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1. Introduction and Definitions 

This article is a continuation of a recent paper I 11 about the topo-

log ical 
* . I 2,31 . . . . 

-algebra of lest functions 1n the Wightman ax1omat1cal 

quantum theory. The r e sults are obtained for a more general class of 

"test functions" algebrq s n • It is shown that the topolog ical * -al-

gebras ll e.re redu~d ( semisimple, in the sense of Ric kart) and conse-

quently, they can be faithfully r epre s e nted as an algebra of (unbounded) 

operators in a Hilbert space II • If the topolog ical algebra R is 

s e parable so the r epresentation space H can be chosen separ able, too. 

W e repeat the definitions of / 
11 . The topological * -algebra 

00 

ll ~ nq}J R n , where R 0 c is the is th< ~ to p ological dire ct sum 

field of complex numbers and 

linear topological space 

Rn for n ~ I, 2 , ... is a locally convex 

ons on 
( n) 

M ~Mx ... xM 

( over the complex field) of comple x- valued functi

( n times). M is a point set (the Mir.kowski 

spa ce, for e xample ). W e assume II "" II o • sup I a ( x 1 , • • • , x n l I to 
X 1 • • • • X n ~M n 

b e a continuous norm on the topolog ica l space R n The multiplication 

in R for tw::> elements and b ~ ~ b 
n,ZO n 

is defined by 

a • b ~ ~ ( a b ) n With ( B• b ) ~ ~ B k ( X \ , . ••• , X k hi X k+l , ... , X n 
n~O k+l= 

and the *-operation is defined by •*=0~(a*l11 with (a"')n(x 1 , .. ,xn). 

; n ( x n , • •• , x 1 l (the bar labbels the complex conjug ate function). The 

e xiste nce of a•b and •* in R and the continuity of these ope-
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rations are assumed. With these operations R is a topological 

* -algebra over the complex field. ln the usual cases in I 2 •3 1 , where 

n S ( M" ) resp. D( M
0

) (the well-known Schw:trtz' spaces) and M 

is the MinkoV\Ski space, all assumptions a re satisfied. 

For two sequences 

define in n the norm 

a 
0

• a 
1 
••• and f3 0 • f3 1 . .. of positive numbers we 

II a~~ =n_foanll a 2n llo + n~Of3 n II a 2n+tllo 
Beside the basic- topology, this means the direct- s um topology, we rega rd 

in n a second topology defined by the norm II II which is called 

the norm- topology in n With respect to this topology n becomes 

a normed linear space, but not a normed algebra. This norm- topol ogy i s 

weaker than the topology in R , defined by the topolog ical direct sum. 

Let K 0 be the convex cover of the set of elements a*a for 

a ~ R • It is easy to see that K 0 is a cone in n i.e. for k 

k. ' ~ K0 and two a rbitrary positive numbers s , t it is s k + t k ' C- K 0 

and if k ~ K 0 and k =I 0 then - k <;,1 K 0 • 

In I 11 , Theorem 1, it is proved the following 

Lemma 1 

The sequence a 0 at, .. . in the definition o f the norm II II can be 

chosen so that in R the topological closure Kll11 of Ko with res-

pect to the norm II II is a cone. Conseq uently, the topological closure -Ko of Ko in R with respect to the direct- sum topology 'is a cone, 

too, because K 0 C K II II holds. 

The sequence f3 
0

, f3
1 

... can be chosen arbitrary positive. ln the 

following II II is always the norm from Lemma 1. 
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2. Positive Functionals on R 

Theorem 1 

For each b !;. R , b =I 0 , there exists a positive continuous linear 

functional Wb(a) on R with Wb(b),jo and ll'b(k))-0 for ki;.K II \\ . 

For b r.;. K\\\\ the functional Wb(a) can be chosen so that \Wb(al\.5\\ a\\ 

holds. Consequently, the topolog ica l * - algebra ll is reduced( / 
4

/ 

p.270 ). 

Proof: 

Let first b =I o be an element of K\ \ \I • It is 0 rf b + Kll IJ , beca use 

l{ l\ I\ is a cone. Further let u = 1 : ll II <5! be such a neig hbour-

h ood of the o rig in, tha t u n ( b + K II II ) = rJ 

L = I i ( k 
1 

- k 
2 

l : k 
1 

, k 2 G;. K II \I , i 
2 ~ - I l and 

holds . N o w w e define 

s 7? 0 , u r.;. U I L is a real linear space in ll 

+ sb +su: k!;.Kll ll ' 

and K t a cone with 

the interior point and we find L(\ K 1 =10 I (the origin). For if 

a = i ( k 
1

- k 
2

) = k + s b + s u r.;. L (\ K 
1 

, k 
1 

, k 2 , k r.;. K II \I , u !;. U s ~ 0 , it 

tollOV\S a*= - a , i.e. k + s b + s u * = - k - s b - s u and finally 

k + s b + s u 
1 

= 0 , u 
1 

= T ( u • + u l !;. U • If s > 0 , then it would be 

_I- k + b ~;. u and this is a contradiction to the construction of U 
s 

Ther efore w e have s = 0 and consequently k = 0 , too, i.e. a = 0 

Now we use 

Lemma 2 (Mazur s.) 

Let K be a convex set w ith a n interior point b in a real locally 

convex space R and L a linear subspace of R which does not 

contain an interior point of K • Then there exists a linear continuous 

functional f ( a) on ll 

for a r.;. L / sf 
with f(k)> 0 fork C-K, f(b) > 0 and f(a) 3 0 
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If w e regard R as a normed linear space over the real field, 

it follows from this Lemma the existence of a real linear continuous functio-

nal f ( a l on R with f( a) ~ 0 for a G- L , f(k) > 0 for kG- K 1 and f(b) > O 

Then W b (a l ~ f ( a l - i f ( i a l is a linear functional on the complex linear 

space R , continuous with respect to the norm- topology in R arid it 

holds W b ( b l ./ 0 and w b ·: k) ~ f ( k) - i f ( i k) ~ f ( k l ~ 0 for k G- K II ll 

because i k Go L • This implies IV b (a l is a positive functional on the 

algebra R • Evidently, we can choose Wb(al so that IWb(all ~II a II 

holds. Of course, these functionals are continuous with respect to the 

basic- topology in R , too. 

Because for every b ~ a*aG-'KI I II a positive functional Wb(a) with 

w ( b ) " 0 exists if b " 0 • there exis ts such a functional for an 

arbbitray b =I 0 of R ( I 41 p. 271) which is continuous with respect 

to the basic- topology. In general, it is not continuous with respect to the 

norm II II 

Corollary: 

The set I W b: b Go Kll II I of these positive functionals is a relatively 

bicompact set in the V\eak topolog y in R ' ( the dual space of R ) • 

The Corollary follows from well- known fa cts I 61 , because for these 

functionals I wb (al I::; II a II holds and1 consequently, they are equiconti-

nuous. 

3. Faithful Representations of R 

Theorem 2 

The topological * -algebra R can be faithfully represented a s 

a * -algebra of (unbounded) operators in a Hilbert space H 

6 



If the algebrct R 

separable, too. 

is separable, the Hilbert space H can be chosen 

Remark: 

In the usual cases for Wightman fields, where ll is the tensor 

algebra over s (or n /2,3/. '"( • l.e. n n ~ s or n 4 n ), H is se-

parable. 

Let us first recall the definition of a faithful representation • 

Definition: A representation of a topological * -algebra H as u n-

bounded) operators in a Hilbert spC).ce 11 i s given, if for every a <:;. R 

there is a linear operator A ( a l in the Hilbert space 11 so that 

1. for all a <:;. R the domain n (A (a)) = D is the same dense sub-

space of H and D is invaria n t for all A {a) A (a l n C n , and it 

holds D ( A ( a ) * ) :::J D 

2. for a , b <;;;. R and ¢> <;;;. n i t holds A ( a b ) </> = A (a ) A ( b ) </> 

A ( a a + f3 b ) </> = a A ( a ) </> + {3 A ( b ) 9 and A { a* ) </> = A ( a ) * </> 

3. ( A ( a) </> , t/1 with ¢ , t/J <;;;. n is a continuous function on R 

The r epres entation A ( a l is said to be faithful if a -+ A ( a l is an one

to- one mapping. 

Proof of Theorem 2 

Let ~f be a system of positive functionals on I! such that for 

each a c__:. H , • f 0 , in ~ one can fmd a positive function al W Go J 

with W ( a * a ) f 0 By Theorem 1 such a system J exists for I! 

Then for each positive functional W G- ~· by the Neumark- Gelfand- Segal 

construction there exists a cyclic representation A ,, ( a l of R in u 

Hilbert space H w with an invariant domain I> w 

¢ w • For this representation it holds IV( a* a) = d 
and a cyclic vector 

~.(a)</> w\1' .Let 

A ( a) = £ 
1

A w (a ) be the direct sum all these representations Aw( a) • 

This is a representation of R in the Hilbert space II = ~ ~ w with 

the invar iant domain n = 2. ll w • This representation A ( a) is faithful, 
wl--~ 

because for each a f o there exists a IV <:;. ~ with i\ A (a l 9 w \\
2 

= 1\.~w(a) </>w i\- =W(a*a) ./ 0 
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Now we must yet prove the second a ssertion of the Theorem. If 

the algebra R i s sepa rable so the Hilbert spa ces H w are separa ble, 

too. C o n s equently, the second a ssertion w ould be prov ed , if for a sepa.-

r a ble R the system 1 c o uld be c h osen countable. 'I'o prove this 

w e u s e the 

Lemma 2 

If X i s a s eparable linea r topological space a nd G a bicompa ct 

s et in the \'leak top o l ogy in X ' (the dual space of X ) , then the w eak 

to p o l og y in G can b e g i v en b y a metric / 6 / • 

Let G be the w eak c l osure of the set I W b : b G- Kll Il l G con-

tains only pos itive functio nals a nd b y the Cor o lla ry to Theorem 1 G is 

b i c ompac t in the weak top o l o g y in R ' In cons equence of the l ast 

Lemma, G i s a bicompact metric s pace a nd therefore s epar a ble. L et 

1 be a coun tabl e d e n se subset o f G , then 1 h as the d e s ire d 

properti e s . 
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