R88-R 11l[ R18R2: 
R -1 • 

82 

+(Ru -R, l[R" R., R.,J' ( :, .. -1 

Rill-! ) -' 
Raa -1 

4, Conclusions 

The realization of U ( 2 l and U (3) groups by b 

gives for 3- j symbols a simple definition which allm 

rapid manner the symmetries and recursion relations of 

taking into account all the symmetries of the 3 - J syml 

independent recursion relations is only t111.0, all other rE 

follow from symmetry relations and algebraic combinatior 
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·alent to relations ( 3) and ( 4), 

3. Other Recursion Relations 

the eq, ( 22) is multiplied by ( R 22 l" and the last term from right 

replaced according to the relation ( 20) one obtains 

(

• , ') (R -1 , '\ (Rii-1 +1)]~ • • • +(R22+R2J(RU)~ :1 R2iil•·~ [R28R81('\I+l)]~ R21+1 
, , , • ,. R -1 R -1 

88 81 

s the eq. ( 23) of ref./ 3 /. 

· · ~L 
~~~~-r-

(23) 

e eq,( 22) of· ref./
3

/ is obtained from ( 20) replacing R
12 

by 

1 l and R 12 by ( R 12 + 1 l multiplying it by R 
12 

+ 1 and roo­

the last term according to eq.( 22), One of the two new terms. , 

.traduced, is ·modified according to eqs,( 20) and ( 22 ), finally 

+ll(R ly, (: : :) +[R (R +ll(R +ll]y, (: 
22 18 28 12 . . . . 

( 24) 
8
1f 

81a1~ ""(R11
1 

' 'J R -1 R +1 +I B R8 IJ + ll] , R ft-t • ..o . 
22 28 II g "'2•R 1 ' . . . . -1.-

is result was obtained by Sharp I 31 as a generali~ed symmetry 

Louck / 
5

/ as recursion relation. 

writting the eq. ( 22) three times, in the role of R being succes-
11 

R and R , one obtains three equations from which u 88 

to eliminate the two common 3 - j symbols to find the 

8 

• 

(R - R lh R 
22 88 II 28 

II ., 
(.

R -1 

R l • 82 

. 
, ) (' • R18-l) 

R28 -I +(R88-RIIl[RI8R22Ral]y, ' R22-l ' + 

R -1 , R -1 , • n 11 
( 25) 

+ ( R u - R , ) [ R " R " R u ] ' ( ::,- l 

Rl2-1 ) -' 
Raa -1 

4, Conclusions 

The realization of U ( 2 l and U (3) '11 groups by boson operators' 

gives for 3- j symbols a simple definition which allows to obtain in a 

rapid manner the symmetries and recursion relations of this symbol, By 

taking into account all the symmetries of the 3- l symbol the number of 

independent recursion relations is only tiA.o, all other recursio~ relations 

follow from symmetry relations and algebraic combinations. 
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