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1. Introdu ctio n 

Recently a n essentia l progress has been a chieve d in t h e interpreta

tio n o f the structure of n o nrenormalizable theories intensiv ely inves tiga

ted b y the "model" a nd " axiomatic " approaches . The model a pproa ch c on

s i s ts in tha t the exa ct solutions of approximate (or exact) equa tions a re 

s tudied in various s i mp e models of nonrenormaliza ble field theories . This 

approach h a s resulted in the accumulation of a rather large amount of 

information which allows one to ma ke a detailed comp aris i o n of renorma

lizable theories with nonrenormalizable ones goin._!?, beyond the framework 

of perturba tion theory. 

The res ults of inves tigation of the models h ave underlied th e a xioma

tic appr o a ch to nonrenormaliza ble theories. The main tas k of this app roa ch 

c onsists in such a modifica tion of usual a xioms of the g eneral qua ntum 

field theory w h ich would allow to include into the a x i o ma tics the p rop erties 

o f nonrenorma!i zable theories which a re characteris tic o f inves tigated s i mpl e 

model s . The n ece ssi ty o f modifying of the ordina ry axioma tics i s exp l a ine d, 

f i r s t o f a ll, b y the fa ct that in all reasonable n o nrenorma lizable models 

the asymp t o tic behavi our o f the amplitudes i n the m o m e ntum v a ria bles o ff 

the mass s h e ll tu rns out to be expo nentia l (see , e .g . I l- 31, in ref. I 31 
refere n ces to o ther papers can be found). This contra dic ts the u s u a lly 

u sed p o stula te o f the p o ly n omial boundedness whic h i s, a s i s w ell- k now n, 
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equivalent to the fact that the amplitudes in co- o rdinate space a re tempered 

dis tributions ( see e .g . ref. /
4

/ ) . The p resent s.itua tion in nonrenormal i zable 

theories i s s uch that it seems most a dvisable to u s e a certain combination 

of the two approa ches described. In other words, w e shall investigate the 

solutio n s for model theories which o bey the g enera l modified axioms of 

the field theory. 

The exclusion o f the polynomia l boundedness and the inclusion af 

nonrenormalizable field theories into the a xioma tics is e x p l ained not only 

b y the intet·esls of the theory. Experimental inves tigatio n s o f the l a r g e 

momentum transfer form factors and of the fixed a n g le elastic scattering 

amplitudes a t hig h ener g ies gave the expo nentia l decrease behaviour for 

these quantities (see, e .g . r e f. / 
6

/ x)). As fa r as we know, one h as 

s u cceeded in finding such a beha viour in no one of r emormalizable theori

es. On the contrary, in nonrenormalizable models the e xpo nentia l behaviour 

occurs in a lmost all models a nd there are variou s a r g uments in favour of 

the fa ct that it is just this property that disting uishes essentia lly nonre

norma lizable theories from renormalizable ones / l- J/ 

2 . Localizability a nd A s ymf >lotics 

We cons ide r briefly the modification of the a xiom s of quantum field 

theory, w hich i s necessary for the description of nonrenorma lizable theori

esxx) . New formula tions o f the postula te re p lacing the polynomia l bo1 mded-

x} U;ing the a n a lytic ity conditions w e can s how tha t this i s the r ect s o n for 
their exponential increase in some o the r doma in of the variu bles , f.le r haps 

in the unphysica l one. 

xx) The convinc tio n is w ide l y spread that fo r a ll n onrenormalizab le t l1eorie:-; 
the l ocality pos tila te i s n o t fulfilled . As we sl1all see th i s convinc tion i s not 
quite founded a nd, ge n e r a lly speak ing , i s w r ong. 
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ness were suggested by Meiman I 71 and later on by Jaffe I 81. Meiman 

started from the necessity of retaining the causality condition, while Jaffe 

started from the condition of field loc alizability. We give here the Jaffe's 

formulation and its simplest consequenc es (very similar consequences 

follow from the Meiman formulation). 

The field A ( x ) is called localizable at the point x 0 if for suffi

ciently smooth functions I ( x ) with the support localized in an arbitrarily 

small vicinity of the point x 0 there exists an operator ( in Hilbert space 

o f states) 

4 
A[l ]m Jd xl(x)A(x) . ( 2 .1 ) 

For localizable fields the u s u al locality conditio n may be formulated as 

[ A [I ] , A [ g jj± = 0 if supp [ I ] a supp [ g J ( 2 .2) 

or in the limiting form. 

[A (X ) • A ( y ) ] + = 0 • if X ~ y ' ( 2 .2) 

where denotes " space-! i ke". A field is called localizable, if it is 

localizable a t a ny point of space- time. The localizability postulate repla-

ces the postulate of p o lynomial boundedness, the remaining postulates 

being una ffected. From the requirement of localizability under some a ddi-

• tiona! assumptions on the choice o f the space- time functions I ( x ) one can 

obtain restrictions on the increase of the Green functions, the vertex func-

tion a nd the scattering amplitude and, owing to ana lyticity, on their de , 

crease, too / 9 / . For example, for. the form factor of a scal a r particle these 

restrictions are of the form f 81 · 

IF(q2lt~Cg(lq21> 

2 
F ( q 

Vlhere g ( z > 

lf > C e 
M 

2 
Q ~-oo +oo g ( q 

is the integ er function obeying the condition: 

fos +I s < • >I 
fdz <oo 

I z 
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in this case fog +j xI,. fog I x I provided that I xI > I a nd fog +I x I "'0 

provided that I x I ::;_ I • Similar restrictions can be obtained on the in

crease and decrease of the Green functions and the scattering a mplitudes. 

Thus, localizabie fields satisfying the locality condition ( 2.2) can lead to 

the exponential behaviour of the Green functions, the vertex functions and 

the scattering amplitudes . ln simple models of nonrenormalizable field 

' 
theories the general res trictions found are fulfilled and, in additio n, the 

exponential asymptotics appears in fact. There exis t however models in 

which these restrictions are not fulfilled and which are c onsequently non

l ocalizable (see, e.g. pape~ 101 ) • Unfortuna tely, no criterion has been found, 

a s yet, which would allow to say, basing on the form of the Lagrangian, 

whether the theory i s localizable or not. It i s extremely necessary to find 

such a criterion for understanding more ,deeply the structure of nonre

normaliza ble theories as well as for applying them to the elementa ry par

ticle physics. 

The experimental data on the proton electromag netic form factor do 

n ot contradict the estimates ( 1.3). They can be represented by the for

mula I 5 1 

F ( q 2 ) : O,? e -1 ,67 y _ 0 2 
where F = GM 

ll p 
( 2.5) 

However, errors are still very l a rge and the formula can change as it 

was the case with the Orea r formula I 11 for the proton elastic scattering 

at large a n gles. Accordin g to the recent data I 61 , instea d of the Orear 

formula it i s necessary to use the function e -o ytu but such an 

asymptotics can n ot be obtained in localizable theories. However this 

does n ot mean that the localizability condition really contradicts the expe

riment. In fact, at momentum transfers of the order of the mass of two 

nucleons the c oeffic ient suddenly decreases. If the interpretation of this 

discontinuity as in re L I 121 is true, then simila r discontinuities will occur 

also for further energy increase so that the asymptotic dec rease may turn 

out to be mu ch more slowly than e-oV~ • 'Ib prove this hypothesis 

it would be d esira ble to find an analogous discontinuity in the p roton form 

factor behaviour and besides to find a mechanism which provides this 

rapid decrease at finite intervals. 
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'Thus, for the time being VIe have no quite convincing eviden ce for 

the violation of the axioms o f the genera l l ocalizable field theory. 'There

fore ~ shall use consequences drawn from these axioms in orde r to 

overcome difficulties which arise in c onstructing the solutions of concrete 

nonrenorma liza ble models and which a r e due to the inc rease of these so-

lutions. In the previous paper we have constructed a n exponentially increa

sing solution by means of the analytic continua tio n in the momentum va

riables (this increase i s in accord w ith ( 2.3)). ln the present paper we 

s h a ll consider the applica tion of the a n a lytic continuatio n in the coupling 

con stant. In a broader sen se we try to find a general method for working 

with e xpo n e ntia lly inc reasing functions by using some concrete models. A 

similar problem was con s idered by other methods in refs . / 
13

•
14

/ where 

there was a difficulty in going over from the co- ordinate s p a ce to the mo

rreritum one .. 

3. The Dyson Equation in an E xacUy Solvable Model 

Let u s consider the well- known exactly solvable mod e l in which the 

inte raction of spinor particles </J and scalar particles </> is d escribed by 

the lagr a n g i a n: 

L lnt ~ g </J ( x ) Y n </J ( x ) ~ 
a • 

U nde r the gauge tra nsformation of the field 

a f r e e theory fo r the transforme d operators 

( 3.1) 

</J s u c h a theory r e duces to 
m I g rp 
r e </J and therefor e 

d oes n o t lead to physically o b servable effects. However, the G reen functio n 

G of the spinor field, the vertex function f' and so on in thi s theo ry are 

dJfferent from the free ones a nd, u s ing them as a n exa mple, we may in

vestigate a number o f g enera l fea tures of nonreno rma lizable theo ries. 'The 

calculatio n o f G by mean s o f this tra n s formatio n was mad e in many p aper s 

( s ee r efs/ 1 5 •
1 6

/ ) • H ere w e u se a quite different method. 
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To obtain the exa ct solution for the theory w e make u s e o f the c on

nection betwee n the verte x function r ( p , q l a nd the Green fun cti o n G ( p) 

l" ( p , q ) = i [ G - I ( p ) - G -I ( q ) j , ( 3.2 ) 

where q a nd P are the momenta of incoming and outgoing fermions, 

respectively. This i s easily obtained from the definition of the vertex func

tio n in the co- o rdina te r epresentation: 

I' < x • r 1 z 1 = _a __ < T .p < x 1 .p < r l 
a z n 

( z ) > ( 3 .3) 

where j " ( z l = if; ( z l y" if; ( z l and the opera tors if; and if; satisfy the 

Heisenberg equations of motion. Eq. ( 3,.;3) is e asily obta ined by mea ns 

of variationa l derivatives (see, e.g. ref/ 
17

/ ). The ide ntity ( 3.3) allows to 

resolve the set of Dyson- Schw'inge,r eaua tions for the Green functions 
I 17/ 

a nd to obtain a clos ed equa tion for G (see, e.g . ref. ) • 

The D y s o n- Schwinger equations for the fermion functio n a nd for 

the meson polariza tion operator are of the f o rm: 

G ( P ) 
-1 g 2 

4 
Z S(p) + ---G(plfd qi(p,p-q).G(p-ql qS(p)D(q) 

( 2 ")
4 

2 
g 

ll ( k) = (2" )4 

4 ~ 
Spl fd q G(q-k)f(q , q-k)G(q)k I' 

( 3.4) 

( 3.5) 

w here S ( p l -is the free causal Green function of a fermion, D ( q ) is the 

total Green function of a meson 1 n ( k l is the polarization operator of a 

meson, Z is the renormalization constant of the fermion G reen function. 

First let us consider eq. ( 3.4). U sing eq., ( 3,2) we get: 

n <k l 
. 2 
I g 

(2 rr) 4 

4 ~ f d q Sp I [ G ( q - k ) - G ( q ) l k I 

B y the obvious shift of the integration momentum q in the first term 

of the integrand it is easily seen that fi(kl-0 This 

means that the meson Green function D ( k ) coincides w ith the Green 
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function 2 ,_2 . )-1 x) 
m - .. -1 o • Now using again eq. ( 3.2) we get a linear 

integral e quation for G ( P l 

" " 
G ( q l (q ....,-_ p_l_ ,.- S(p l . 

7--=- ( q- p )2 ( 3.6) 

Equations of such a type ~re con sidered by us earli~) 2 •1 8 •19/ a nd we 

s h all attempt to apply the method of ref/ 
2

/ to the study of this equation 

as ~ll. 

'Ib simplify the calculation w e consider the, case when a ll masse s 

are zero. Then G ( p) is of the form 

follows that I obeys the equation: 

G(p) =-_L__ I (p 2 ) 
p 2 

hence it 

( 3.7) 

We assume at first that in eq. ( 3 . 7) one can make the ordinary Wick rota

tion of the integra tio n contour and thus pass to the Euclidean momenta p 

and q 

where 

• Then eq. ( 3.7) takes on the following from: 

2 
X = - p 

I (X ) - z -I 
2 

A 

2 

+2)dyl(y)-

/ dy l(yly+ 

I ( y) 
X J dy --y - - I . 

2 Y m- q A= _ g_ 
471 

This equation r educes to the differential equation/ 3 / 

3
t"' + 3x

2
f" +A

2
xl =0 

( 3.8) 

( 3.9) 

x) 
The same result can be obtained from the Heisenberg e qua tion of 

motion for ¢ : ( [] - m2 l¢ =an j n • From the equa tio n s for 1/J • rp it follows 
tha t an j n = 0 i.e. ¢ i s the free operator. 
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with the boundary conditions 

X I (X) .. 0 
x-+oo 

l(x) -+ const 
X-+ 0 ( 3.10) 

It is not difficult to see that this boundary problem has no solution. 

ln fact one of the solutions decreases at infinity and two· of them increuse. 

Since the increasing solution should be rejected, then there remains only 

one soluti on by means o f which it is impossible to satisfy the condition 

at the origin, it being ~ -
1
- at x -+ 0 • Note that if in eq. ( 3 .9) one 
' 

c h anges sign of A
2 

then the problem ( 3.9 )- ( 3.J 0) has a solution. In this 

case tv1.o solutions decrease and one increases. Therefore choosing a 

suitable linear combination of the two decreasing solutions we satisfy the 

boundary condition a t the origin, too. ln this case the initia l integ r a l equa-

tio n has a solution only for u n physical ( negative ) values of A 
2 

ln the next section w e shall try to make the analytic continuation to the 

physical values. 

4. Analytical Continuation in the Coupling Constant 

We consider an explicit form of the solution of the p roblem ( 3 .9) , 

( 3 .10) for negative A 2 
: 

"'2 
(X • A ) 

20 ., 2 
G 03 ( A X I 1 • 0 • - 1 ) • ( 4.1) 

wher e 12= -A 2 and 

A a 

G . M . /2~ . I s the eyer function the expansion 

of wh i ch for small is of the form: 

( A 2 X ) n 

G 
20 

('}.
2 x I 1 ,0, -1 ) = 1 + A2 x fog(A 2 x) l 

08 / n.=O n !( n +1l ! (n+ 2)! 

:\2 X :£ 
n..O 

( A 2 x) n 
________ (~ + ~ +~ ) 

n ! ( n + 1) ! ( n+ 2) ! n n + t n + 2 + , .. ' ~ n = 

10 

r ' ( n+ 1) 

r ( n + 1) 

( 4 .2) 



The solution ( 4.1) i.6; normalized by the condition .. ~ 
f_ ( 0 . ,\ ) .. 1 

This solu'tion has a branch point in plane at 
"' 2 ,\ - o. 

Therefore the transition from A 
2 

> o to 
'"2 
,\ <O i.e. to the physical 

values is, at first sight, ambiguous and depend..s. on the method of the ana

lytic continuation. In fact, the singularity is described by thQ function fog 12 

.. 2 
which has a cut for .\ < 0 The result will depend on the side of the 

cut from which we come up to the physical values 1 2 < o 

We will try to find an unambiguous receipt of the analytical continua

tion, which is singled out by the physical requirements. To this end we 

consider the complex ~ 2 plane (see Fig.1), Making continuation by the 

method I we have: 

2 2 2 oo (-.\2x)n 
f ( X , A ) • 1 - A X fog ( A X ) ~ 

1 
,\ 

2 =-A 2 
ncO n ! ( n + 1 ) ! ( n + 2 ) ! 

+ 

( 4.3 ) 

+ ,\ 2 X I (- ,\ 2 x )" ( r/J n + r/J n +I + r/J n + 2 

ncO D! ( D + 1 ) ! ( D + 2 ) 

l\1aking continuation 'by the method II we have: 

f (X .\
2 

) a f * (X , A~) 
II I 

( 4.4) 

N>ne .of these methods is satisfactory from the physical point of view 

since according to the causality and spectrality conditions the function 
2 

f ( x • .\ l must be real for x > 0 • In order that f ( x • .\ 2 l be real we should 

.use the following method of analytic continuation. As 

half- sum of f 1 and f 
11 

11 

we should take the 



2 1 2 2 
f(x,A )a-

2
-[!

1
(x,A) + 1

11
(x , ,\ )j a 

20 2 t" 1 20 2 ~ t" 
=-

2
- G 08 (,\ xe \ 1,0 , -1) +-

2
- G 0 8 (,\ x e )1,0,-1) 

1 - A 
2 

X fog ( A 
2 

X ) ~ 
ncO 

2 
(-A X) 

n l( n + 1) !( n+ 2)1 

oo (-,\ 
2

x)n(ljln +ljln+!+ ljln+2 

+ ,\
2 

X l ------------------~----n=<l n!(n+ 1J ! (n+2) ! 

The question may appear why it is impossible to add to this solution a n 

integer func tion which is also the solution of eq. ( 3 .9) and which is real 

o n the real axis . To answer this ques tion we make a more detailed con

sidera tion of eq. ( 3. 7) . It is obvious that a ny solution of this equation is 

of the form: I ( X • ,\ F ( g 

satisfies the equation: 

F(t 
2

l = z-'+ f d 
4 

s 

(2 ") 4 i 

where 8 za g q ' I • g p 

X ) , a nd in this case 

s 2 - (. t) F ( s • ) , 

+ i l g 

In eq. ( 4 .6) the change of 

2" 
F(J 

2 
g 

( 4,6 ) 

in 

sign res ults o nly in deformation of the integ r a tion contour, i.e. the causal 

function is replaced by "anticausal" one. When F ( s 
2 

) is decreasing 

function for which the usual spectral representation c;:an be written, a rule 

can be easily formula ted which allows one to find a solution with r < 0 

u s ing the solution w ith ( > 0 • To this end it is sufficient to insert in 

e q, ( 4 . 6) the spectra l representation for F a nd take the integra l over 

• This reduces to the calculation of the self- energy diagram in which 

one of the propaga tors has with a changed s ign. This calculation 

a llo ws one to justify the rule ( 19) when e cp ( 20) has the solution, 

If the solutio n does not exist it s hould be derived using the obtained 

r e ceipt of a n a lytica l continuation which is meaningful! for the increasing 
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a sympto tic s as well. The ana lytical continua tion in g v a ria ble for the 

Grt>en functions in the - s p a c e w as c o nsidered earlier in r e f ./ 
1 6

/ • 

A w rong r esult h as been o bta ined there since one h as n o t s ingled out 

the s ing ula rity in g at g = 0 ( see r e f. / 
2 2

/ ) and the anal y tic continua

tion has been made only b y one way. In making c a lcula tio n s in the 

x- space we h a ve to w ork, as w as a lrea dy mentio n e d, w ith nontemp ered 

d is tributio n s . So, when passing to the p- space there a ris e difficulties con

necte d with an una mbiguous determina tio n o f the F our ie r tra n s form for s uch 

s uch functio n ( see refs / 
1 6

•
1 3

/ ). The a dva ntage of the rr- s p ace i s a more 

obvious c orres pondence with usual diagram metho d s a nd the poss ibility 

of a pply ing c u s to mary a nd relia ble methods of the theory of a n a lytical 

functions . 

Thus, w e h a ve found an una mbiguous receipt o f the a n a l y tical c on

tinua tion of the functio n fro m the nega tive v a lues o f the s q uared c h a r g e 

to the p o sitive ones. Now v..e cons ider the properties o f the s olutio n o b

taine d in such a way. The solution has correct a nalytica l p r o per ti es, 

i.e. it is ana lytical in the whole complex plane X w ith the cut 

the nega tiv e real axis. The discontinuity on this c ut i s 

2 i lm f ( x , A ~ } =- 2 i A~ x " l 
n.-> 

=- 2 7T i 
10 ~ 

G08(A X \ 1,0,-1) . 

~ 
(-A X} 

n! ( n + I}! ( n+ 2}! 

X < 0 

along 

( 4.7) 

This function increases at x -+ - oo a s e x p l c ~ - A~ x and therefore 

it is impos sible to write for it a dispersion relatio n with a finite number 

o f s ubtra ctions . The real p a rt on the cut is 

G~~ (-A~ X \1,0,-1 }, X < 0 
( 4.8) 

and d e crea s e s a t x -+ • The function increases exponentia lly over the 

whole c omplex pla ne, in p a tic ular
1 

the asymptotic behaviour i s of the 

form 
8 

vK 
"8, -2-

,.!!:... -IT yA X 

8 • 8 8o 
a a* ( 4 .9) 

(A~ x) t/8 
e + 

(A~ X )1/8 
e 
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From here it is clear why we have not succeeded in obtaining this function 

as a solution of the boundary problem ( 3,9) , ( 3.10), 

In previous papers I 2 •
31 we have investigated in detail similar prob -

lems in which the solution W"is found however to be decreasing throughout 

the whole complex plane of the momentum variable, As an example we 

have also considered the problem in which the solution decreased only in 

a part of the p- pla ne I 181 , In this case it W"is necessary to make an ana

lytic continuation of the solution from the region of decrease to the region 

of increase. In the problem consider~d here the analytic continuation (under 

the condition that the general restrictions following from the axioms of the 

field theory should be obligatorily fulfilled) is the main tool for the con

s truction of the sci t.ttion, We may hope that this method will be a lso u s eful 

in investigating more realistic unrenormalizable theories, 
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